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act

article, the phase field sintering model, which is composed of a Cahn-Hilliard type equation and sever

ahn type equations, has been considered. On the scalar auxiliary variable framework, we propose

ically efficient and stable method for solid-state sintering. In order to overcome the nonlinear issu

ne a stabilized scalar auxiliary variable method and reformulate the phase field sintering model. A

t and accurate numerical scheme is investigated to solve our model. The scheme consist of sever

led diffusion equations at every time step. Therefore, our scheme is easy to implement. Then

he numerical discrete energy is unconditionally stable. Several numerical simulations in two- a

dimensional spaces are presented to demonstrate the robustness of our method.

rds: Phase-field, Scalar auxiliary variable, Solid-state sintering, Unconditional energy stability,

order accuracy

roduction

id-state sintering is one of the most significant technique during the material processing, which tur

into compact body and is widely used in fabricating metal [1], ceramic [2], refractory [3] and ultrahi

ature material [4]. During the sintering process, the particles are bonded to each other, thus sinteri

re formed. With the growth of grains and reduction of mainly open porosity, the overall volume of t

ystem shrink quickly. Terminally the particles become a compact polycrystalline sintered body wi

osed porosity. Multiple simultaneous physical processes are involved in sintering as described in [

luding different diffusion paths(through surface, grain boundary, and bulk lattice), particle rigid-bo

s and evaporation-condensation. These mechanisms interact among each other and exert influen

evolution of powder compact microstructure, i.e., shape [5, 11], size [7, 8], relative location [9], a

orientation of individual grains [10, 12]. The densification and grain growth are two main acti
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mpeted with each other. Precise control between this two machanisms is the key point to furth

ze the solid-state sintering technique and expand the industrial applications of sintered materials [2

er, to prevent melting and re-solidification from the sintering process, the temperature should be s

the melting point, which guarantees atoms to gain sufficient energy to migrate as well. The over

dynamic energy of the system is then consumed. Hence, extensive investigation on the microstructu

on microstructural evolution during sintering process have been performed for the broad industr

tions.

earliest researches on the microstructural evolution in sintering process is reported by Frenkel [1

is considered as the viscous flow phenomenon. Based on their research, Kuczynski [14] reported th

diffusion is operative at the beginning of sintering. Subsequent researches [15–22] concluded pow

describe sintering progress while few experimental results can fit the theories well. Various nume

niques have been developed to study sintering in recent years [23–31]. Zhou et al. [23] developed

lement based model to investigate the viscous sintering of three-dimensional configuration of terna

es. The calculations are in good agreement with benchmark results for a two-dimensional axisym

case. Jagota and Dawson [24] carried out a micro mechanical model for the constitutive behavior

compacts for the interaction between particles. In their work, they provided specific experiment

cal results for linear viscous materials. Zeng et al. [25] employed molecular dynamics methods

nanoparticle arrays over a range of temperatures in order to investigate surface energies, grain boun

bility, and sintering process. Their initial outcomes revealed unexpectedly robust inputs from plas

ation, mechanical rotations, amorphization, and ultra-swift atomic force-driven diffusion mechanism

the sintering phase of multi-particle arrays. Tikare and Braginsky [26] presented a Monte Car

with kinetic properties, which is able to simulate the sintering process in a two-dimensional syste

sing three particles and track the evolution of the microstructure. The model can simultaneous

e multiple mechanisms, and its validity has been established based on changes in morphology a

s of densification. Wang [27] carried out a phase field model of solid-state sintering for multip

rent physical processes. They devised an efficiant scheme for translating and rotating particles, usi

boundary force formula as the foundation. This type rigid-body motion introduces an advecti

at alters both the Cahn-Hilliard nonlinear diffusion equation and the Ginzburg-Landau equation f

ral relaxation. A numerical method, proposed by Bruchon et al. [29], has been developed to simula

nsport of mass via surface and lattice diffusion within granular packings. The grains are defined usi

et functions that adhere to physical laws. Comparisons between the numerical results obtained a

enerated by conventional geometric models for two spherical grains are presented. Weiner et al. [2

e finite differences method to develop a novel approach for modeling sintering behavior of powd

es with irregular shapes. They introduced a discrete scheme of irregular powder particles, which

to have better efficiency and the simulation results fit the theories well.
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ventional wisdom on solid-state sintering has contributed expensive stratigies on the investigati

ostructual evolution during sintering process. The evolution of solid particles is determined by t

y at the surface [29, 32]. This velocity is governed by mass conservation, which is expressed throu

vergence. The fluxes are supposed to be calculated on moving surfaces or grain boundaries since

tly proportional to the negative gradient of the potential energy. Both finite volume method a

lement method need a indispensable re-mashing process when dealing with sharp-interface proble

a huge computational burden is required for constantly re-meshing. However, phase field metho

is obtained by a sequence of approximations from dynamical density functional theory [33–38],

ient model to solve interfacial problems. This type method employs fixed grid points and trac

tion of the boundary implicitly with a continuous order parameter. The narrow transition regi

the position of the mobile interface or boundary, which also advances during the whole sinteri

. The order parameter naturally evolves along the path that minimizes the thermodynamic ener

modeled system. Therefore, the phase-field sintering model (PFSM) [27] could be considered as

illiard(CH) model [39] that incorporates grain growth [40] on the solid phase [41–43]. Termuhl

31] developed a computational scheme to investigate solid-state sintering process, which enables t

implementation of an existing formulation for computing the rigid-body movement of grains usi

e-field sintering model at a large scale. To compute the particle velocity during densification, th

ed a grouping algorithm as well as established a cutoff radius for each grain. Meanwhile, a stabiliz

Auxiliary Variable(SAV) method [47], which is based on the nomal SAV approach [44–46], is used f

the phase-field models. Chen et al. [47] developed a ternary CH type Nakazawa-Ohta phase-fie

for the tri-block copolymer, which is a complex and strongly-coupled non-linear system that involv

equations and two non-local equations. To solve the model, they employed a second-order accura

arching scheme constructed using the SAV approach with a stabilization term. The SAV approach

employed as an efficient and accurate temporal discretization scheme for constructing a broad cla

ient flows. This method introduces auxiliary variables to handle nonlinear terms, allowing it to sol

set of decoupled equations with constant coefficients at each time step. Hence, numerous stud

monstrated that it enables unconditional energy stability of the numerical scheme [48–50]. The mo

advantage of this method is its versatility, as it is not limited to specific forms of the nonlinear pa

free energy, making it applicable to a wide range of gradient flows. As a result, the SAV approa

s higher precision and efficiency compared to existing methods.

his work, we develop a numerical scheme with high efficiency and accuracy to solve the phase fie

g model. We use the stabilized scalar auxiliary variable method [47] through adding a second-ord

term. We define a scalar auxiliary variable and rewrite the phase field sintering model in order

e the nonlinear issues. Then we carry out a second-order accurate scheme using the Backwa

tiation formulas(BDF) framework. By defining two inverse linear operators, only several line

3
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onic equations left in the linear system. Then we decouple the system through Picard iteratio

uarantees the developed scheme to be highly efficient. The discrete scheme is then proved to preser

conditional energy stability rigorously. In order to demonstrate the accuracy, the stability and t

cy of the proposed numerical algorithm, we implement various numerical simulations in both tw

ree-dimensional space.

remaining of the article is orgnized as follows. In Section 2, the governing equations of phase fie

g model is developed and the derivation of the energy law is presented rigorously. In Section 3,

the establishment of a temporal semi-discrete scheme which is second-order accuracy, as well

ability and energy stability. In Section 4, various numerical tests are performed to demonstrate t

y and robustness. Finally, we provide some conclusive remarks in Section 5.

verning model

sidering the phase-field sintering model, we use two sets of order parameters to explain the m

cture of the entire system. The first-order parameter ϕ, which ranges from 0 (vapor/vacuum)

), and is used to represent the two distinct components. It is a conserved order parameter sin

s of the morphology in solid phase are dependent upon mass transport. Meanwhile, the evolution

s the changes of the solid structure. We use a set of non-conserved order parameters to represent t

orientations of individual grains in the solid phase. These order parameters are continuous functio

time and space as follows:

1(r, t), η2(r, t), η3(r, t), · · · , ηQ(r, t). (

rain is represented by a unique non-conserved order parameter ηi that are a function of time t a

n r, i = 1,2, · · · ,Q, in which the subscript i indicates the i-th grain and Q represents the number

Note that both ϕ and ηi belong to the L2 space, then we define the norms and inner product on t

ce as follows:

ϕ,ψ) =
∫

Ω
ϕψdx, ||ϕ||2 = (ϕ,ϕ), ||∇ϕ||2 = (∇ϕ,∇ϕ). (

olution of the order parameters temporally and spatially is described as follows:

ϕ(r, t)
∂t

=M∆ δF

δϕ(r, t) , (3

ηi(r, t)
∂t

= −L δF

δηi(r, t)
. (3

4
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be seen that the two equations above govern the evolution of grain boundries and free surfac

on (3a) takes into account the effect of Ostwald ripening on the entire solid phase, while Eq. (3

ts for the evolution process of each grain driven by grain growth in the solid phase. It is worth noti

these two equations, M and L are positive mobility coefficients, which influence the motion of gra

ries and free surfaces during the evolution process. Meanwhile, these equations can be derived fro

al free energy F :

=
∫

V

(
f(ϕ,η1,η2, ...,ηQ)+ κη

2

Q∑

i=1
||∇ηi||2 + κϕ

2 ||∇ϕ||2
)
dV, (

h κη and κϕ are positive constants assuming an isotropic gradient energy while f represents the loc

ergy density with the following formulas

(ϕ,η1,η2, ...,ηQ) =Aϕ2(1−ϕ)2 +B


ϕ2 +6(1−ϕ)

Q∑

i=1
η2

i −4(2−ϕ)
Q∑

i=1
η3

i +3
(

Q∑

i=1
η2

i

)2
 . (

and B are constants, which determine the energy landscape. Thus the governing equations can

d by using the variational derivation as follows:

ϕ(r, t)
∂t

=M∆ψ, (6

= 2Aϕ(2ϕ2 −3ϕ+1)+2Bϕ−6B
Q∑

i=1
η2

i +4B
Q∑

i=1
η3

i −κϕ∆ϕ, (6

ηi(r, t)
∂t

= −Lµi, (6

i = 12B(1−ϕ)ηi −12B(2−ϕ)η2
i +12Bηi

Q∑

i=1
η2

j −κη∆ηi. (6

tively, we can also select a no-flux boundary conditions as follows:

nηi|∂Ω = ∂nµi|∂Ω = ∂nϕ|∂Ω = 0, (

n is denoted as the outward normal of ∂Ω. Then we propose the following energy dissipation law.

em 1. The governing system Eqs. (6) preserve the following energy dissipation law:

t
F (ϕ,η1,η2, ...,ηQ) = −L

Q∑

i=1
||µi||2 −M ||∇ψ||2 ≤ 0. (

5
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We take the inner product of Eq. (6c) with µi and Eq. (6a) with µ, which yield that

ηit,µi) = −L||µi||2, (ϕt,ψ) = −M ||∇ψ||2. (

marizing all the obtained equalities, we can get following equation

d

dt
F (ϕ,η1,η2, ...,ηQ)

d

dt

∫

V

(
f(ϕ,η1,η2, ...,ηQ)+ κη

2

Q∑

i=1
||∇ηi||2 + κϕ

2 ||∇ϕ||2
)
dV

∫

V

(
2Aϕ(2ϕ2 −3ϕ+1)ϕt +2Bϕϕt −6B

Q∑

i=1
η2

i ϕt +4B
Q∑

i=1
η3

i ϕt −κϕ∆ϕϕt

)
dV (1

+
Q∑

i=1

∫

V

(
12B(1−ϕ)ηiηit −12B(2−ϕ)η2

i ηit +12Bηiηit

Q∑

i=1
η2

j −κη∆ηiηit

)
dV

(ψ,ϕt)+
Q∑

i=1
(µi,ηit) = −L

Q∑

i=1
||µi||2 −M ||∇ψ||2 ≤ 0.

mpletes the proof.

ew stabilized-SAV approach is then obtained, in which the stabilization term is used to enhance t

cal stability, especially when time step reach a large number. We define an auxiliary nonlocal variab

:

(t) =

√∫

V
f(ϕ,η1,η2, ...,ηQ)dV + b, (1

b can chosen as any constant that ensures
∫

V f(η1,η2, ...,ηQ)dV + b > 0 for any ηi. We set b= 1 as

t. Substituting Eq. (11) into Eq. (4) and the total energy functional is formulated as follows:

(ϕ,η1,η2, ...,ηQ,u) =
∫

V

(
κη

2

Q∑

i=1
||∇ηi||2 + κϕ

2 ||∇ϕ||2
)
dV +u2 − b. (1

e can rewrite the governing system Eqs. (6) as follows:

t =M∆ψ, (13

= −κϕ∆ϕ+uH, (13

it = −Lµi, (13

i = −κη∆ηi +uHi, (13

6
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t = 1
2

∫

V

(
Hϕt +

Q∑

i=1
Hiηit

)
dV, (13

= 2δu
δϕ

= 2Aϕ(2ϕ2 −3ϕ+1)+2Bϕ−6B
∑Q

i=1 η
2
i +4B

∑Q
i=1 η

3
i√∫

V f(η1,η2, ...,ηQ)dV + b
, (1

i = 2 δu
δηi

=
12B(1−ϕ)ηi −12B(2−ϕ)η2

i +12Bηi
∑Q

i=1 η
2
j√∫

V f(η1,η2, ...,ηQ)dV + b
.

e choose the following initial conditions as:

(t= 0) = ϕ0, ηi(t= 0) = η0
i , u(t= 0) =

√∫

V
f(ϕ0,η0

1 ,η
0
2 , ...,η

0
Q)dV + b. (1

ore the new system Eqs. (13) is equivalent to the original system Eqs. (6). We notice that the syste

so follows the energy dissipative law which can be derived as follows. By taking the inner product

ith µi and (13a) with µ, we obtain

ηit,µi) = −L||µi||2, (ϕt,ψ) = −M ||∇ψ||2. (1

marizing all the obtained equalities, we arrive at

d

dt
F (ϕ,η1,η2, ...,ηQ,u)

d

dt

∫

V

(
κϕ

2 ||∇ϕ||2 + κη

2

Q∑

i=1
||∇ηi||2

)
dV + d

dt
u2

d

dt

∫

V

(
κϕ

2 ||∇ϕ||2 + κη

2

Q∑

i=1
||∇ηi||2

)
dV +u

∫

V

(
Hϕt +

Q∑

i=1
Hiηit

)
dV (1

(ψ,ϕt)+
Q∑

i=1
(µi,ηit) = −L

Q∑

i=1
||µi||2 −M ||∇ψ||2 ≤ 0.

merical algorithms

his section, we develop a second-order accurate scheme based on the SAV method which is recent

ed by the addition of a linear stabilized term. As a consequence, the stability of the whole syste

significant improvment. Here we discretize the domain Ω = [0, Lx] × [0, Ly] ∈ R2 as Ωd = {(xi,yi

Nx,1 ≤ i ≤ Ny}. While h = Lx/Nx = Ly/Ny is defined as the uniform mesh size. Then we defi

7
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discrete operators as follows: The discrete gradient operator is defined as:

dϕi,j =
(
Dxϕi+ 1

2 ,j ,Dyϕi,j+ 1
2

)
, (1

Dxϕi+ 1
2 ,j = (ϕi+1,j −ϕi,j)/h and Dyϕi,j+ 1

2
= (ϕi,j+1 −ϕi,j)/h. Let us define the discrete Laplaci

r as:

dϕi,j = ϕi−1,j +ϕi+1,j +ϕi,j−1 +ϕi,j+1
h2 (1

rmore, some discrete norms and discrete inner products are defined as follows:

ϕ||2d = (ϕ,ϕ)d, ||∇dϕ||2d = (∇dϕ,∇dϕ)d, (ϕ,ψ)d = h2
Nx∑

i=1

Ny∑

j=1
ϕi,jψi,j

e set a positive integer N and the time step size δt is defined as δt = T/N . An implicit-expli

ation for the nonlinear terms is used along with the second-order finite difference formula deriv

in order to construct a numerical scheme for solving the system. As a consequence, Eqs. (13)

ened as follows:

3ϕn+1 −4ϕn +ϕn−1

2Mδt
= ∆dψ

n+1, (20

ψn+1 = −κϕ∆dϕ
n+1 +un+1H⋆,n+1 +S(ϕn+1 −ϕ⋆,n+1), (20

3ηn+1
i −4ηn

i +ηn−1
i

2Lδt = −µn+1
i , (20

µn+1
i = −κη∆dη

n+1
i +un+1H⋆,n+1

i +S(ηn+1
i −η⋆,n+1

i ), (20

3un+1 −4un +un−1 (20

1
2

∫

V

(
H⋆,n+1(3ϕn+1 −4ϕn +ϕn−1)+

Q∑

i=1
H⋆,n+1

i (3ηn+1
i −4ηn

i +ηn−1
i )

)
dV.

ing that ϕn, ηn
i , un and ϕn−1, ηn−1

i , un−1 are known as:

⋆,n+1 = 2ϕn −ϕn−1, H⋆,n+1 =H(ϕ⋆,n+1,η⋆,n+1
1 ,η⋆,n+1

2 , ...η⋆,n+1
Q ),

⋆,n+1
i = 2ηn

i −ηn−1
i , H⋆,n+1

i =Hi(ϕ⋆,n+1,η⋆,n+1
1 ,η⋆,n+1

2 , ...η⋆,n+1
Q ),

(2

the parameter S is considered to be a positive stabilization term. Note that we need the valu

η1
i and u1 to calculate the second-order fully-discrete scheme Eqs. (20a)-(20e). In practice, t

of these parameters are obtained through using a similar time-marching algorithm which is first-ord

cy. Then we discuss the practical implementations of the scheme Eqs. (20a)-(20e). Even it possess

8
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property, the scheme (20a)-(20e) remain difficult to solve as the unknown parameters ϕn+1, ηn+
1

ηn+1
Q and un+1 are coupled together. In order to deal with this problem, we implement our propos

with a decoupling process through Picard iteration shown as follows. The system Eqs.(20a)-(20e)

en as follows:

ϕn+1

2δt +Mκϕ∆2
dϕ

n+1 −MS∆dϕ
n+1 = 4ϕn −ϕn−1

2δt +Mun+1∆dH
⋆,n+1 −MS∆dϕ

⋆,n+1,

ηn+1
i

2δt −Lκη∆dη
n+1
i +LSηn+1

i = 4ηn
i −ηn−1

i

2δt −Lun+1H⋆,n+1
i +LSη⋆,n+1

i , i= 1,2,3, · · · ,Q.
(2

e define two linear operators:

(ϕ) :=
(

3
2δt +Mκϕ∆2

d −MS∆d

)
ϕ, Ri(ηi) :=

(
3

2δt −Lκη∆d +LS

)
ηi. (2

oundary conditions and apply R−1(ϕ) and R−1
i (ηi), we obtain

n+1 =R−1
(

4ϕn −ϕn−1

2δt +Mun+1∆dH
⋆,n+1 −MS∆dϕ

⋆,n+1
)

:= pn
ϕ +un+1qn

ϕ , (2

n+1
i =R−1

i

(
4ηn

i −ηn−1
i

2δt −Lun+1H⋆,n+1
i +LSη⋆,n+1

i

)
:= pn

ηi
+un+1qn

ηi
, i= 1,2,3, · · · ,Q, (2

n
ϕ =R−1

(
4ϕn −ϕn−1

2δt −MS∆dϕ
⋆,n+1

)
, qn

ϕ =R−1(M∆dH
⋆,n+1),

n
ηi

=R−1
i

(
4ηn

i −ηn−1
i

2δt +LSη⋆,n+1
i

)
, qn

ηi
=R−1

i (−LH⋆,n+1
i ), i= 1,2, ...,Q.

(2

ates that we can update pn
ϕ, pn

ηi
, qn

ϕ , qn
ηi

by solving the following biharmonic equation

3
2δt +Mκϕ∆2

d −MS∆d

)
pn

ϕ = 4ϕn −ϕn−1

2δt −MS∆dϕ
⋆,n+1, (27

3
2δt −Lκη∆d +LS

)
pn

ηi
= 4ηn

i −ηn−1
i

2δt +LSη⋆,n+1
i , (27

3
2δt +Mκϕ∆2

d −MS∆d

)
qn

ϕ =M∆dH
⋆,n+1, (27

3
2δt −Lκη∆d +LS

)
qn

ηi
= −LH⋆,n+1

i . (27

g ϕn+1 and ηn+1
i into the above equation, the equation for un+1 is then obtained. Since H⋆,n+1 a

are both polynomials of degree three for ϕ and ηi, we notice that it is a nonlinear algebraic equati
1, which can be easily solved by using a Picard iteration. That means we can rewrite the equati

9
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1 as

n,m+1 =4
3u

n − 1
3u

n−1 + 1
6(H⋆,n+1,3(pn

ϕ +un,mqn
ϕ)−4ϕn +ϕn−1)

+ 1
6

Q∑

i=1
(H⋆,n+1

i ,3(pn
ηi

+un,mqn
ηi

)−4ηn
i +ηn−1

i ),
(2

we define un,0 as the known un and the iteration quits only if the stop criterion ||un,m+1 −un,m||d
satisfied, when we can consider un+1 as un,m+1.

summarize, the scheme Eqs. (20) can be implemented through following steps:

: Compute pn
ϕ, qn

ϕ , pn
ηi

and qn
ηi

from Eqs. (27) with finite difference method.

: Update un+1 by solving the Eq. (28) through Picard iteration.

: Set ϕn+1 = pn
ϕ +un+1qn

ϕ and ηn+1
i = pn

ηi
+un+1qn

ηi
, then goto the next step.

refore, from the above practical implementation process, it is easy to notice that the nonlocal ter

s solved with litter computational cost for each time step. Meanwhile, several linear equations ne

olved in our process.

nconditional energy stability for the discrete system

n we drive the unconditional energy stability of the numerical scheme (20) as follows.

em 2. The time-discrete scheme (20) follows a energy dissipation law as

n+1 −Fn ≤ −Lδt
Q∑

i=1
||µn+1

i ||2d −Mδt||∇dψ
n+1||2d ≤ 0, (2

n+1 =κη

2

Q∑

i=1

||∇dη
n+1
i ||2d + ||2∇dη

n+1
i −∇dη

n
i ||2d

2 + κϕ

2
||∇dϕ

n+1||2d + ||2∇dϕ
n+1 −∇dϕ

n||2d
2

+ (un+1)2 +(2un+1 −un)2

2 +S

Q∑

i=1

||ηn+1
i −ηn

i ||2d
2 +S

||ϕn+1 −ϕn||2d
2 .

(3

Let us take the inner product of Eq. (20c) with 2Lδtµn+1
i and Eq. (20a) with 2Mδtψn+1 in t

ce, which indicate that

3ηn+1
i −4ηn

i +ηn−1
i

2Lδt ,2Lδtµn+1
i

)

d

= −2Lδt||µn+1
i ||2d,

3ϕn+1 −4ϕn +ϕn−1

2Mδt
,2Mδtψn+1

)

d

= −2Mδt||∇ψn+1||2d.
(3

10
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ltiplying (20e) with 2un+1, we obtain

2un+1(3un+1 −4un +un−1)

un+1
∫

V

(
H⋆,n+1(3ϕn+1 −4ϕn +ϕn−1)+

Q∑

i=1
H⋆,n+1

i (3ηn+1
i −4ηn

i +ηn−1
i )

)
dV.

(3

take the inner product of (20d) with 3ηn+1
i −4ηn

i +ηn−1
i as follows:

(µn+1
i ,3ηn+1

i −4ηn
i +ηn−1

i )d

(−κη∆dη
n+1
i +un+1H⋆,n+1

i +S(ηn+1
i −η⋆,n+1

i ),3ηn+1
i −4ηn

i +ηn−1
i )d

κη(∇dη
n+1
i ,3∇dη

n+1
i −4∇dη

n
i +∇dη

n−1
i )d +un+1(H⋆,n+1

i ,3ηn+1
i −4ηn

i +ηn−1
i )d

+S(ηn+1
i −2ηn

i +ηn−1
i ,3ηn+1

i −4ηn
i +ηn−1

i )d,

(3

0b) with 3ϕn+1 −4ϕn +ϕn−1 as follows:

(ψn+1,3ϕn+1 −4ϕn +ϕn−1)d

(−κϕ∆dϕ
n+1 +un+1H⋆,n+1 +S(ϕn+1 −ϕ⋆,n+1),3ϕn+1 −4ϕn +ϕn−1)d

κϕ(∇dϕ
n+1,3∇dϕ

n+1 −4∇dϕ
n +∇dϕ

n−1)d +un+1(H⋆,n+1,3ϕn+1 −4ϕn +ϕn−1)d

+S(ϕn+1 −2ϕn +ϕn−1,3ϕn+1 −4ϕn +ϕn−1)d.

(3

bining Eqs. (31)-(34), we can obtain the follows:

Fn+1 −Fn

κη

2

Q∑

i=1

(
||∇dη

n+1
i ||2d + ||2∇dη

n+1
i −∇dη

n
i ||2d

2 − ||∇dη
n
i ||2d + ||2∇dη

n
i −∇dη

n−1
i ||2d

2

)

+ κϕ

2

( ||∇dϕ
n+1||2d + ||2∇dϕ

n+1 −∇dϕ
n||2d

2 − ||∇dϕ
n||2d + ||2∇dϕ

n −∇dϕ
n−1||2d

2

)

+ (un+1)2 +(2un+1 −un)2

2 − (un)2 +(2un −un−1)2

2

+S

Q∑

i=1

(
||ηn+1

i −ηn
i ||2d

2 − ||ηn
i −ηn−1

i ||2d
2

)
+S

( ||ϕn+1 −ϕn||2d
2 − ||ϕn −ϕn−1||2d

2

)
(3

−Lδt

Q∑

i=1
||µn+1

i ||2d −Mδt||∇dψ
n+1||2d

− κη

2

Q∑

i=1

||∇dη
n+1
i −2∇dη

n
i +∇dη

n−1
i ||2d

2 − κϕ

2
||∇dϕ

n+1 −2∇dϕ
n +∇dϕ

n−1||2d
2

11
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− (un+1 −2un +un−1)2

2 −S

Q∑

i=1
||ηn+1

i −2ηn
i +ηn−1

i ||2d −S||ϕn+1 −2ϕn +ϕn−1||2d ≤ 0.

mpletes the proof.

rk 1. We adopt a second-order energy stable BDF numerical scheme in Eqs. (20), which is st

l if we replace the second-order regularization term ϕn+1 −2ϕn +ϕn−1with dt(ϕn+1 −ϕn). Referri

50], the detailed proofs of energy stability with the Crank-Nicolson(CN) scheme have been applied

erning equations within the SAV framework and similar methods are provided. It is easy to conclu

plying the CN scheme to Eqs. (13) would yield a similar proof process. This paper focus on t

shment of the efficient numerical method on the sintering process, while the comparison between t

ethod and CN method is neglected. In the future work, we will consider comparing the computation

cy and the theoretical proof differences between the two methods.

rk 2. It should be noted that we have not included the error estimation and convergence analy

paper based on the numerical framework. This is due to the fact that the system is formed by

ation of a CH equation and several AC-type equations, where the order parametres ϕ and ηi(i

) are intricately coupled. However, there are many existing works that can be referenced, such

, which provided clear and explicit convergence analyses and error estimations for the energy stab

cal scheme in a ternary CH system. In [51], detailed proofs for a first-order energy stable scheme

eading case are carried out specially. The exact solution is subjected to Fourier projection, while t

values are subjected to mass conservation projection. After discretization, an expression for the err

nction is obtained. Futhurmore, the convergence analysis is conducted by utilizing straightforwa

expansions to estimate the truncation error. Similar methods are also mentioned in [54, 55], whe

d introductions to Fourier pseudo-spectral method are provided to perform error estimation a

ence analysis for second-order schemes under the SAV approach. They accomplished the derivati

cation error estimate from the spectral approximation estimate, thus proving that their schem

es at second-order. Since we adopt a numerical scheme based on the SAV method with an add

ation term, it can be inferred that our scheme also holds second-order accuracy.

merical simulations

s section contains several numerical simulations in two- and three- dimensional spaces. For examp

lution test of grains, the stability and accuracy test, the comparative test with different initial val

ons, and the three dimensional evolution test. The computational domain Ω considered in this pap

ed as [−1,1]× [−1,1] which is discretized with a 256×256 mesh-grid. Unless otherwise specified,

12
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Neumann boundary conditions for the numerical simulations. Meanwhile, a set of parameter valu

d as follows for the numerical simulations: S = 1, κϕ = 0.0016, κη = 0.0002, A = 0.32, B = 0.0

, L= 10. Note that the above parameters are selected without special explanation.

volution test of grains

st, we investigate the evolution of three grains for the proposed algorithm Eqs. (20). The init

ons are set as follows:

0
i = 1

2 − 1
2 tanh(

√
(x−xi)2 +(y−yi)2 − ri

ξi
), i= 1,2,3.

0 =
3∑

i=1
η0

i .

(3

(xi,yi) represents the location of the grain center, and ri is denoted as the radius of grain.

(a) t=0 (b) t=0.25 (c) t=0.5 (d) t=1.5

: Temporal evolution of a three-grain system in two-dimentional space. The figures represent the morphologi
n of phase field variable ϕ at indicated time points t = 0, 0.25, 0.5 and 1.5, in the L2 space. And the colour indica
e of sum of η2

i .

procedure is carried out up to t = 1.5 and the time step is chosen as δt = 5 × 10−5. And we set

ly small interfacial width as ξ = 7.8×10−3. The figures above represent the morphological evoluti

e field variable ϕ at specific times t = 0, 0.25, 0.5, 1.5, respectively. In our tests, we use
∑
η2

i

the positions of grain boundaries. The results shown in Fig. 1 demonstrate the evolution of grai

the whole process. Note that the vapor/vacuum phase is indicated by the region colored in blu

beginning, the surfaces of voids possess negative curvatures. As particles come into contact, th

tly develop into neck regions, thus creating grain boundaries between adjacent grains. Subsequent

vature of small void surfaces changes into a positive value. The first stage of sintering typically refe

stage where the surfaces of voids possess negative curvature. Once the voids shrink more steadi

ond stage of solid-state sintering begins. With the progress of densification, angles are formed at t

of contact between particles on the solid surfaces, small voids are eliminated at the same time.

13
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ability test

order to demonstrate the stability of the numerical scheme, we conduct a experiment using fo

t time steps, δt = 5 × 10−5, 5 × 10−4, 5 × 10−3 and 5 × 10−2, respectively. Then we set the init

ons as Eqs. (36). As shown in Fig. 2, four different time steps are employed to investigate t

al evolution of grains until t = 1.5. Note that the all four energy curves appear a decreasing tren

means our system follow the energy dissipation law. The figures inserted in Fig. 2 represent t

on of grains with δt = 5 × 10−3 at times 0, 0.25, 0.5 and 1.5, respectively. An enlarged subfigure

nally included in order to clearly demonstrate the differences between curves at the turning poin

he evolution of the grain boundaries, it is easy to notice that our method can be investigated wi

: Temporal evolution of the normalized total energy function using four different time step sizes, δt = 5 × 10−

,5×10−3, and 5×10−2 until t = 1.5, respectively. The figures inserted represent the morphological evolution of ph
iable ϕ at indicated time points t = 0, 0.25, 0.5 and 1.5, in the L2 space, and the colour indicates the value of sum
des, the curves at the corners are also magnified in the subfigures.

ime steps. Furthermore, it is obvious that the results with δt= 5 × 10−5 exhibit excellent agreeme

ose obtained by using δt = 5 × 10−4, but deviate from the outcomes generated by adopting larg

eps, such as δt = 5 × 10−3 and δt = 5 × 10−2. Although the differences are not that significant

ge state, a small time step is still suggested to be used in order to achieve more precise numeric

ns. The added stabilized term plays an important role in the process of gradual stabilization. It

s that we can easily draw a conclusion that our numerical solution is convergent and the propos

exhibits effectiveness even with large time steps.

ccuracy test

investigate the numerical accuracy of the proposed method by evolving the identical initial conditi

me with finer values for both time intervals and grid spacing. The computational domain is set

14
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able 1: Numerical error and convergence rate by using different time steps for the phase field variable ϕ and ηi.

δt
Error Order
ϕ η1 η2 η3 ϕ η1 η2 η3

8.0×10−3 1.070e-02 3.829e-02 1.697e-02 4.016e-02 – – – –
4.0×10−3 2.823e-03 9.244e-03 4.095e-03 9.947e-03 1.92 2.05 2.05 2.01
2.0×10−3 6.547e-04 2.180e-03 1.073e-03 2.469e-03 2.11 2.08 1.93 1.90

ble 2: Numerical error and convergence rate by using different spacial steps for the phase field variable ϕ and ηi.

N
Error Order
ϕ η1 η2 η3 ϕ η1 η2 η3

128×128 3.746e-4 1.075e-3 3.763e-4 1.402e-3 – – – –
256×256 9.074e-5 2.757e-4 9.920e-5 3.394e-4 2.05 1.96 1.92 2.04
512×512 2.348e-5 6.847e-5 2.408e-5 8.858e-5 1.95 2.01 2.04 1.94

× [−1,1]. Since there is no closed-form analytical solution exists for our problem, we consider t

ng reference solution ϕref , ηref
1 , ηref

2 and ηref
3 as fine values, which are expected to be comput

ther a fine time step or a fine grid size. Now we set the initial conditions as follows:

0
i = sin(πx)cos(πy), i= 1,2,3.

0 = 1
2(1− sin(πx)cos(πx)).

(3

er to obtain the convergence rates for temporal discretizations, we choose a set of decreasing tim

s δt= 8×10−3, δt= 4×10−3, and δt= 2×10−3respectively with the fixed spatial size h= 1/1024. W

the fine time step as δt= 1×10−3, thus we gain the expression numerical error as ei,δt := ϕi,δt −ϕre
i

e definition of the convergence rate in this paper is log2(||ei,δt||2/||ei,δt/2)||2. The numerical errors a

ence rates are given in Table 1. As can be seen, our proposed scheme has the second-order tempor

cy. Then we investigate the spatial convergence rate by using the temporal step size δt = 1 × 10−

ploy a set of decreasing spatial steps, namely h = 1/128, h = 1/256, h = 1/512, and h = 1/102

ition, the error of a grid is defined as a discrete L2 norm, i.e., ei,h := ϕi,h −ϕref
i . We also defi

vergence rate as the logarithmic ratio of two successive errors, that is, log2(||ei,h||2/||ei,h/2||2). T

d errors and convergence rates using these definitions have been listed in Table 2. The outcomes

eriments imply that the proposed numerical scheme exhibits second-order accuracy in terms of tim

omparative test on different initial value conditions

investigate the influence of initial condition on the evolution of grain growth by setting it as

ain system, a five-grian system and a six-grain system, respectively. The computational domain

× [−1,1]. As shown in Fig. 6, we select four different time points, namely t = 0, 0.5, 1 and 2

15
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t=0 t=0.5 t=1 t=2.5

: Temporal evolution of multi-grain system in two-dimentional space. The figures represent the morphological evolut
hase field variable ϕ at indicated time points t = 0, 0.5, 1 and 2.5, respectively. And the colour indicates the value
2
i .

(a) t=0 (b) t=0.25 (c) t=0.5 (d) t=2.5

: Temporal evolution of a three-grain system in two-dimentional space with square, triangular, and elliptical shap
vely. The figures represent the morphological evolution of phase field variable ϕ at indicated time points t = 0, 0.
1.5, in the L2 space. And the colour indicates the value of sum of η2

i .
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lyse the temporal evolution of grain systems using three different initial value conditions. And t

ep is chosen as δt= 5 × 10−4. It is obvious that the evolution of grains shows the same tendency

rain system. We should emphasize that the generation of grain boundaries can not be significant

by the initial value. As a result, it is obvious that our algorithm works well with any numero

thermore, we investigate the impact of the initial geometry of grains on the evolution of grain growt

n in Fig. 4, we select a three-grain systems with square, triangular, and elliptical shapes, respective

mputational domain is denoted as [−1,1]× [−1,1] and the time interval is set as δt= 5×10−4. Fo

t time points, i.e., t= 0,0.5,1 and 2.5 are chosen to illustate the evolution of our three-grain syste

e. It is obvious that the initial conditions do not influence the time evolution of the simulation

posed method.

hree dimensional test

(a) t=0 (b) t=0.5 (c) t=1 (d) t=4

: Temporal evolution of the three-grain system of our proposed model in three-dimentional space with δt = 5 × 10
4.0. The figures represent the morphological evolution of the phase field variable ϕ at indicated time points t = 0, 0
in the L2 space.

illustrated in Fig. 5, the proposed phase field sintering model is applied in three-dimensional spa

subsection. We use a 128 × 128 × 128 mesh-grid to discretize the computational domain Ω, which

as [−1,1]× [−1,1]× [−1,1]. Then we set the initial conditions as

0
i = 1

2 − 1
2 tanh(

√
(x−xi)2 +(y−yi)2 +(z−zi)2 − ri

ξi
), i= 1,2,3. (3

0 =
3∑

i=1
η0

i . (3

(xi,yi,zi) represents the location of the grain center, and ri is denoted as the radius of grain. He

a small interface width ξ = 1.2 × 10−2. As shown in Fig. 5, we demonstrate the evolution of gra

ries in three-dimensional space at specific times t= 0.5, 1, 2, and 4, respectively. It is obvious th

tacts between particles promptly develop into neck regions, thus creating grain boundaries betwe

t grains.
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: Temporal evolution of the normalized total energy function with time step size of δt = 5 × 10−3 up to t = 4. T
nserted represent the slices of morphological evolution of the phase field variable ϕ at specific time points t = 0, 0
and 4, respectively. And the colour indicates the value of sum of η2

i .

small voids between grains then quickly shrinks, and terminally disappears. Besides, we investiga

es of the morphological evolution of the phase field in three dimension in Fig. 6. The slices are s

0.25, y = 0.5, z = 0, respectively. Compared with the results in two dimension, it is obvious that o

hes in three dimension is valid.

volution tests on complicated regions

investigate the evolution of several grains in some complicated regions for the proposed algorith

0), ie, circle and pentagon regions.

(a) t=0 (b) t=0.5 (c) t=1 (d) t=1.5

: Temporal evolution of multi-grain system in a circle region with δt = 5 × 10−4 until t = 1.5. The figures represe
phological evolution of the phase field variable ϕ at indicated time points t = 0, 0.5, 1 and 1.5, in the L2 space. A
ur indicates the value of sum of η2

i .

evolution process in Fig. 7 has been applied until t= 1.5 and the time step is chosen as δt= 5×10−

e set a relatively small interfacial width as ξ = 7.8 × 10−3. Fig. 7 is the morphological evolution
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 An unconditional energy stable scheme is proposed for the phase field

based sintering model. 

 Our proposed scheme has second-order temporal and spatial accuracy. 

 Various qualitative and quantitative tests are performed to demonstrate

the superiority and robustness of our method. 
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