Journal Pre-proof

tions in
Nonlinear Science and
Numerical Simulation

An efficient linear and unconditionally stable numerical scheme for the
phase field sintering model

Jingjie Cheng, Qing Xia, Junseok Kim, Yibao Li

PII: S1007-5704(23)00450-1

DOI: https://doi.org/10.1016/j.cnsns.2023.107529
Reference: CNSNS 107529

To appear in:  Communications in Nonlinear Science and

Numerical Simulation

Received date: 9 June 2023
Revised date: 1 September 2023
Accepted date: 8 September 2023

Please cite this article as: J. Cheng, Q. Xia, J. Kim et al., An efficient linear and unconditionally
stable numerical scheme for the phase field sintering model. Communications in Nonlinear Science
and Numerical Simulation (2023), doi: https://doi.org/10.1016/j.cnsns.2023.107529.

This is a PDF file of an article that has undergone enhancements after acceptance, such as the
addition of a cover page and metadata, and formatting for readability, but it is not yet the definitive
version of record. This version will undergo additional copyediting, typesetting and review before it
is published in its final form, but we are providing this version to give early visibility of the article.
Please note that, during the production process, errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

© 2023 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.cnsns.2023.107529
https://doi.org/10.1016/j.cnsns.2023.107529

Click here to view linked References *

An efficient linear and unconditionally stable numerical scheme for the
phase field sintering model

Jingjie Cheng?, Qing Xia®, Junseok KimP, Yibao Li®*

@School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an 710049, China
bDepartment of Mathematics, Korea University, Seoul 02841, Republic of Korea

Abstract

In this article, the phase field sintering model, which is composed of a Cahn-Hilliard type equation and several
Allen-Cahn type equations, has been considered. On the scalar auxiliary variable framework, we propose a
theoretically efficient and stable method for solid-state sintering. In order to overcome the nonlinear issues,
we define a stabilized scalar auxiliary variable method and reformulate the phase field sintering model. An
efficient and accurate numerical scheme is investigated to solve our model. The scheme consist of several
decoupled diffusion equations at every time step. Therefore, our scheme is easy to implement. Then we
prove the numerical discrete energy is unconditionally stable. Several numerical simulations in two- and
three- dimensional spaces are presented to demonstrate the robustness of our method.

Keywords: Phase-field, Scalar auxiliary variable, Solid-state sintering, Unconditional energy stability,

Second order accuracy

1. Introduction

Solid-state sintering is one of the most significant technique during the material processing, which turns
powder into compact body and is widely used in fabricating metal [1], ceramic [2], refractory [3] and ultrahigh
temperature material [4]. During the sintering process, the particles are bonded to each other, thus sintering
necks are formed. With the growth of grains and reduction of mainly open porosity, the overall volume of the
whole system shrink quickly. Terminally the particles become a compact polycrystalline sintered body with
fully closed porosity. Multiple simultaneous physical processes are involved in sintering as described in [5—
10], including different diffusion paths(through surface, grain boundary, and bulk lattice), particle rigid-body
motions and evaporation-condensation. These mechanisms interact among each other and exert influence
on the evolution of powder compact microstructure, i.e., shape [5, 11], size [7, 8], relative location [9], and

crystal orientation of individual grains [10, 12]. The densification and grain growth are two main active
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ones competed with each other. Precise control between this two machanisms is the key point to further
optimize the solid-state sintering technique and expand the industrial applications of sintered materials [27].
However, to prevent melting and re-solidification from the sintering process, the temperature should be set
below the melting point, which guarantees atoms to gain sufficient energy to migrate as well. The overall
thermodynamic energy of the system is then consumed. Hence, extensive investigation on the microstructual
evolution microstructural evolution during sintering process have been performed for the broad industrial
applications.

The earliest researches on the microstructural evolution in sintering process is reported by Frenkel [13],
which is considered as the viscous flow phenomenon. Based on their research, Kuczynski [14] reported that
surface diffusion is operative at the beginning of sintering. Subsequent researches [15-22] concluded power
laws to describe sintering progress while few experimental results can fit the theories well. Various numeri-
cal techniques have been developed to study sintering in recent years [23-31]. Zhou et al. [23] developed a
finite-element based model to investigate the viscous sintering of three-dimensional configuration of ternary
particles. The calculations are in good agreement with benchmark results for a two-dimensional axisym-
metric case. Jagota and Dawson [24] carried out a micro mechanical model for the constitutive behavior of
powder compacts for the interaction between particles. In their work, they provided specific experimental
numerical results for linear viscous materials. Zeng et al. [25] employed molecular dynamics methods to
model nanoparticle arrays over a range of temperatures in order to investigate surface energies, grain bound-
ary mobility, and sintering process. Their initial outcomes revealed unexpectedly robust inputs from plastic
deformation, mechanical rotations, amorphization, and ultra-swift atomic force-driven diffusion mechanisms
during the sintering phase of multi-particle arrays. Tikare and Braginsky [26] presented a Monte Carlo
model with kinetic properties, which is able to simulate the sintering process in a two-dimensional system
comprising three particles and track the evolution of the microstructure. The model can simultaneously
simulate multiple mechanisms, and its validity has been established based on changes in morphology and
kinetics of densification. Wang [27] carried out a phase field model of solid-state sintering for multiple
concurrent physical processes. They devised an efficiant scheme for translating and rotating particles, using
a grain boundary force formula as the foundation. This type rigid-body motion introduces an advection
term that alters both the Cahn-Hilliard nonlinear diffusion equation and the Ginzburg-Landau equation for
structural relaxation. A numerical method, proposed by Bruchon et al. [29], has been developed to simulate
the transport of mass via surface and lattice diffusion within granular packings. The grains are defined using
Level-Set functions that adhere to physical laws. Comparisons between the numerical results obtained and
those generated by conventional geometric models for two spherical grains are presented. Weiner et al. [28]
used the finite differences method to develop a novel approach for modeling sintering behavior of powder
particles with irregular shapes. They introduced a discrete scheme of irregular powder particles, which is
proved to have better efficiency and the simulation results fit the theories well.

2



55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

”

78

79

80

81

82

83

84

85

86

87

88

89

Conventional wisdom on solid-state sintering has contributed expensive stratigies on the investigation
of microstructual evolution during sintering process. The evolution of solid particles is determined by the
velocity at the surface [29, 32]. This velocity is governed by mass conservation, which is expressed through
flux divergence. The fluxes are supposed to be calculated on moving surfaces or grain boundaries since it
is directly proportional to the negative gradient of the potential energy. Both finite volume method and
finite element method need a indispensable re-mashing process when dealing with sharp-interface problem.
Thus, a huge computational burden is required for constantly re-meshing. However, phase field method,
which is obtained by a sequence of approximations from dynamical density functional theory [33-38], is
an efficient model to solve interfacial problems. This type method employs fixed grid points and traced
the motion of the boundary implicitly with a continuous order parameter. The narrow transition region
defines the position of the mobile interface or boundary, which also advances during the whole sintering
process. The order parameter naturally evolves along the path that minimizes the thermodynamic energy
of the modeled system. Therefore, the phase-field sintering model (PFSM) [27] could be considered as a
Cahn-Hilliard(CH) model [39] that incorporates grain growth [40] on the solid phase [41-43]. Termuhlen
et al. [31] developed a computational scheme to investigate solid-state sintering process, which enables the
direct implementation of an existing formulation for computing the rigid-body movement of grains using
a phase-field sintering model at a large scale. To compute the particle velocity during densification, they
employed a grouping algorithm as well as established a cutoff radius for each grain. Meanwhile, a stabilized
Scalar Auxiliary Variable(SAV) method [47], which is based on the nomal SAV approach [44-46], is used for
solving the phase-field models. Chen et al. [47] developed a ternary CH type Nakazawa-Ohta phase-field
model for the tri-block copolymer, which is a complex and strongly-coupled non-linear system that involves
two CH equations and two non-local equations. To solve the model, they employed a second-order accurate
time-marching scheme constructed using the SAV approach with a stabilization term. The SAV approach is
widely employed as an efficient and accurate temporal discretization scheme for constructing a broad class
of gradient flows. This method introduces auxiliary variables to handle nonlinear terms, allowing it to solve
only a set of decoupled equations with constant coefficients at each time step. Hence, numerous studies
have demonstrated that it enables unconditional energy stability of the numerical scheme [48-50]. The most
notable advantage of this method is its versatility, as it is not limited to specific forms of the nonlinear part
of the free energy, making it applicable to a wide range of gradient flows. As a result, the SAV approach
exhibits higher precision and efficiency compared to existing methods.

In this work, we develop a numerical scheme with high efficiency and accuracy to solve the phase field
sintering model. We use the stabilized scalar auxiliary variable method [47] through adding a second-order
linear term. We define a scalar auxiliary variable and rewrite the phase field sintering model in order to
overcome the nonlinear issues. Then we carry out a second-order accurate scheme using the Backward
differentiation formulas(BDF) framework. By defining two inverse linear operators, only several linear
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biharmonic equations left in the linear system. Then we decouple the system through Picard iteration,
which guarantees the developed scheme to be highly efficient. The discrete scheme is then proved to preserve
the unconditional energy stability rigorously. In order to demonstrate the accuracy, the stability and the
efficiency of the proposed numerical algorithm, we implement various numerical simulations in both two-
and three-dimensional space.

The remaining of the article is orgnized as follows. In Section 2, the governing equations of phase field
sintering model is developed and the derivation of the energy law is presented rigorously. In Section 3, we
present the establishment of a temporal semi-discrete scheme which is second-order accuracy, as well as
its solvability and energy stability. In Section 4, various numerical tests are performed to demonstrate the

stability and robustness. Finally, we provide some conclusive remarks in Section 5.

2. Governing model

Considering the phase-field sintering model, we use two sets of order parameters to explain the mi-
crostructure of the entire system. The first-order parameter ¢, which ranges from 0 (vapor/vacuum) to
1 (solid), and is used to represent the two distinct components. It is a conserved order parameter since
changes of the morphology in solid phase are dependent upon mass transport. Meanwhile, the evolution of
¢ tracks the changes of the solid structure. We use a set of non-conserved order parameters to represent the
crystal orientations of individual grains in the solid phase. These order parameters are continuous functions

of both time and space as follows:

m(r,t), n2(r,t), n3(r,t), -, 77Q(I‘,t)‘ (1)

Each grain is represented by a unique non-conserved order parameter 7; that are a function of time ¢ and
position r, i =1,2,---,@Q, in which the subscript ¢ indicates the i-th grain and @ represents the number of
grains. Note that both ¢ and 7; belong to the L? space, then we define the norms and inner product on the

L? space as follows:

(6.10) = /S;@z)dx., 16112 = (6,6), IV6I12 = (V6, V). (2)

The evolution of the order parameters temporally and spatially is described as follows:

op(r,t) 5F
o A5¢(r,t)’ (32)
Oni(r,t) oF
ot 77L677,—(r,t)’ (3b)
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It can be seen that the two equations above govern the evolution of grain boundries and free surfaces.
Equation (3a) takes into account the effect of Ostwald ripening on the entire solid phase, while Eq. (3b)
accounts for the evolution process of each grain driven by grain growth in the solid phase. It is worth noting
that in these two equations, M and L are positive mobility coefficients, which influence the motion of grain
boundaries and free surfaces during the evolution process. Meanwhile, these equations can be derived from

the total free energy F':

Q
K K
T A TS Sl N K "
i=1

in which r, and kg are positive constants assuming an isotropic gradient energy while f represents the local

free energy density with the following formulas

2

Q Q Q
F(&mm2,m) = AG*(1—=9)° + B | ¢* +6(1—9) > 0 —4(2— ) Y _n} +3 (Zn?) : (5)
=1 =1

i=1

Here A and B are constants, which determine the energy landscape. Thus the governing equations can be

obtained by using the variational derivation as follows:

9¢(r,t) _
o - MAv, (00)
Q Q
) =24¢(2¢° —3¢+1)+2Bp—6BY ni +4B> n} —ryA¢, (6b)
=1 =1
i (r,t
Ot _ (6¢)
Q
pi =12B(1— ¢)n; — 12B(2— ¢)17 +12B1m; 0 — ki Ani. (6d)
1=1

Alternatively, we can also select a no-flux boundary conditions as follows:

OnNiloq = Onltiloq = Ondlaa = 0, (7)

where n is denoted as the outward normal of 9€2. Then we propose the following energy dissipation law.

Theorem 1. The governing system Egs. (6) preserve the following energy dissipation law:

Q
d
P @, nQ) ==L _|pil|* = M| V][> <0. (8)

=1
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Proof. We take the inner product of Eq. (6¢) with u; and Eq. (6a) with pu, which yield that

(mit, i) = =Lllpall?, (61,9) = =MV,

By summarizing all the obtained equalities, we can get fOHOWiIlg equation
; ¢ mn,n2,-..
t 115712, anQ

== (fw,m,m, g +—Z|Wm\|2 ¢’||v¢|2>dv

= / <2A¢(2¢2 3+ 1)¢; + 2Beby — GBZm@MBZnE’@—%Am

i=1

) (10)

+Z/ (123(1—¢)mmt —123(2—¢)7I?mt+12Bmmt2n? —%Mm%) v

i=1

Q Q
=W, 1)+ Y _(pirmie) = =LY ||l > = M||V¢|* < 0.
=1

i=1

This completes the proof.

O

A new stabilized-SAV approach is then obtained, in which the stabilization term is used to enhance the

numerical stability, especially when time step reach a large number. We define an auxiliary nonlocal variable

u(t) as:

t)_\//‘/f(¢7nlan27anQ)dV+ba

(11)

where b can chosen as any constant that ensures fvf(m,ng, sNQ)dV +b>0 for any n;. Weset b=1as a

constant. Substituting Eq. (11) into Eq. (4) and the total energy functional is formulated as follows:

Q
K K
F(¢,m,nz,-~-,nQ,U)=/v (;levmlng;IIWﬁIIZ) AV +u® —b.
=1

Thus we can rewrite the governing system Eqs. (6) as follows:

¢t = MA¢7
Y =—keAp+uH,
nit = — L,

i = —RpAn; +uH;,

(12)

(13a)
(13b)
(13¢)
(13d)
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1 Q
u = /V <H¢t +ZHmit> av, (13e)

=1
where
o0 _ 246267 ~36+1) +2B9 6B n? +4BYL v (14)
oo \/fv F1,m2,..mQ)dV +b
L du 12B(1=6)n—12B(2— g} + 128y, 2, 2
i \/fvf(m,nz,...,nQ)dV—kb

Then we choose the following initial conditions as:

¢t =0)=¢% mi(t=0)=np, U(t=0)=\//Vf(szﬁo,n‘f’ngv---,n%)dVer- (15)

Therefore the new system Eqgs. (13) is equivalent to the original system Eqs. (6). We notice that the system
(13) also follows the energy dissipative law which can be derived as follows. By taking the inner product of

(13c) with p; and (13a) with p, we obtain
(nltvﬂl)szHﬂl‘F’ (¢t,'¢):*MHV'¢JH2 (16)
By summarizing all the obtained equalities, we arrive at

d
dt (¢a77177727 anQvu)

d K¢ 2, kg < 2 d o
VIR + LD [Vl | dV + 2
i=1

“at )y dt
=2 <“¢||v¢||2+*””"fjnvmv?)de / (HW%HM) av (17)
dt v\ 2 2= v i=1
Q Q
=(,00) + > (mismit) = =LY ||l = M||Vy|[* <0,
=1 =1

3. Numerical algorithms

In this section, we develop a second-order accurate scheme based on the SAV method which is recently
enhanced by the addition of a linear stabilized term. As a consequence, the stability of the whole system
gain a significant improvment. Here we discretize the domain Q = [0, L,] x [0, L,] € R? as Q4 = {(z;,v:) :

1<i<Ngz,1<i<Ny}. While h=L,/N; =L,/N, is defined as the uniform mesh size. Then we define
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several discrete operators as follows: The discrete gradient operator is defined as:

Vatig = (Dad,iy s Dybisyy ) (18)

where Dm¢i+% ;= (Gix1,5 — Pi,5)/h and Dyo, i = (i,j+1— ¢4,5)/h. Let us define the discrete Laplacian

operator as:

Audyj = Di—1,j +¢i+1,j;‘2¢i,j—1 + i j+1 19)

Furthermore, some discrete norms and discrete inner products are defined as follows:

Nz Ny

16117 =(¢.0)a, IVadllZ = (Vad,Vad)a: (6,0)a=h>D > i jthi
i=1j=1
Now we set a positive integer N and the time step size 0t is defined as 6t = T/N. An implicit-explicit
combination for the nonlinear terms is used along with the second-order finite difference formula derived
in time in order to construct a numerical scheme for solving the system. As a consequence, Egs. (13) is

rewrittened as follows:

3¢n+1 74¢n +¢n71

206t =A™ 20
Y = —p Mg T U T g (gn T grn ), (20b)
S =Tt

5Lt — T (20c)
Pt = g A TP g ), (20)
ut — gy ! (20e)

Q

1

=3 / <H*»"+1(3¢"+1 — 4"+ "N+ Y H B — anp +nf—1)> dv.
v i=1

Assuming that ¢", 1!, u™ and o1 7]?71, u™~1 are known as:

_ 1 1 1
¢*,n+1 _ 2¢n _d)n 1, H*7"+1 _ H(d)*,n—i-l n*,n-‘r *,n+ 77*’n+ )7

IR 7772 PR Q (21)
1 — 1 1 1 1
" =2 g HPT = H (¢ g™,

where the parameter S is considered to be a positive stabilization term. Note that we need the values
of ¢!, n} and u! to calculate the second-order fully-discrete scheme Eqs. (20a)-(20e). In practice, the
values of these parameters are obtained through using a similar time-marching algorithm which is first-order

accuracy. Then we discuss the practical implementations of the scheme Egs. (20a)-(20e). Even it possesses

8



19 linear property, the scheme (20a)-(20e) remain difficult to solve as the unknown parameters ¢"*1!, 77?“,

160 ng"'l. . ng'H and u™ 11 are coupled together. In order to deal with this problem, we implement our proposed
11 scheme with a decoupling process through Picard iteration shown as follows. The system Egs.(20a)-(20e) is

162 rewritten as follows:

3¢n+1 247+ nt1_ 4" =t n+1 *,n+1 %1
3 dnp —mp 22
557 _ LHnAdT]n-‘rl +LST]:L+1 — th Lun+1H;,n+1 +LS172»*’n+1, ; 1’2’3’ o ,Q.
13 Then we define two linear operators:
3
R(¢) := <25t +MI€¢A2 MSAd) ¢, Ri(m):= <2(5 Lm,Ad-i—LS) (23)
e With boundary conditions and apply R~'(¢) and R; L(n;), we obtain
n+1 _ R—l 4¢n - d)n_l M n-l-lA H*,n—l—l MSA *,n+1 _ n+1 24
T = st + Mu d - a9 =pg+u"" gy, (24)

4nm —pn—1
it =R (”f 25:572 Lu”“Hi*’”“qLLSn;’"H) =ppu" gl i=1,23,.Q, (25)

165 where

n *R71 4¢n_¢n—1 _ MSA ¢*,n+1 n *R_l(MA H*,n+1)
p¢ - 25 d ) q(;S - d )

t
477 B 77” ! *,n+1 1 *,n+1 (26)
=R gy LS g = RN LHIT) i=1.2,..Q.
s It indicates that we can update pg, Dy qg, qy,, by solving the following biharmonic equation
3 4T — n—1
<26t+M,‘Q¢Ad MSAd> pnz %—MSAdqﬁ*’n—i_l, (27&)
3 dn —ﬂf F *n+1
3
(26t+M/€¢Ad MSAd> qg :]\4Ad[:’*’n-"_17 (27C)
3
<25t LknAg +LS) Iy, = —LH;’”+1. (27d)

w7 We plug ¢t and 77;“H into the above equation, the equation for u”t! is then obtained. Since H*"*! and

*,n+1
Hi

168 are both polynomials of degree three for ¢ and 7);, we notice that it is a nonlinear algebraic equation

n+1

1o for 4”7+, which can be easily solved by using a Picard iteration. That means we can rewrite the equation



w  for w1 ag

u™ +1:§u —3u -1y E(H* + 3Py +u™"qy) —49" + ¢ )

1& . (28)
*n+ 1
*6; 3(ply, +u"™" ) — 40 ),

i where we define u™? as the known u™ and the iteration quits only if the stop criterion |[u™™*1 —ym™||; <
w2 1078 is satisfied, when we can consider u™*! as u™™+t1,

173 To summarize, the scheme Eqs. (20) can be implemented through following steps:

e Step 1: Compute pg, q;} , pgz and qf;i from Eqgs. (27) with finite difference method.

s Step 2: Update u™! by solving the Eq. (28) through Picard iteration.

w  Step 3: Set "1 = Py +utlg % and nit *p:;i +u"+1q%, then goto the next step.

177 Therefore, from the above practlcal implementation process, it is easy to notice that the nonlocal term

ws w1 is solved with litter computational cost for each time step. Meanwhile, several linear equations need

19 to be solved in our process.

1o 3.1. Unconditional energy stability for the discrete system

181 Then we drive the unconditional energy stability of the numerical scheme (20) as follows.

12 Theorem 2. The time-discrete scheme (20) follows a energy dissipation law as

Frtl_Fr < Létz\|u"+1||dfM6tHvdw“H3so, (29)
=1

183 where

Fr mnz||vdn"“\|d+\|2vdn”“ Van |l ro IVad™ G+ 112Vad™ ! = Vag"|[3

2 2 2

a3, et =g
2 2 '

=1 (30)

(un+1)2 + n+1

(2u"tt —u™) +Szﬂﬁ

* 2

s Proof. Let us take the inner product of Eq. (20c) with 2L5tu} ! and Eq. (20a) with 2M3ty" ! in the

ws L2 space, which indicate that

3 n+1 —Apn n—1
( M =2 T onguuntt ) = —aLstut

2L0t
+1 1 ! (31)
37T — A" + 9" 1 12
oM Sty T = —2M6t ntl2
( s M) IV 3

10



ws By multiplying (20e) with 2u™*!, we obtain

2u" T (3 — 4 +un )

Q (32)
:un-i—l [/ (H*,n+1(3¢n+1 _ 4¢n +¢n—1) _'_ZHZ_*,TL-&-l(gnZn—H _477’? +77?_1)> V.
i=1
17 Let us take the inner product of (20d) with 37);“"1 —4nr + 7)'?_1 as follows:
(i3t —an 40 1a
=(—rnAgn T Hu T L S =) Bpp ) )
=rn(Vani ™, 3Van 1 = AV i + Vani ™) g +u"HHS 300 —anf i)
+ S =2t 3t — a0,
s and (20b) with 3¢"H!1 —4¢™ 4 ¢" 1 as follows:
(367 —ag" 46" ),
Z(—Hqud(z)?H_l +un+1H*,7L+1 +S(¢’n+1 o ¢*,n+1)73¢n+1 _4¢n +¢n—1)d (34)
:H¢(Vd¢n+l,3v¢1¢n+l —4Vd¢n +vd¢n_l)d +un+l(H*,n+l73¢n+l _4¢n +¢n—l)d
+8(@" T —2¢" +" T 3¢ — 49" + 6" .
s By combining Eqgs. (31)-(34), we can obtain the follows:
Fn—i—l _ Fn
Q _
_@Z IVan G+ 112Van ™ = Vanfllg  (IVan?15+112Van; = Van; 13
2 2 2
i=1
L e IVad™ 5+ 112Vag" Tt = Vag" |7 [[Vag" |13 +112Vae"™ — Vae™ I3
2 2 2
(un+1)2+(2un+1 _un)2 (un)2+(2un_un—1)2
2 2
Q n+1 ni2 n n—12 n+1 ni2 n n—1(2
i ™ —nitllg I =n I3 ||¢ —¢"llg " —¢ |12
+5; ( 5 5 +5 5 5 (35)

7

Q
= — Loty [ |G = Mot [V ay" [
i=1

B @f: [Van ™ = 2Van? + Va2 kg IVag" ! —2,46" + Va1
2 = 2 2 2

11
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218

7‘LnJrl_2un_‘_unfl 2 Q _ _
R S -2 - Sl 207 4 03 <0
i=1

This completes the proof. O

Remark 1. We adopt a second-order energy stable BDF numerical scheme in Eqgs. (20), which is still
rational if we replace the second-order regularization term ¢! —2¢" 4+ ¢"~Lwith dt(¢" Tt —¢™). Referring
to [48-50], the detailed proofs of energy stability with the Crank-Nicolson(CN) scheme have been applied to
the governing equations within the SAV framework and similar methods are provided. It is easy to conclude
that applying the CN scheme to Eqgs. (13) would yield a similar proof process. This paper focus on the
establishment of the efficient numerical method on the sintering process, while the comparison between the
BDF method and CN method is neglected. In the future work, we will consider comparing the computational

efficiency and the theoretical proof differences between the two methods.

Remark 2. It should be noted that we have not included the error estimation and convergence analysis
in this paper based on the numerical framework. This is due to the fact that the system is formed by a
combination of a CH equation and several AC-type equations, where the order parametres ¢ and n;(i =
1,2...Q) are intricately coupled. However, there are many existing works that can be referenced, such as
[51-53], which provided clear and explicit convergence analyses and error estimations for the energy stable
numerical scheme in a ternary CH system. In [51], detailed proofs for a first-order energy stable scheme in
the spreading case are carried out specially. The exact solution is subjected to Fourier projection, while the
initial values are subjected to mass conservation projection. After discretization, an expression for the error
grid function is obtained. Futhurmore, the convergence analysis is conducted by utilizing straightforward
Taylor expansions to estimate the truncation error. Similar methods are also mentioned in [54, 55|, where
detailed introductions to Fourier pseudo-spectral method are provided to perform error estimation and
convergence analysis for second-order schemes under the SAV approach. They accomplished the derivation
of truncation error estimate from the spectral approximation estimate, thus proving that their schemes
converges at second-order. Since we adopt a numerical scheme based on the SAV method with an added

stabilization term, it can be inferred that our scheme also holds second-order accuracy.

4. Numerical simulations

This section contains several numerical simulations in two- and three- dimensional spaces. For example,
the evolution test of grains, the stability and accuracy test, the comparative test with different initial value
conditions, and the three dimensional evolution test. The computational domain 2 considered in this paper

is defined as [—1,1] x [—1,1] which is discretized with a 256 x 256 mesh-grid. Unless otherwise specified, we
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choose Neumann boundary conditions for the numerical simulations. Meanwhile, a set of parameter values
are used as follows for the numerical simulations: S =1, kg = 0.0016, x, = 0.0002, A =0.32, B = 0.08,

M =25, L =10. Note that the above parameters are selected without special explanation.

4.1. Evolution test of grains

First, we investigate the evolution of three grains for the proposed algorithm Eqgs. (20). The initial

conditions are set as follows:

)2 — )2 s
n?:%—%tanh( \/(x ;) 'E(y Yi) 7'1,)’2.2172’3.
3 (36)
o= n
i=1

where (x;,y;) represents the location of the grain center, and r; is denoted as the radius of grain.

(a) t=0 (b) t=0.25 ) t=0.5 (d) t=15

Figure 1: Temporal evolution of a three-grain system in two-dimentional space. The figures represent the morphological
evolution of phase field variable ¢ at indicated time points ¢ = 0, 0.25, 0.5 and 1.5, in the L2 space. And the colour indicates
the value of sum of niz.

The procedure is carried out up to ¢ = 1.5 and the time step is chosen as ¢t =5x 1075, And we set a
relatively small interfacial width as & = 7.8 x 10~3. The figures above represent the morphological evolution
of phase field variable ¢ at specific times ¢ = 0, 0.25, 0.5, 1.5, respectively. In our tests, we use an to
identify the positions of grain boundaries. The results shown in Fig. 1 demonstrate the evolution of grains
during the whole process. Note that the vapor/vacuum phase is indicated by the region colored in blue.
At the beginning, the surfaces of voids possess negative curvatures. As particles come into contact, they
promptly develop into neck regions, thus creating grain boundaries between adjacent grains. Subsequently,
the curvature of small void surfaces changes into a positive value. The first stage of sintering typically refers
to the stage where the surfaces of voids possess negative curvature. Once the voids shrink more steadily,
the second stage of solid-state sintering begins. With the progress of densification, angles are formed at the

points of contact between particles on the solid surfaces, small voids are eliminated at the same time.
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4.2. Stability test

In order to demonstrate the stability of the numerical scheme, we conduct a experiment using four
different time steps, 6t =5 x 107%, 5x 1074, 5x 1072 and 5 x 10~2, respectively. Then we set the initial
conditions as Egs. (36). As shown in Fig. 2, four different time steps are employed to investigate the
temporal evolution of grains until ¢ = 1.5. Note that the all four energy curves appear a decreasing trend,
which means our system follow the energy dissipation law. The figures inserted in Fig. 2 represent the
evolution of grains with 6t =5 x 1073 at times 0, 0.25, 0.5 and 1.5, respectively. An enlarged subfigure is
additionally included in order to clearly demonstrate the differences between curves at the turning points.

From the evolution of the grain boundaries, it is easy to notice that our method can be investigated with

1 :
—5t=5x10"
s st=5x 107
........... st=5x 1021
St=5x 107

o
©

o
®

o
~
I

Normalized total energy
o
[$,]

o
w
T

o
N
T

°
=
T
|

0 . .
0 0.5 Time 1 1.5

Figure 2: Temporal evolution of the normalized total energy function using four different time step sizes, 6t =5 x 1072,
5x107%,5x 1073, and 5 x 10~ 2 until ¢ = 1.5, respectively. The figures inserted represent the morphological evolution of phase
field variable ¢ at indicated time points ¢ = 0, 0.25, 0.5 and 1.5, in the Lg space, and the colour indicates the value of sum of
771.2. Besides, the curves at the corners are also magnified in the subfigures.

large time steps. Furthermore, it is obvious that the results with 6t =5 x 1072 exhibit excellent agreement
with those obtained by using 6t = 5 x 10~%, but deviate from the outcomes generated by adopting larger
time steps, such as 6t =5 x 1073 and 6t =5 x 1072. Although the differences are not that significant in
the large state, a small time step is still suggested to be used in order to achieve more precise numerical
solutions. The added stabilized term plays an important role in the process of gradual stabilization. It is
obvious that we can easily draw a conclusion that our numerical solution is convergent and the proposed

scheme exhibits effectiveness even with large time steps.

4.8. Accuracy test

We investigate the numerical accuracy of the proposed method by evolving the identical initial condition

over time with finer values for both time intervals and grid spacing. The computational domain is set as
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Table 1: Numerical error and convergence rate by using different time steps for the phase field variable ¢ and 7;.
Error Order
¢ M 72 73 ¢ mooom2 3
8.0x1073 1.070e-02 3.829e-02 1.697e-02 4.016e-02 - - - -

40x1072  2.823e-03 9.244e-03  4.095e-03  9.947¢-03 1.92 205 205 201
2.0x1073  6.547e-04 2.180e-03 1.073e-03  2.469e-03 211 2.08 193 1.90

ot

Table 2: Numerical error and convergence rate by using different spacial steps for the phase field variable ¢ and ;.
Error Order
¢ m 72 73 ¢ moonm2 103
128 x 128  3.746e-4 1.075e-3 3.763e-4 1.402e-3 - = - -

256 x 256 9.074e-5 2.757e-4  9.920e-5 3.394e-4 205 196 192 2.04
512 x 512 2.348e-5 6.847e-5 2.408e-5 8.858e-5 1.95 201 204 194

N

[-1,1] x [-1,1]. Since there is no closed-form analytical solution exists for our problem, we consider the
following reference solution ¢"¢7, n{ef , ngef and ngef as fine values, which are expected to be computed

with either a fine time step or a fine grid size. Now we set the initial conditions as follows:

77? = sin(wx) COS(ﬂ'y),i =1,2,3.

(37)
o = %(1 —sin(mrz) cos(mz)).

In order to obtain the convergence rates for temporal discretizations, we choose a set of decreasing time
steps as 0t =8 x 1073, 6t =4 x 1072, and §t = 2 x 10~ 3respectively with the fixed spatial size h = 1/1024. We
ref

obtain the fine time step as 6t = 1 x 1073, thus we gain the expression numerical error as €i,5t = Qi.5t — P;

And the definition of the convergence rate in this paper is logs (||e; s¢||2/|€; 5¢/2)||2. The numerical errors and
convergence rates are given in Table 1. As can be seen, our proposed scheme has the second-order temporal
accuracy. Then we investigate the spatial convergence rate by using the temporal step size §t =1 x 1074,
We employ a set of decreasing spatial steps, namely h = 1/128, h = 1/256, h = 1/512, and h = 1/1024.
In addition, the error of a grid is defined as a discrete Lo norm, i.e., €; 5 1= ¢ — (b;ef. We also define
|2/||61‘,h/2||2)- The

obtained errors and convergence rates using these definitions have been listed in Table 2. The outcomes of

the convergence rate as the logarithmic ratio of two successive errors, that is, log,(||e; n

our experiments imply that the proposed numerical scheme exhibits second-order accuracy in terms of time.

4.4. Comparative test on different initial value conditions
We investigate the influence of initial condition on the evolution of grain growth by setting it as a
four-grain system, a five-grian system and a six-grain system, respectively. The computational domain is
[-1,1] x [-1,1]. As shown in Fig. 6, we select four different time points, namely ¢ =0, 0.5, 1 and 2.5,
15
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Figure 3: Temporal evolution of multi-grain system in two-dimentional space. The figures represent the morphological evolution
of the phase field variable ¢ at indicated time points ¢ =0, 0.5, 1 and 2.5, respectively. And the colour indicates the value of
sum of n?.

(a) t=0 (b) £=0.25 (c) t=0.5 (d) t=2.5

Figure 4: Temporal evolution of a three-grain system in two-dimentional space with square, triangular, and elliptical shapes,
respectively. The figures represent the morphological evolution of phase field variable ¢ at indicated time points ¢ = 0, 0.25,
0.5 and 1.5, in the Lo space. And the colour indicates the value of sum of 7]3.
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to analyse the temporal evolution of grain systems using three different initial value conditions. And the
time step is chosen as 0t = 5 x 10™%. It is obvious that the evolution of grains shows the same tendency as
three-grain system. We should emphasize that the generation of grain boundaries can not be significantly
affected by the initial value. As a result, it is obvious that our algorithm works well with any numerous
grains.

Furthermore, we investigate the impact of the initial geometry of grains on the evolution of grain growth.
As shown in Fig. 4, we select a three-grain systems with square, triangular, and elliptical shapes, respectively.
The computational domain is denoted as [—1,1] x [~1,1] and the time interval is set as 6t = 5 x 10~4. Four
different time points, i.e., t =0,0.5,1 and 2.5 are chosen to illustate the evolution of our three-grain system
over time. It is obvious that the initial conditions do not influence the time evolution of the simulation by

the proposed method.

4.5. Three dimensional test

A A A

(a) t=0 (b) t=0.5 (c) t=1 (d) t=4

Figure 5: Temporal evolution of the three-grain system of our proposed model in three-dimentional space with 6t =5 x 10~3
until ¢ =4.0. The figures represent the morphological evolution of the phase field variable ¢ at indicated time points ¢ = 0, 0.5,
1 and 4, in the Lo space.

As illustrated in Fig. 5, the proposed phase field sintering model is applied in three-dimensional space
in this subsection. We use a 128 x 128 x 128 mesh-grid to discretize the computational domain €2, which is

defined as [—1,1] x [-1,1] x [-1,1]. Then we set the initial conditions as

n = 1 1tamh( Vie—zi)+(y *?’)2 +(z2—2)% =15

2 2
3
¢ => . (39)
1=1

),i=1,2,3. (38)

where (z;,y;,2;) represents the location of the grain center, and r; is denoted as the radius of grain. Here
we use a small interface width & = 1.2 x 1072, As shown in Fig. 5, we demonstrate the evolution of grain
boundaries in three-dimensional space at specific times ¢t = 0.5, 1, 2, and 4, respectively. It is obvious that
the contacts between particles promptly develop into neck regions, thus creating grain boundaries between

adjacent grains.
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Figure 6: Temporal evolution of the normalized total energy function with time step size of 6t =5 x 1073 up to t = 4. The
figures inserted represent the slices of morphological evolution of the phase field variable ¢ at specific time points ¢t =0, 0.2,
0.5, 1.5 and 4, respectively. And the colour indicates the value of sum of 771.2.

The small voids between grains then quickly shrinks, and terminally disappears. Besides, we investigate
the slices of the morphological evolution of the phase field in three dimension in Fig. 6. The slices are set
as £ =0.25, y = 0.5, 2 =0, respectively. Compared with the results in two dimension, it is obvious that our

researches in three dimension is valid.

4.6. Evolution tests on complicated regions

We investigate the evolution of several grains in some complicated regions for the proposed algorithm

Eqgs. (20), ie, circle and pentagon regions.

(a) t=0 (b) t=0.5 (c) t=1 (d) t=1.5

Figure 7: Temporal evolution of multi-grain system in a circle region with ¢ =5 x 10~% until ¢t = 1.5. The figures represent
the morphological evolution of the phase field variable ¢ at indicated time points ¢t = 0, 0.5, 1 and 1.5, in the Lo space. And
the colour indicates the value of sum of n?.

The evolution process in Fig. 7 has been applied until £ = 1.5 and the time step is chosen as 6t =5 x 1074,
Here we set a relatively small interfacial width as &€ = 7.8 x 1073, Fig. 7 is the morphological evolution of

18



304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

(a) t=0 (b) t=5 (c) t=10 (d) t=15

Figure 8: Temporal evolution of the grains of the proposed model with &t = 5 x 10~ until £ = 15. The figures represent the
morphological evolution of the phase field variable ¢ at indicated time points ¢ = 0, 5, 10 and 15, in the Lo space.

the phase field in a circle region at specific times ¢ = 0, 0.5, 1, 1.5, respectively. In the above test, we use
2771-2 to identify the positions of grain boundaries. The results shown in Fig. 7 indicate that our algorith is
suitable for complicated regions.

In Fig. 8, we colour different grains with different colours to show the morphology evolution of the
grains in a pentagon region. In order to better distinguish the grains, we select the paramaters as follows:
K¢ = 2.2 % 107° and Ky =2 X 107°. As a result, the evolution procedure is applied until ¢ = 15 with the
time step chosen as 0t =5 x 10™%. And Fig. 8 demonstrate the morphological evolution of the phase field
at specific time points ¢t = 0, 5, 10, 15, respectively.

5. Conclusion

The present work presented a phase field sintering model for solid-state sintering and proposed an
efficient time marching scheme for the computation. The scheme was rigorously proved to be energy stable.
By defining two inverse linear operators, the nonlocal terms are removed and only several linear equations
should be solved in the linear system. We presented a rigorous proof for the unconditional energy stability
of our numerical scheme. Numerous simulations in two- and three- dimensional spaces were carried out to
describe the process of grain growth and demonstrate the efficiency and robustness for our scheme. The
numerical results show that our algorithm is equally effective in complex regions and three-dimensional

spaces.
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Highlights

® An unconditional energy stable scheme is proposed for the phase field
based sintering model.

® Our proposed scheme has second-order temporal and spatial accuracy.

® Various qualitative and quantitative tests are performed to demonstrate

the superiority and robustness of our method.
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