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In this paper, we will present a novel phase field based topology optimization method without the curvature 
effects. The original phase field based topology optimization method greatly simplifies griding, discretization, 
and handling of topological changes. However, the interface motion driven by curvature effects exists in 
the original phase field equation, which significantly affects the performance of structure. Furthermore, the 
existence of curvature effects also bring the ill-conditioned behavior of the normal vector. To overcome these 
shortcomings, we propose a modified phase field method with a nonlinear preconditioning process to eliminate 
the curvature effects. The method performs interface corrections on topological shapes through an anti-diffusive 
phase-field equation and imposes an adaptive preconditioning process to alleviate the problems of erroneous 
normal vector. The adaptive preconditioning method can capture more shape details for traditional topology 
optimization methods and offset the over-smooth effect of the phase field framework. We couple the finite 
element method and the finite difference method to solve the compliance minimization problem. The linearly 
stabilized splitting scheme is adopted to maintain the simplicity and stability of the algorithm. A series of 
comparative numerical examples are performed to show the feasibility and effectiveness of the proposed method. 
These examples demonstrate the superiority of our method compared to the original phase field method for 
topology optimization.

1. Introduction

Topology optimization [1–5] focuses on seeking the optimum dis-
tribution of material in a design domain that minimizes a objective 
function under a series of constraints. The importance of topology opti-
mization lies in the fact that the selection of the appropriate structural 
topology at the conceptual stage will usually determine the efficiency of 
a new product. As an effective mechanical design tool in larger indus-
tries and academia, topology optimization has increased tremendously 
in popularity [6], which plays an important role in compliance prob-
lem [7,8], heat transfer problems [9], viscoelastic structure design [10]
and multiscale design in solid mechanics [11]. Due to the wide appli-
cation of topology optimization, the numerical methods for such issue 
have received considerable attention.

Numerical methods for continuum structural topology optimization 
have been extensively investigated and developed. Among these nu-
merical methods, density-based method is widely used. Such method 
introduces element-wise material density variables and steers them to-
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wards a discrete solid/void solution by using material interpolation 
schemes, such as the homogenization methods [3,12], evolutionary 
structural optimization (ESO) method [13], rational approximation of 
material properties (RAMP) method [14] and solid isotropic material 
with penalization (SIMP) method [15]. Density-based methods hold the 
advantages of simplicity and ease of use, however, these methods tend 
to suffer from numerical instabilities including non-physical checker-
board patterns, grayscales and mesh dependency [16]. Additional cor-
rection techniques need to be introduced to correct these instabilities 
such as sensitivity or density filtering techniques [17].

In order to obtain clear shapes from the optimal density distribution 
without the use of filtering methods, boundary variation method is pro-
posed. This type of approach uses the structure boundary as a design 
variable and represents the structure boundary implicitly. The level set 
method and phase field method are two representative boundary vari-
ation methods [18–22]. For the level set method, structural boundaries 
can be implicitly defined by a zero contour of the level set function 
and Hamilton-Jacobi equation is used to evolve level set function. Orig-
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inally introduced by Osher and Sethian [23], it has been applied in 
many research fields such as fluid mechanics and image processing. The 
seminal work incorporating level set method into structural optimiza-
tion can be found in [24]. To maintain sufficient numerical accuracy, 
the level set function needs to be re-initialized during the update op-
eration to maintain the signed distance function characteristic [25]. 
A number of approaches concerned about re-initialization operation 
have been proposed in [26,27]. Moreover, it is difficult for the level 
set method to satisfy the volume conservation due to re-initialization 
error and conservation error [28]. Research applying the phase field 
method to practical physical models can be traced back to Cahn and 
Hilliard [29] and Allen and Cahn [30]. Now this method has been 
applied in solid-liquid transitions [31], crystal growth [32,33], crack-
propagation [34], image segmentation [35]. The phase field method is 
capable of tracing the boundary motion which couples state variables 
such as temperature or the displacement in elasticity. This method in-
troduces a phase-field function to describe the phase transition, this 
function varies smoothly in the single-phase region, but sharply across 
the diffused interface region [28]. The mathematical formulation of 
applying phase field method to structural optimization was given by 
Bourdin and Chambolle [36,37]. Allen-Cahn equation was successfully 
applied to topology optimization by Takezawa et al. [25]. Later Wallin 
and Ristinmaa [38] applied the Takezawa model to the minimum com-
pliance problem under a constant-volume problem.

Although the phase field method has been widely applied in topol-
ogy optimization because of its flexibility and simplicity, the following 
issues still need to be addressed. When the conventional phase field 
method is employed in topology optimization, a target to reduce the in-
terface perimeter is added to the objective function. The introduction 
of such a target is caused by the curvature driving of the interface mi-
gration due to the presence of Laplacian operator in the phase field 
equation [39]. However, there is no curvature-driven interface motion 
in the original objective function, thus the curvature effect should be 
eliminated from the phase field evolution equation. Modified Allen-
Cahn equations that remove the curvature effect from the original 
Allen-Cahn equation are proposed [28,40,41]. It is a remarkable fact 
that the modified method can keep more details of the structure topol-
ogy during the evolution, but a challenging problem which arises in the 
modified method is the ill-conditioned behavior of the normal vector. 
The main reason for this phenomenon is the numerical errors caused by 
approximation of unit normal vector. The similar issue is observed in 
the conservative level-set method. The idea of nonlinear precondition-
ing for normal vector correction recycles the signed distance function 
using inverse hyperbolic tangent, and can improve the accuracy of nor-
mal computations [42]. Based on the normal vector correction method, 
Chiu [43] proposed a nonlinear preconditioning phase field equation to 
solve the two-phase incompressible flows. Jabir et al. [44] developed 
an alternative preconditioning method based on traditional level-set re-
initialization which minimizes interface displacement. It is heuristic to 
solve the topology optimization problem by performing interface cor-
rections on topological shapes to track the sharp interface accurately 
and effectively.

In this paper, we will develop a modified phase field method with a 
nonlinear preconditioning process to solve topology optimization prob-
lems. In order to seek the optimal distribution of material in a design 
domain, we derive the phase field evolution equation based on the 
conservative Allen-Cahn equation [7]. In present work, we use the mod-
ified equations that remove the curvature effect in the different contexts 
and applications. An anti-diffusive phase-field equation is established. 
In this way, the curvature effects is omitted from the original phase 
field evolution equation, which can ensure that the purpose of mini-
mizing the objective function is not interfered by curvature effects. To 
our knowledge, the presented approach is the first algorithm applying 
such a correction method for topology optimization problems. The is-
sues of numerical oscillation and the ill-conditioned behavior of the 
normal vector during evolution can be avoided due to the existence of 

preconditioning process. Finite element method is utilized to calculate 
the linear elasticity equation, and finite difference scheme is applied 
to both modified phase field equation and preconditioning process. In 
order to improve the stability of our schemes, the linearly stabilized 
splitting method is adopted, a semi-implicit scheme is used to discretize 
the original phase field equation. Meanwhile explicit scheme is applied 
to the modified term and preconditioning equation, which implies that 
our scheme is stable and efficient. We carry out a series of comparative 
experiments to verify the effect of the proposed model.

This paper is organized as follows. In Section 2, we describe the orig-
inal problem with phase field method and the present modified phase 
field method with preconditioning process. In Section 3, we describe the 
numerical scheme. Numerical experiments and results are performed in 
Section 4. Some conclusions are presented in Section 5.

2. Model formulation

2.1. Original problem with phase field method

Let us consider Ω ⊂ "2 as the design domain divided into two sub-
regions Ω0 and Ω1, which represents void domain and solid domain. 
The boundary area between two phases Ω ⧵ (Ω0 ∪Ω1) is called the inter-
face diffuse region, which usually holds the thickness #. The phase field 
function $(!) is applied to represent the state of two phases at each lo-
cal point ! in Ω, which can be defined as $(!) = 1 in Ω1, $(!) = 0 in Ω0
and 0 < $(!) < 1 in Ω ⧵ (Ω0 ∪Ω1).

Next we discuss the compliance minimization problem, which is a 
classic example in topology optimization problem. The objective func-
tion and the constraints are established as:

%&' ∶ ( ($) = ∫
Ω

) ($)*!, (1)

+,-./01 12 ∶ ∇ ⋅ 3($,") =∇ ⋅ 4($)30 = #, &' Ω,

5 ($) = ∫
Ω

$ *! = 50,

0 ≤ $ ≤ 1.

Here, " = (,, 6) is displacements with 7-component , and 8-component 
6, 50 is constrained volume fraction and ) ($) =

(
9(") ∶$($) ∶ 9(")

)
∕2

represents local elastic strain energy density. The operator: is the sign of 
tensor inner product. Meanwhile, 9(") and 30 are second-order tensors 
represent the strain tensor and stress tensor respectively, 3 = 4($)30
is a second-order tensor coupling interpolation function 4($) and stress 
tensor 30, where we introduce a two-point interpolation function 4($) =
4%&' + (1 − 4%&')$3 in order to avoid singularity problem caused by the 
zero value of $ in calculation, 4%&' is a small positive value. Specifically, 
with the definition of 4($), the distribution of 3 in entire domain can 
be expressed as follows:

3 =
⎧
⎪
⎨
⎪⎩

4%&'30 ! ∈Ω0,

4($)30 (4%&' ≤ 4($) ≤ 1) ! ∈Ω ⧵ (Ω0 ∪Ω1),
30 ! ∈Ω1.

Furthermore, $($) = 4($)$0 is the virtual stiffness tensor coupling in-
terpolation function 4($) and fourth-order stiffness tensor $0, the for-
mulation of $0 is expressed as:

:0
&.;< = 2=

(
>&;>.< +

?
1− 2? >&.>;<

)
,

where = = @∕2(1 + ?) is the shear modulus, @ is the elasticity modu-
lus, ? is poisson ratio, > is Dirichlet function. The fourth-order tensor 
$0 is used to represent a solid’s stiffness, which established the rela-
tionship between increments of stress and increments of strain. For the 
establishment of $0, please refer to [45,46]. In elastostatics, equilib-
rium equation, constitutive equation and strain-displacement equation 
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are used to characterize the coupling relationship of ", 9 and 30 in de-
sign domain Ω:

⎧
⎪
⎨
⎪⎩

∇ ⋅ 30 = #,
30 =$0 ∶ 9("),
9(") = 1

2
(
∇"+ (∇")A

)
.

(2)

Displacement variable " need to be solved by Eq. (2) with specific 
boundary conditions using finite element method [6,47,48]. There are 
two boundary conditions in the study of linear elasticity, displacement 
boundary condition " = "$, and stress boundary condition % ⋅ 30 = &. 
Here "$ is the determine boundary displacement, & is traction boundary 
forces and % is the outward norm vector on boundary. We will con-
sider the mixed boundary condition consisting of the zero displacement 
boundary condition and stress boundary condition in this paper, the 
equilibrium equation is

∇ ⋅ 3($,") = #, (3)
⎧
⎪
⎨
⎪⎩

" = #, 2' Γ1 ⊂ BΩ,
% ⋅ 3($,") = &, 2' Γ2 ⊂ BΩ.
% ⋅ 3($,") = #, 2' BΩ∕(Γ1 ∪ Γ2).

(4)

In this paper, we first give the original phase field evolution equa-
tion by minimize the modified energy [7], the energy function contains 
the Ginzburg-Landau free energy, the principle of virtual work and the 
volume constraint can be constructed as follows:

@($,") = C ∫
Ω

) ($,")*! + D
2

(
5 ($)− 50

)2
+ ∫

Ω

( #2
2 |∇$|2 + E ($)

)
*!.

(5)
Here, C is the Lagrangian multiplier and D is a positive penalty fac-
tor. The last term in Eq. (5) represents the Ginzburg-Landau free en-
ergy [49], in which # is the thickness of the diffusive interface and 
E ($) = 0.25$2(1 − $)2 is the double well potential. According to the 
principle of F2-gradient flow [50,51] of the energy Eq. (5), the orig-
inal phase field evolution equation for $ with time 1 is obtained:

$1 = − B@($,")
B$

= −CG$G−1)0(")− D
(
5 ($)− 50

)
+ #2

(
∇2$− E ′($)

#2
)
,

)0(") =
1
2 9(") ∶$

0 ∶ 9("). (6)
Here the Neumann boundary condition % ⋅∇$ = 0 is used.

2.2. Precondition modification equation

For traditional phase field based topology optimization method, the 
phase field equation Eq. (6) has the motion of the mean curvature [52]. 
To ensure that our purpose of minimizing the objective function is not 
interfered by the curvature effects, we are committed to remove the 
impact of curvature effects included in Eq. (6). Inspired by the anti-
diffusive phase-field equation proposed by Chiu and Lin [28], we use 
the signed distance function to define $, i.e. $ =

(
1 + tanh(+∕2#)

)
∕2. 

The first and second order derivatives of $ can be expressed explicitly 
as follows:

|∇$| = B$
B+

= $(1−$)
#

, (7)
(∇$ ⋅∇)|∇$|

|∇$| = |∇2$| = B2$
B+2

= $(1− $)(1− 2$)
#2

. (8)

Here # controls the thickness of the interface. And %̂ =∇$∕|∇$| is the 
unit normal vector on interface. In addition, we can get

I =∇ ⋅ %̂ =∇ ⋅
∇$
|∇$| =

1
|∇$|

(
∇2$− (∇$ ⋅∇)|∇$|

|∇$|
)
. (9)

Note that I represents the curvature of the interface, which is widely 
available in traditional phase field models, such as the reaction-

diffusion term in Eq. (6). However, the aim of problem Eq. (1) is to 
minimize only the actual objective function ( ($) with the volume con-
straint, thus the impact of curvature should be eliminated from the 
original evolution equation. Combining Eq. (6) with Eq. (9), we sub-
stitute the reaction-diffusion term into a penalty term to eliminate the 
curvature effects. Therefore our evolution equation is given

$1 = −CG$G−1)0(")− D
(
5 ($)− 50

)

+J
(
∇2$− $(1− $)(1− 2$)

#2
− |∇$|∇ ⋅ %̂

)
. (10)

Here J is the penalty coefficient. Note that in Eq. (10), the curvature-
driven interface motion is eliminated, because the last term in the right 
side of Eq. (10) can be reorganized as follows:

J
(
∇2$− $(1− $)(1− 2$)

#2
− |∇$|∇ ⋅ %̂

)

=J
(
∇2$− (∇$ ⋅∇)|∇$|

|∇$| − |∇$|∇ ⋅ %̂
)
= J

(
|∇$|∇ ⋅ %̂− |∇$|∇ ⋅ %̂

)
= 0.

(11)
Using Eq. (8), we can collect the last term in the right side of Eq. (10), 
now the modified evolution equation is derived

$1 = −CG$G−1)0(")− D
(
5 ($)− 50

)
+ J̄

(
#∇ ⋅∇$−∇ ⋅

(
$(1−$)%̂

))
,
(12)

where J̄ = J∕#. In this paper, we choose J = #2 for formulation. The 
Neumann boundary condition %̂ ⋅∇$ = 0 is concerned.

After we eliminate the curvature effects from the original phase field 
function, the energy function corresponding to the modified phase field 
equation Eq. (12) can be rewrited as

@̃($,") = C ∫
Ω

) ($,")*! + D
2

(
5 ($)− 50

)2
, (13)

which contains only the virtual work and the penalty term of volume 
constraint. Now we can prove that the energy @̃($, ") holds the law of 
energy dissipation:
*
*1
@̃($,") = B@̃

B$
$1 +

B@̃
B" "1

= ∫
Ω

(
C B)
B$

+ D
(
5 ($)− 50

))
$1*! + #2 ∫

BΩ

%̂ ⋅∇$$1*M

= ∫
Ω

(
−$1 + J̄

(
#∇ ⋅∇$−∇ ⋅ ($(1−$)%̂)

))
$1*!

= −∫
Ω

$2
1 *! ≤ 0.

We should emphasize that the second equation holds due to B@̃B" "1 = 0 in 
static elasticity, meanwhile the fourth equation holds due to Eq. (11).

The modified equation Eq. (12) enables us to capture the sharp inter-
faces of $. However, the issue of ill-conditioned behavior of the normal 
vector occurs during evolution (see in Section 4.1). The reason for this 
phenomenon is, the above discussion is based on the premise that $
must satisfy the signed distance function $ =

(
1 + tanh(+∕2#)

)
∕2. How-

ever, as the iteration proceeds, such a condition is not guaranteed to be 
satisfied. This leads to an inaccurate calculation of the derivatives and 
normal vector. The ill condition of normal vector, especially away from 
the interface, will bring erroneous estimate of interface location and 
thickness. The problem is also observed in level-set model [53,54]. In 
order to maintain the interfaces accurately, non-linear precondition pro-
cess is required [43,55]. Jabir [44] derives the precondition equation 
based on level-set model in computational fluid dynamics. In this paper, 
an additional phase-field equation using the signed distance function for 
normal vector correction is established:
BN
BM

= #0ΔN + (|∇N|− 1) tanh
(
D̂

N0
|∇N0|

)
. (14)
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Here N0 = # ln
(
$∕(1− $)

) is the initial value of equation (14), D̂ is the 
interface sharpness parameter, #0 is a infinitesimal positive value. N is 
independently evolved until it converges to sign distance field under 
the pseudo-time M which is irrelevant to the physical problem. In our 
study, proceeding preconditioning procedure every 800 physical time 
steps is used to obtain satisfactory results.

3. Numerical implementation

3.1. Numerical method

In this section, a hybrid numerical method based on operator split-
ting scheme is proposed for solving the modified phase-field evolution 
equation Eq. (12). Assume the design domain is Ω = (0, F7) × (0, F8), O7
and O8 are positive even integers which satisfy F7∕O7 = F8∕O8, then 
the design domain is discretized with the uniform grid size ℎ = F7∕O7. 
The discrete computational domain is defined as Ωℎ = {(7&, 8. )|7& =
(& − 0.5)ℎ, 8. = (. − 0.5)ℎ, 1 ≤ & ≤O7, 1 ≤ . ≤O8}, which consists the set 
of cell centers. Time step is set to Δ1, the approximation of $(7&, 8. ) at 
time 'Δ1 is recorded as $'&,. . The splitting scheme for Eq. (3) and (12) is:

∇ ⋅ 3($',"'+1) =∇ ⋅
(
4($')$0 ∶ 9("'+1)

)
= #, (15)

$∗ −$'
Δ1 = −(−Q$' + Q$∗)− CG)0("'+1)($')G−1 − D

(
5* ($∗)− 50

)
, (16)

$'+1 − $∗

Δ1 = J̄
(
#∇ ⋅∇$∗ − ∇ ⋅

(
$∗(1−$∗)%̂

))
. (17)

Where Q is a stabilizing parameter, 5* ($) = ℎ2
∑O7
&

∑O8
. $&,. in Eq. (16)

and %̂ = ∇$∗∕|∇$∗| in Eq. (17). Note that the boundary conditions for 
"'+1 in Eq. (15) are:
⎧
⎪
⎨
⎪⎩

"'+1 = #, 2' Γ1 ⊂ BΩ,
% ⋅ 3($',"'+1) = &, 2' Γ2 ⊂ BΩ,
% ⋅ 3($',"'+1) = #, 2' BΩ∕(Γ1 ∪ Γ2).

(18)

And the discrete Neumann boundary conditions is used for phase field 
function.

Next we give the discrete solutions for Eq. (15)-(17) respectively. 
For the equilibrium equation in Eq. (15) with boundary conditions Eq. 
(18), we can obtain the updated displacements "'+1 by finite element 
method. The term 5* ($∗) in Eq. (16) is difficult to compute directly due 
to the presence of the implicit form, thus we sum over the index &, . for 
$ at both sides of Eq. (16) and then multiply ℎ2. Therefore 5* ($∗) can 
be expressed:

5* ($∗) =
( 1
Δ1 + Q

)
5* ($')−

∑O7
&

∑O8
. CGℎ2($')G−1)0("'+1&,. ) + DO7O850ℎ2

1
Δ1 + Q+ DO7O8ℎ2

.

(19)
Then we obtain the intermediate phase field function $∗:

$∗ = $' −
CG)0("'+1)($')G−1 + D

(
5* ($∗)− 50

)

Q+ 1
Δ1

, (20)

the terms )0("'+1) and 9("'+1) are computed as:

)0("'+1) =
1
2 9("

'+1) ∶$0 ∶ 9("'+1),

9("'+1) = 1
2
(
∇*"'+1 + (∇*"'+1)A

)
.

Here, the discrete gradient operator ∇* is defined as follows:

∇*,&,. =
(
:7,&+ 1

2 ,.
,:8,&,.+ 1

2

)
, :7,&+ 1

2 ,.
=
,&+1,. − ,&,.

ℎ
,

:8,&,.+ 1
2
=
,&,.+1 − ,&,.

ℎ
.

Furthermore, Eq. (17) is an explicit scheme for the modified term of 
Eq. (12), and its spatially discretization scheme is given. Let ' be the 

gradient vector at the cell corner, and ∇̃0*$∗
&,. is the gradient vector at 

the position (7&, 8. ). Nine point terms from vertex centered normals [56]
are used to discretize the last term of Eq. (12), i.e. ∇ ⋅

(
$∗(1 −$∗)%̂

). We 
first give the following discretization scheme:

∇̃0* ⋅
( '
|'|

)
&,. =

1
2ℎ

( %7
&+ 1

2 ,.+
1
2

|'&+ 1
2 ,.+

1
2
| +

%7
&+ 1

2 ,.−
1
2

|'&+ 1
2 ,.−

1
2
| −

%7
&− 1

2 ,.+
1
2

|'&− 1
2 ,.+

1
2
| −

%7
&− 1

2 ,.−
1
2

|'&− 1
2 ,.−

1
2
|

+
%8
&+ 1

2 ,.+
1
2

|'&+ 1
2 ,.+

1
2
| +

%8
&− 1

2 ,.+
1
2

|'&− 1
2 ,.+

1
2
| −

%8
&+ 1

2 ,.−
1
2

|'&+ 1
2 ,.−

1
2
| −

%8
&− 1

2 ,.−
1
2

|'&− 1
2 ,.−

1
2
|
)
.

Here '&+ 1
2 ,.+

1
2
= (%7

&+ 1
2 ,.+

1
2
, %8

&+ 1
2 ,.+

1
2
), and %7

&+ 1
2 ,.+

1
2
and %8

&+ 1
2 ,.+

1
2
are for-

mulated as follows:

%7
&+ 1

2 ,.+
1
2
=
$∗
&+1,.+1 +$

∗
&+1,. −$

∗
&,.+1 − $

∗
&,.

2ℎ ,%8
&+ 1

2 ,.+
1
2

=
$∗
&+1,.+1 +$

∗
&,.+1 −$

∗
&+1,. − $

∗
&,.

2ℎ ,

which represent the components of normal vector located at the top 
right vertex of cell (&, .). By averaging the four vertex gradient vectors 
of cell (&, .), we can obtain the discrete gradient ∇̃0*$∗

&,. and the unit 
normal vector %̂&,. at cell center (7&, 8. ):

∇̃0*$
∗
&,. =

1
4

(
'&+ 1

2 ,.+
1
2
+'&+ 1

2 ,.−
1
2
+'&− 1

2 ,.+
1
2
+'&− 1

2 ,.−
1
2

)
, (21)

%̂&,. =
∇̃0*$

∗
&,.

|∇̃0*$∗
&,. |

.

Now we can calculate ∇̃0* ⋅
(
$∗(1 − $∗)%̂

) at (7&, 8. ) in a similar way:

∇̃0* ⋅
(
$∗(1−$∗)%̂

)
&,. =

1
2ℎ

(
$∗
&+ 1

2 ,.+
1
2
(1− $∗

&+ 1
2 ,.+

1
2
)
%7
&+ 1

2 ,.+
1
2

|'&+ 1
2 ,.+

1
2
|

+$∗
&+ 1

2 ,.−
1
2
(1− $∗

&+ 1
2 ,.−

1
2
)
%7
&+ 1

2 ,.−
1
2

|'&+ 1
2 ,.−

1
2
|

− $∗
&− 1

2 ,.+
1
2
(1− $∗

&− 1
2 ,.+

1
2
)
%7
&− 1

2 ,.+
1
2

|'&− 1
2 ,.+

1
2
|

− $∗
&− 1

2 ,.−
1
2
(1− $∗

&− 1
2 ,.−

1
2
)
%7
&− 1

2 ,.−
1
2

|'&− 1
2 ,.−

1
2
|

+ $∗
&+ 1

2 ,.+
1
2
(1− $∗

&+ 1
2 ,.+

1
2
)
%8
&+ 1

2 ,.+
1
2

|'&+ 1
2 ,.+

1
2
|

+ $∗
&− 1

2 ,.+
1
2
(1− $∗

&− 1
2 ,.+

1
2
)
%8
&− 1

2 ,.+
1
2

|'&− 1
2 ,.+

1
2
|

− $∗
&+ 1

2 ,.−
1
2
(1− $∗

&+ 1
2 ,.−

1
2
)
%8
&+ 1

2 ,.−
1
2
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&+ 1

2 ,.+
1
2
= 1

4 ($
∗
&+1,.+1 +$

∗
&+1,. + $

∗
&,.+1 + $

∗
&,. ).

Meanwhile, the discrete nine point Laplacian operator Δ/* at (7&, 8. )[56] is defined as:

Δ/*$
∗
&,. =

1
6ℎ2

(
$∗
&+1,.+1 +$

∗
&+1,.−1 + $

∗
&−1,.+1 + $

∗
&−1,.−1

+ 4$∗
&,.−1 + 4$∗

&,.+1 + 4$∗
&+1,. + 4$∗

&−1,. − 20$∗
&,.
)
. (22)

Thus the updated phase field function $'+1 is obtained:

203



W. Xie, Q. Xia, Q. Yu et al. Computers and Mathematics with Applications 146 (2023) 200–212

Fig. 1. The design domain (a) and initial shape (b) for the stiffness maximization simulations of a cantilever.

$'+1 = $∗ +Δ1J̄
(
#Δ/*$

∗ − ∇̃0* ⋅
(
$∗(1−$∗)%̂

))
. (23)

The similar discretization scheme of the precondition equation can 
also be obtained (14):
N;+1 −N;

ΔM = #0Δ/*N
; + (|∇̃0*N;|− 1) tanh

(
D̂

N0
|∇̃0*N0|+ 12<

)
, (24)

where Δ/*N; and ∇̃0*N; are similarly defined as Eq. (22) and Eq. (21), respectively. It is worth noting that 12< is a positive parameter in order 
to avoid singular values during the calculation, which is set to a small 
value 10−5.

3.2. Optimization algorithm

Based on the above discussion, we introduce an iterative procedure 
to update the phase field variable $, in which the displacement " de-
couples with $, the precondition process will be carried out when the 
iteration reaches a certain number of steps. The optimization algorithm 
procedure is constructed as follows:

Step 1. Instantiate the phase-field and finite element meshes for entire 
design domain Ω, set the initial phase field function $0.

Step 2. Solve equilibrium equation Eq. (3) and Eq. (4) with respect to 
$' at n-th iteration to obtain the displacement field "'+1 by 
finite element method.

Step 3. Solve the modified phase-field equation Eq. (12) to update 
$'+1.

Step 4. Carry out precondition process every 800 time steps:
(a) Introduce signed distance function N and set N0 =

# ln
(
$∕(1− $)

).
(b) Use precondition process equation Eq. (14) to update N

under the pseudo-time M until convergence.
(c) Define $ =

(
1 + tanh(N∕2#)

)
∕2, and go back to step 2.

Step 5. Check convergence. If ||$'+1 −$'||F2 < 10−6, proceed to step 6, 
otherwise go back to step 2.

Step 6. Obtain the optimal distribution of $ and the optimal shape of 
design domain.

4. Numerical results

This section provides several numerical tests to demonstrate the 
practicability of the proposed method. Unless stated otherwise, the pa-
rameters of the material in all experiments are set as Poisson’s ratio 
? = 0.3, elasticity modulus @ = 1 and 4%&' = 10−4. The interface sharp-
ness parameter D̂ in preconditioning equation Eq. (14) is set to 3R∕4ℎ
with R = 4 [44], the stabilizing parameter in Eq. (16) is set to Q = 0.5.

4.1. Topology optimization of cantilever beam

Firstly, classical stiffness maximization simulations of a cantilever 
beam with a traction force & on the boundary is considered. The design 
domain Ω = (0, 2) × (0, 1) and the initial shape are shown in Fig. 1(a) 
and Fig. 1(b), respectively. The left side of the design domain is fixed 
while a traction force & is loaded at the middle of the right side. A 
200 × 100 rectangular mesh is used to discretize the domain. We set 

# = 0.03 to control the width of the interface, while D = 10 and C is 
chosen from [1, 10] according to [7]. Time step is set to Δ1 = 0.9ℎ2∕(2#2). 
Therefore the CFL condition is satisfied. Fig. 2(a)–(c) show the topology 
evolutions using the original phase field model proposed by [25], our 
model without the precondition process Eq. (12) and our model with the 
precondition process Eq. (12) and Eq. (14) at certain specific moments, 
respectively. The convergence histories of energy for different models 
are shown in Fig. 3.

As shown in Figs. 2 and 3, the energy corresponding to the original 
phase field model (a) is quite different from the energy corresponding 
to the present model (b) and (c). This phenomenon supports that by 
the original phase field model, the migration of interface is driven not 
only by the strain energy and volume constraint, but also the curvature 
effect, which leads to the final topology coarsen gradually and contin-
uously. Therefore the structure details lost. However, our scheme Eq. 
(12) and Eq. (14) can significantly reduce the curvature effect, which 
efficiently increases the stiffness. Our method works well and can re-
main a clear result. In addition, we note that our model plays a similar 
role in eliminating the curvature effect as Takaki’s analysis, the topo-
logical evolution process is almost same as the results in [39], while our 
model contains more details on each beam.

Comparing the results shown in Fig. 2(b) and Fig. 2(c), the role 
of the precondition equation Eq. (14) in the evolution process can be 
intuitively and clearly demonstrated. In the early stage of evolution, 
the results of the two models are almost the same. However, for the 
model without the preconditioning process, the symmetry of topology 
is destroyed as the time evolving, and finally leads to the asymmetric 
deformation structures shown in the last picture of Fig. 2(b). This is 
mainly due to the ill conditioned error estimation of normal vector if 
only Eq. (12) is used, which will cause a large error in the estimation of 
interface position and thickness. The problem can be well alleviated by 
precondition equation Eq. (14), which is an alternative preconditioning 
method for normal vector correction. To further show this, we calcu-
late the difference between #|∇$| and $(1−$) to verify whether the 
values of $ corresponding to Figs. 2(b) and 2(c) satisfy the condition 
of signed distance function. The results are shown in Fig. 4. Obviously 
the $ corresponding to Fig. 2(b) does not satisfy the premise of the 
signed distance function, but the preconditioning process can solve this 
problem. Hence, our model with preconditioning process can make the 
results sufficiently accurate and remain more topology details, as shown 
in Fig. 2(c).

4.2. Topology optimization of short cantilever beam

Next, we consider the impact of initial conditions through the short 
cantilever beam [47], which is a well-known structure in the field of 
topology optimization. The design domain Ω = (0, 1) × (0, 1) is shown 
in Fig. 5. The left side of the design domain is fixed, while a single 
vertical load & = 1 is applied at the right bottom corner of the design do-
main. The fixed design domain is discretized using 100 × 100 elements 
for finite element analysis. Three cases with different initial shapes are 
studied in which the number of holes distributed is set to 3 × 3, 4 × 4
and 5 × 5, respectively. Fig. 6 shows three cases and their obtained 
optimized configurations. The convergence histories of structural com-
pliance ( ($) and normalized compliance ( ($)∕( ($0) for different initial 
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Fig. 2. Evolutions using (a) the original phase field model, (b) our model without the precondition process and (c) our model with the precondition process.

Fig. 3. The convergence histories of energy for different models.

shapes are provided in Fig. 7. The results confirm the effect of initial 
configurations. For different studied cases, more complex initial topol-
ogy, reflecting as more holes in the initial design domain, will lead to 
the complexity of the final topology. These findings are understandable, 
because the original phase field equation maintains the coarse support, 
while our present method can provide detailed branches for the coarse 
support, making the whole structure more rigid. This effect becomes 
more pronounced with the increase of the initial holes.

To verify the extensive applicability of the present model, we focus 
on the topology optimization with the random initial condition. The 
initial condition is set randomly from 0 to 1 throughout the design do-
main, as shown in the first image of Fig. 8. The evolutions with the 
random initial shapes are shown in Fig. 8. The results confirm that the 
present model works well for arbitrary initial conditions.

4.3. Topology optimization of bridge

In this section, we apply our model to the bridge structure example, 
which is also called the Michell type structure with fixed-fixed supports. 
The design domain Ω = (0, 2) × (0, 1) and the initial shape are shown in 
Fig. 9(a) and Fig. 9(b), respectively. In this problem, the corners on both 
left and right sides are fixed, and there is a unit point force loaded on the 
center of the bottom. The design domain is discretized using 200 × 100
rectangular mesh. Other parameters are set as # = 0.03, C = 1.0, D = 10, 

Δ1 = 0.9ℎ2∕(2#2). Meanwhile, in order to verify effects of the volume 
constraints, we set different values of 50 with 0.2, 0.4 and 0.6. The final 
optimization results and the convergence histories of the total volume 
are shown in Fig. 10 and Fig. 11 respectively. We can see from Fig. 10
that the volume constraint will not only affect the width of the beam, 
but also the number and size of nucleation of holes. Furthermore Fig. 11
investigates that our model can well maintain volume constraints.

Fig. 12 shows the evolution process of the normalized energy 
@̃($')∕@̃($0) for 50 = 0.4, where the energy decreases fast at early sev-
eral steps and the structure topologies change violently. The final topol-
ogy keeps a stable state when the evolution reaches convergence. Note 
that although we have proved the energy dissipation of Eq. (12) in Sec-
tion 2.2, our model is not globally energy decreasing. Some unsmooth 
cusp points appear in Fig. 12 during the evolution process. These cusp 
points are mainly caused by the implementation of precondition, and 
each completed precondition process is accompanied by the appear-
ance of a cusp point. The cusp points are present for every numerical 
experiment, although they are not so obvious in some situations. How-
ever, from Fig. 12 we confirm that our model holds a general trend of 
decreasing energy even under the influence of the precondition process.

4.4. Topology optimization of Messerschmitt-Bölkow-Blohm beam

In this section, the proposed method is applied to the Messerschmitt-
Bölkow-Blohm (MBB) beam. The original problem is shown in Fig. 13(a), 
where the design domain is Ω = (0, 6) × (0, 1), the left bottom corner of 
the beam is pinned while the right bottom corner is supported horizon-
tally [57–60]. Different traction forces & are applied at the center of the 
top edge, while other parameters are the same as those in Section 4.3.

Only half of the design domain is considered due to the symmetry, as 
shown in Fig. 13(b). The rectangular domain (0, 3) × (0, 1) is discretized 
with 210 × 70 square elements. Fig. 14(a) shows the initial shape of half 
design domain. Fig. 14(b–d) show the final MBB beam topology con-
figurations with different traction forces & = (0, 2), (0, 3) and (0, 4). It is 
well established that the final material distributions depend on the con-
centrate forces loaded at the design domain. This demonstrates that the 
introduction of different forces can greatly affect the final topologies 
with the same constraint condition. The convergence histories of struc-
tural compliance ( ($) for different traction forces are shown in Fig. 15, 
which confirms that the larger traction force results in lager value of 
compliance.
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Fig. 4. The mesh plot of ||||#|∇$|−$(1−$)
|||| at 1 = 125.

Fig. 5. Design domain of the short cantilever problem.

4.5. Planar structure with multiple loads

This section is devoted to the numerical examination of the effect 
of multiple loads on the final topology through a simply supported 
planar structure as shown in Fig. 16(a). The design domain is set to 
Ω = (0, 2) × (0, 1), and the boundary condition is similar as that in the 
MBB beam test, where the left bottom corner is clamped with zero dis-
placement and the right bottom corner is only restricted of zero vertical 
displacement. The entire domain is discretized using a 200 × 100 rectan-
gular mesh. The initial shape of this example is shown in Fig. 16(b).

Fig. 17 shows the final topology under three different force dis-
tributions applied to the bottom edge, i.e. (S) &1 = (0, 2), &2 = &3 = &4 =
&5 = #, (-) &1 = (0, 2), &2 = &3 = (0, 1), &4 = &5 = #, (0) &1 = (0, 2), &2 = &3 =
(0, 1), &4 = &5 = (0, 0.5). The convergence histories of structural compli-
ance for different concentrated force distributions are shown in Fig. 18. 
We are convinced that with the change of concentrated force distribu-
tion, the size, location and quantity of holes in the final topology make 
difference accordingly, leading more material to meet the concentrated 
force condition.

4.6. Topology optimization on the complex domain

Topology optimization on the regular rectangular area is not enough 
for realistic requirements. In this section we make a comment about 
topology optimization on the complex domain. We focus on elliptical 
domain, which is shown in Fig. 19(a). The bottom of the design do-
main is fixed, while two traction forces are loaded at the middle of the 
left and right side respectively. For the treatment of non-rectangular 
boundaries, we refer to the calculation method in [61,62]. Fig. 19(b) 
shows the initial shape and Fig. 20 shows the topology evolutions on 
the complex domain. We are confident that our model can be success-
fully extended to irregularly complex regions, thus more practical and 
complex topology optimization problems can be solved.

4.7. Topology optimization of 3D cantilever beam

The phase field model has the advantage of easy generalization and 
low computational complexity when considering large scale problems 
or 3: problems. In this section, our phase field topology optimization 
model is extended to the three dimensional situation. We consider the 
topology optimization of 3: cantilever beam on the design domain Ω, 
which is shown in Fig. 21(a). We set ℎ = 1∕512 and the mesh size is 
1024 × 512 × 16. The left side of the design domain is fully constrained, 
the traction force & is loaded at the quarter of the right side, while 
other parameters are the same as those in 2: situation. Fig. 21(b) shows 
the initial shape and Fig. 22 shows the evolutions of the 3: cantilever 
beam. The results suggest that the present phase field model can be suc-
cessfully extended to solve the three-dimensional topology optimization 
problem and has strong potential for large scale problems.

5. Conclusion

In this paper, we proposed a modified phase field method with a 
nonlinear preconditioning process to deal with topology optimization 
problems. By introducing a penalty term to replace the reaction diffu-
sion term, the curvature effects could be omitted from the original phase 
field evolution equation. Meanwhile the ill-conditioned behavior of the 
normal vector was avoided through preconditioning process, in which 
the accurate unit normal vector as well as curvature could be obtained. 
Thus the accurate interface profile could be obtained by the modified 
phase field method. To implement the numerical algorithm, we used the 
finite element method, finite difference method and linearly stabilized 
splitting scheme simultaneously. A series of comparative numerical ex-
amples such as cantilever beam, short cantilever beam, bridge, MBB 
beam, planar structure with multiple loads were presented to demon-
strate that the present method could successfully remove the curvature 
effect without interface deformation problems, thus our method could 
keep more details in the topology structure. Furthermore, our method 
could be easily extended to other problems in topology optimization, 
which implied a wider range of applications in practical topology op-
timization problems. One limitation of our present implementation is 
that our method may fail to remove small voids for topological struc-
ture, since we have removed the interface motion driven by curvature 
effects. A proper smooth algorithm needs to be introduced to smooth 
the connecting boundaries. In the future, we will smooth topological 
design of structures with minimum and maximum length scales.

Data availability

No data was used for the research described in the article.
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Fig. 6. Evolutions with different initial shapes (a) 3 × 3 holes (b) 4 × 4 holes (c) 5 × 5 holes.

Fig. 7. The convergence histories of structural compliance and normalized compliance for different initial shapes.

Fig. 8. Evolutions with the random initial shapes.
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Fig. 9. The optimal configurations for the stiffness maximization simulations of bridge under the same initial shape on mesh 200 × 100. (a) Schematic illustration. 
(b) Initial shape.

Fig. 10. The final optimization configurations at 1 = 180 with different values of 50 under the same initial conditions: (a) 50 = 0.2, (b) 50 = 0.4, (c) 50 = 0.6.

Fig. 11. The convergence histories of total volume for 50 = 0.2,0.4,0.6.

Fig. 12. Evolutions of the normalized energy for 50 = 0.4.
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Fig. 13. The full design domain (a) and half design domain with symmetry boundary conditions (b) for MBB beam.

Fig. 14. The initial shape of half design domain (S) and topology configurations for MBB beam with different traction forces, (-) & = (0,2), (0) & = (0,3), (*) & = (0,4).

Fig. 15. The convergence histories of structural compliance for different traction forces.

Fig. 16. The design domain (a) and initial shape (b) for planar structure with multiple loads.
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Fig. 17. The final optimization configurations at 1 = 67.5 with different concentrated force distributions, (a) &1 = (0, 2), &2 = &3 = &4 = &5 = #, (b) &1 = (0, 2), &2 = &3 =
(0, 1), &4 = &5 = #, (c) &1 = (0, 2), &2 = &3 = (0, 1), &4 = &5 = (0, 0.5).

Fig. 18. The convergence histories of structural compliance for different concentrated force distributions.

Fig. 19. The design domain (a) and initial shape (b) for topology optimization on the complex domain.

Fig. 20. Evolutions of topology optimization on the complex domain.
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Fig. 21. The design domain (a) and initial shape (b) for topology optimization of 3: cantilever beam.

Fig. 22. Evolutions of the 3: cantilever beam.
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