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Keywords: In this paper, we introduce the modified Navier-Stokes-Cahn-Hilliard equations with a data assimilation term to
Date assimilation utilize the information of the observed data. Based on the idea of feedback control, this term nudges the solutions
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to the observed data sampled from the reference process. By utilizing the Crank-Nicolson formula and the scalar
auxiliary variable approach, we introduce an efficient numerical scheme for the modified Navier-Stokes-Cahn-
Hilliard equations. Properties of the mass conservation and unconditional energy stability are proved. We explore
the robustness and efficiency of the proposed scheme with various experiments.

1. Introduction

Multi-phase flows can be simulated by coupling the Navier-Stokes equations with the phase-field model, which governs the interfacial evolution
of multi-phase fluid materials implicitly [1-3]. This coupled system models the dynamics of multi-phase fluids and preserves the total mass due to the
properties of the CH equation [4,5]. However, in practical applications, the initial conditions and parameters may be inaccurate. The advancement
of data acquisition equipment allows the utilization of observed data obtained from experiments or real processes to alleviate these issues. Data
assimilation is a crucial approach to integrating observed data with a physical model. These methods have been proposed to estimate weather and
ocean variables. Recently, data assimilation methods have found applications in numerical simulations of geophysical flows [6] and hemodynamics
[7].

Existing data assimilation methods can be categorized into three classes: Bayesian-based methods, deep learning-based methods, and the nudging
approach. The Bayesian-based method is an approach based on Bayesian statistics, including the Kalman Filter [8] and the Ensemble Kalman Filter
[9]. It employs the forecast-correction step to incorporate observed data into the simulation process. Yamamura et al. [10] considered the flow
of liquids and solid motion during dendrite growth and proposed a data assimilation algorithm based on the Ensemble Kalman Filter method.
Similarly, Sasaki et al. [11] estimated unknown initial values and boundary conditions based on a data assimilation method with Ensemble Kalman
Filter. By utilizing the observed data, they successfully estimated the true phase-field mobility during the simulation of the isothermal austenite-to-
ferrite transformation in a Fe-C-Mn alloy. With the advancement of deep learning technology, deep learning-based data assimilation methods have
garnered significant attention. Fablet et al. [12] focused on reconstructing sea surface dynamics and proposed an end-to-end inversion scheme based
on the LSTM neural network. This scheme combines observed satellite data with the prior physical model and achieves significant progress in fine-
scale sea surface dynamics reconstruction. To enhance the accuracy of simulation solutions, Pawar et al. [13] introduced a recurrent neural network
to estimate the assimilation term. Arcucci et al. [14] proposed a framework named Deep Data Assimilation, which follows the idea of Bayesian
approximation and employs a neural network to learn the assimilation process. By substituting the assimilation process, this method overcomes the
limitations of observed data, such as zero error covariances, making it better suited for complex problems. Although the methods mentioned above
have been widely applied, they often incur significant computational costs and require specific modifications for implementation.

To address the challenges of data assimilation, nudging has emerged as a promising method. By incorporating observed data into the physical
model through an additional feedback control term, nudging allows the system variables to converge towards the observed data. Since this kind of
method just adds an new term in the equations, it has high flexibility and tractability. The nudging method was proposed to estimate the initial
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conditions of hurricane models using observed data [15]. Nudging has been employed to solve dissipative nonlinear partial differential equations
(PDEs) including the two-dimensional Navier-Stokes equations [16,17], the two-dimensional surface quasi-geostrophic equation [18], the three-
dimensional simplified Bardina model [19], the three-dimensional Brinkman-Forchheimer-extended Darcy model [20], and the three-dimensional
Navier-Stokes equation [21]. Azouani et al. [16] derived conditions for the two-dimensional Navier-Stokes equations, ensuring that the simulated
solution converges to the reference solution over time in finite-dimensional space. These conclusions have been extended to other scenarios,
including the two-dimensional surface quasi-geostrophic equation [18], the three-dimensional simplified Bardina model [19], the three-dimensional
Brinkman-Forchheimer-extended Darcy model [20], and the three-dimensional Navier-Stokes equations [21]. Foias et al. [22] demonstrated that
with a sufficient number of densely distributed points, the solution of the governing equation can be determined by values at these points. They
also introduced an algorithm that works with measurement data obtained discretely in time [23]. Carlson et al. [24] developed an algorithm that
proves, theoretically, that the large-time error between the simulated solution and reference solution is controlled by the error in viscosity.

Up to now, various energy-stable numerical schemes have been proposed to preserve the energy dissipation property of the discretized scheme
[25-29]. Shen et al. [30] proposed a semi-implicit unconditionally energy-stable scheme for CH equations and conducted an error analysis for
this scheme. Zhao et al. [31] utilized a constraint gradient flow form to reformulate the CHNS system. Their method decoupled the variables and
achieved second-order accuracy while preserving the discrete energy laws. Shen et al. [32] proposed the scalar auxiliary variable (SAV) approach.
It is built upon invariant energy quadratization approaches and is computationally efficient, as only decoupled equations with constant parameters
need to be solved at each time step.

In this study, we modify the NSCH equations by adding a data assimilation term. Thus, the observed data can be utilized during solving the
equations. Next, we propose an efficient numerical scheme for the modified NSCH equations based on the Crank-Nicolson formula. To ensure the
unconditional energy stability of the proposed scheme, we adopt the SAV approach and provide a proof of this property. Additionally, we investigate
the influence of various superparameters and demonstrate the efficiency of our scheme.

The organization of this paper is as follows. In Section 2, we describe the modified NSCH equations with a data assimilation term and prove that
the modified model also preserves the mass conservation and energy stability. In Section 3, we construct a discretized scheme with Crank-Nicolson
formula and SAV approach and prove the proposed scheme is energy stability. In Section 4, provides various numerical results to demonstrate the
performance of our scheme. The conclusions are given in Section 5.

2. NSCH equation with data assimilation term

In this section, we introduce the modified NSCH equation with a data assimilation term. Let Q € R? be a smooth domain and x be the coordinate
within this domain. The entire space is occupied by two immiscible and incompressible materials. The distribution of these materials is represented
by a phase-field function ¢(x, ). We set ¢ = 1 to represent one material and ¢ = —1 to represent the other material. To ensure continuity of the phase
field function, a thin interfacial layer is added between the two materials. The thickness of this interfacial layer is determined by the parameter ¢.
We use u(x, t), p(x,t), and p(x,?) to represent the velocity, pressure, and density fields respectively. The original NSCH equations are given as:

Ju 1 1

E+(u-V)u——Vp+ EV(VU)—m(ﬁVM, (1a)

V-u=0, (1b)
1

b, = EAM =V - (ug), (1o)

u=—*A¢ + F'(¢), @ad)

where F(¢) = 0.25(¢> — 1)? is the nonlinear potential, Re is the Reynolds number, Pe is the Peclet number, and We is the Weber number. To
incorporate observed data into the model, we follow the approach of [16] and consider situations where the velocity and material distributions can
be measured. To make the proposed scheme preserve the energy dissipation law, data assimilation terms related to the observed quantities u(x, t)
and ¢ are added to Eq. (1a) and Eq. (1d), respectively. As a result, the modified NSCH equations can be expressed as follows:
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where | - | represents modulus of a vector. ; and 4, are nudging parameters and determine the influence of the observed data. t and ¢ represent

the observed value of velocity u and phase-field variable ¢, respectively. Note that the measurement values may not be obtained for every point in
domain, we assume the missing values are substituted by zeros and introduce a map Z(x) as:

_J 1, xeQ,
1(x>—{0, g @)

where the Q, C Q represents the locations of the observed values. This map restricts the effect of data assimilation terms on the points with
measurement data. According to the definition, we can obtain Z(x) = 4/Z(x). Based on the classical self-consistent mean field theory [33], a
Ginzburg-Landau type of Helmholtz free energy function can be given as the following form:

2 A -
E¢, w)= / <%|V¢(x, DI + F@®.0) + ZIVI®@x.0 - dx, )P + 2 fucx, t)|2>dx. @
Q

Here, the periodic boundary condition is used. We introduce some notations and then prove the mass conservation property and energy dissipation
law in continuous situation. Let f(x),g(x) € L%(Q), and their inner product is denoted as (f(x), g(x)) := /Q f(x)g(x)dx and the L,-norm of f is

defined as ||f[| = V(. /).
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Theorem 2.1. The modified NSCH equations Eq. (2) preserve the mass conservation property.

Proof. By performing inner product of Eq. (2c) with the unity element 1, we obtain:

%/d)dx:/d),dx:/iAﬂdx—/V%udy)dx
Q Q Q Q

)
\% dx — =0.
Pe H-ndx / updx =0
0Q 0Q
The proof is completed. []
Theorem 2.2. The modified NSCH equations Eq. (2) preserve the energy dissipation law.
Proof. By performing inner product of Eq. (2c) with # u, we obtain
1 2 1
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By performing inner product of Eq. (2d) with #qﬁ,, we obtain
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By performing inner product of Eq. (2a) with u and considering the Eq. (2b), we obtain
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Due to the boundary conditions and Eq. (2b), the terms (u- V)u-u and Vp - u are equal to zero. Thus, combining the Egs. (6)-(8), we obtain:
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The proof is completed. []

To preserve the energy dissipation law during the discretized evolving process, the scalar auxiliary variable methods are applied to the modified
equation system:
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where R and Q are two time dependent auxiliary variables.
3. Numerical scheme and energy dissipation law

In this section, we consider the discretized situation. We first introduce some notations and utilize the Crank- Nicolson formula to discretize the
above equation system in time. Then we demonstrate the energy dissipation property of the proposed numerical scheme. Let Q = (a,b) X (c,d) be
the computational domain. The number of mesh cells along the x-axis and y-axis are denoted as N,, N, € Z*. The uniform mesh size is defined as
h=(b-a)/N,= (d—c)/Ny. Then, the set of mesh cell centers is represented as Q; = {(x19)) 1%, =(=05)h,y; =(j—-05)h1<i< N, ,I<j<N,}.
Let f,g € 1*(Q,) and fi{‘j represent the approximation of f(x;,y;, kAf). The discretized inner product and form are defined as:

<fg>d—22f,,g,, and ||l 2V, P an

i=1 j=

We apply the Crank—Nicolson discretization to Egs. (10) and obtain the scheme as:
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where (-)*7 = %((«)k*1 + (%) and 2 =3/2()F = 1/2¢-)% 1. 1,(x) represents the discretization of map I(x) and is a matrix composing of zero

and one. 1 represents a constant function which is equal to one identically. Note that in continuous situation, R =4/ /g F(¢)dx and Q = 1. The
scheme with the scalar auxiliary variable method should be equal to the original one. However, after time discretization, the calculated R¥+! will be
not equal to the discretized 4/ fQ F(¢*+)dx and Q¥*! will deviate away from 1. In order to make a correction, we utilize the following relaxation

~ A 1
step inspired by the idea in [34]. With computed R¥*!, Rk, ¢p**+1 Q%*1 OF and yk+2 , we suppose the corrected value R¥*! is obtained by:

R = R 4+ (1= n)R@**Y)  and  R@!) =1/ (F(¢*1), 1),

where 7, is the solution of following optimization problem:
A At K+l
= min Rk+12_ Rk+12<_ v, +3 2.
m=min [RYP - | RP < v
The above inequality can be simplified as:

N A 1
JREH = Ry + RGP < R P+ 219,643,
e

The feasible set Vy of 5 in inequality (15) is not empty. Thus, the update of R¥*! is

A A k1
—R(¢*1) - \/|Rk+1|2+ s IVE T2 }

RM+1 = max{O, =
Rk+1 R(¢k+l)

Similarly, the corrected value Q**! is obtained by:

O =0, O + (1 — 1),

where 7, is the solution of the following problem:
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The above inequality can be simplified as:
Ak+1 2 | Ak+lp2 , At k+1 02
1@ = Dmy + 117 < [Q™ 17+ = IViT2 ]

The feasible set V; of # in inequality (19) is not empty. Thus, the update of O+ is defined as

k
—1—\/IQ"“|2+2P V311
0! = max ¢
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Then, we define the modified discretized energy as:
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Based on the modified discretized energy, we now prove the unconditional stability of the proposed scheme Eq. (12).

Remark 3.1. In literature, lots of works have been done to justify whether the proposed numerical scheme is uniquely solvable. Zhang et al. [35]
proved the unconditional unique solvability for the Functionalized Cahn-Hilliard equation utilizing a stabilized scalar auxiliary variable method.
Wang et al. [36] theoretically substantiated the unique solvability for the square phase field crystal equation with a scalar auxiliary variable method.
Shen et al. [32] demonstrated the unique solvability for a Cahn-Hilliard equation employing a similar method. Further, Yang et al. [37] examined
the uniquely solvable property of the Allen-Cahn-Navier-Stokes system. In the context of the Cahn-Hilliard-Navier-Stokes system, Chen et al. [38]
proposed a numerical scheme using the invariant energy quadratization approach, proving its unique solvability for each time step. In this article,
the proposed numerical scheme Egs. (12) based on a modified Cahn-Hilliard-Navier-Stokes system incorporating only a regularization term to the
original system. Consequently, the proof of unique solvability for the proposed scheme parallels the methodologies articulated in the aforementioned
studies. For readers interested in a more comprehensive understanding of this topic, additional resources including [39-42] can provide more detail.

Theorem 3.1. The proposed scheme (12a)-(12g) is unconditional energy stable, i.e. E, (dw"“,u"“) < Ed(¢", u¥)

1
Proof. By performing inner product of Eq. (12a) with 4*"3 | we obtain:
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By multiplying Eq. (12c) with R¥*! + R¥, we obtain:
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Combining Egs. (22)-(24), we obtain:
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By performing inner product of Eq. (12d) with Az(u* + u¥), we obtain:
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By squaring the above equality and performing the integral, we have:
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Thus, the proposed scheme is energy stability. Note that phase-field variable ¢**!, intermediate velocity field u**!, and auxiliary variables R¥*!
and Q! are coupled. To obtain the solution, we employ the Picard iteration to achieve totally decoupled computation.

Remark 3.2. In literature, there have been quite a few existing works of convergence and error analysis for various Cahn-Hilliard-fluid models.
Feng et al. [43] presented a convergence analysis for the Functionalized Cahn-Hilliard equation. Cheng et al. [44] introduced an energy-stable
numerical scheme for the Cahn-Hilliard equation and provide an optimal rate convergence analysis, leveraging the global bound for the second-
order functional derivatives. Similarly, Chen et al. [45] offered an optimal rate convergence analysis for the Cahn-Hilliard-Hele-Shaw equations.
Additionally, convergence analysis and error estimates for scalar auxiliary variable numerical schemes have been extensively reported. Zhang [35]
investigated the Cahn-Hilliard equation employing a stabilized scalar auxiliary variable method and establishes the optimal error estimates for the
proposed numerical scheme. Additionally, Li et al. [46] conducted a rigorous error analysis for the Navier-Stokes equations utilizing a scalar auxiliary
variable approach. The scheme proposed in this article adapts the Cahn-Hilliard-Navier-Stokes system, incorporating an additional data assimilation
term into the equations. Therefore, the methodologies for establishing convergence analysis and error estimation parallel those delineated in the
mentioned studies. For a more extensive exploration of this topic, readers are encouraged to consult additional resources such as [47-50].

4. Experiments

In this section, we conduct various experiments to test our scheme. As the proposed scheme requires observed data, we perform twin experiments
[11] for each case. Each case involves two types of processes: the reference process, which assumes the real physical process and is obtained by
solving the NSCH models without the observed data (i.e., A, = 4, = 0), and the simulated process, where observed data is sampled from the reference
process and used.

4.1. Performance demonstration

This section demonstrates the performance of the proposed scheme with the spinodal decomposition phenomenon. Spinodal decomposition
occurs when small perturbations are imposed on initially homogeneous mixtures. This leads to an increase in the amplitude of the order parameter
¢ over time, resulting in the formation of distinct two-phase states. The computational domain is Q = (0,27) X (0,27) with a 256 X 256 mesh grid,
and the initial conditions of the reference process are defined as:

¢(x,y,0) =0.3tanh(x — z) + 0.001rand(x, y),

u(x,y,0)=— sinz(x) sin(y), 31
v(x,y,0) =sin(2x) sinz(y),

p(x,y,0)=0.

Other parameters are At =107, Pe = We = Re = 1, and ¢ = 0.05. Then, the observed data ¢ and i are sampled from the reference process with a
sample interval 200Az. The initial conditions of the simulated process are set as:

¢(x,y,0)=0.001rand(x, y),
u(x, y,0) = v(x,y,0) = 10" rand(x, y), 32
p(x,y,0)=0,

where function rand(x, y) generates a random number sampled uniformly from the interval [—1, 1]. To avoid the division formula of IE_\ making no
sense, we add small perturbations on the initial values of u.

Fig. 1 illustrates the results of reference process and the results of simulated processes with different 4, and A,. The first and second rows show
snapshots of variable ¢ at time 0.02 and 0.1, respectively. The third row displays the snapshots of variable u at time 0.1. Column (a) presents the
results of the situation without the observed data (4; =0, 4, =0). Columns (b), (c), and (d) represent the results of the simulated process with the
observed data @ (4, = 5000, A, =0), ¢ (4; =0, 4, = 1), and @ and ¢ (4, = 5000, A, = 1), respectively. Note that the values of A, and A, are selected
to ensure that impact of the data assimilation terms is proportional to that of the other terms. Column (e) corresponds to the results of the reference
process. Comparing these results, we observe that the observed values of @i and ¢ have different effects on the results. Specifically, the observed
value of @i exhibits a slower influence on the state of ¢ compared to the observed value of ¢. The third row shows the state of u at time ¢ = 0.1. The
black arrows represent the direction and magnitude of u and the blue line represents the interface of two different materials. These results show that
the observed values ii significantly influence the state of u, compared to the observed value ¢. Furthermore, upon comparing the results in columns
(b), (¢), and (d), it is evident that when both observed data ¢ and i are available, the simulated process accurately approximates the reference
process. Consequently, in subsequent experiments, we assume that the data ¢ and @ can be obtained.

4.2. Energy dissipation and mass conservation

In this section, we numerically prove the energy dissipation and mass conservation properties of the proposed scheme. We consider the situation
where two droplets merge together in ,; = (0, 1) % (0, 1) with a 256 X256 mesh grid. The initial conditions of the reference process are set as follows:

), tanh(
Ve Ve (33)

u(x,,0) = v(x, y,0) = 10~ %rand(x, y),
p(x,y,0)=0.

The initial conditions of the simulated process are

- — 2 _ 2 _ — > — 3
¢(x,y,0)=max{tanh(0'15 V(x=0657 +(y-0.5) 0.15— /(x = 0352 + (y - 0.5) )}
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Fig. 1. Performance demonstration of the proposed scheme with spinodal decomposition test. Columns (a) and (e) are the results of the process with no observed
data and the reference process. Columns (b)-(d) show the results with observed data u, ¢, and ¢ and i, respectively.
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Fig. 2. The variation of mass and energy with time evolving. Red line represents the variation of energy and black dashed line represents the variation of mass
variation.

d(x,,0)=—0.734 + 10 3rand(x, y)
u(x,y,0) = v(x,y,0) = 10™%rand (x, y), (34)
p(x,,0)=0,

where the initial value of ¢ ensure the simulated process has the same mass with the reference process. The mass of the system is measured using
M@= m Zi, jeQ, @; ;(t), where N, is the number of mesh grid points, and M, = NLd Zi’ jeQ, ¢; ;(0) is the average mass of the initial conditions.
The energy is measured using the definition provided in Eq. (21). The variation processes of mass and discretized energy are shown in Fig. 2. The
results demonstrate that the proposed scheme maintains mass conservation and energy stability. Additionally, five snapshots at different moments

are presented in Fig. 2, indicating that as energy dissipates, the pattern of the state variable ¢ converges to a single drop.
4.3. Effects with different initial conditions

In this section, we investigate the situation where the initial conditions of the reference and simulated processes are different. We aim to explore
whether the simulated process can converge to the reference process with the help of the observed values. As an example, we study the Ostwald
ripening dynamics, which describes the thermodynamic phenomenon where smaller particles in a solution aggregate into larger particles, leading
the system to a more stable state. The computational domain is Q = (0, 1) X (0, 1) with a mesh grid of size 256 x 256. The initial values of velocity are
set to zero, and the initial values of the state variable ¢ represent several drops with different radii. The initial conditions of the simulated process
are set as the transpose of the reference process. The illustrations are shown in Fig. 3(a). Other parameters are set as At = 10~ We =10, Re =50,
and Pe = 1/e. The data assimilation parameters are set as 4; = 10000 and A, = 1. Fig. 3 (b)-(e) illustrates the results of these processes. The first
and second rows show the snapshots of reference process and simulated process at time 1 =0.1, 0.3, 0.5, 1, respectively. These results indicate that
by incorporating the observed data, processes with different initial conditions can converge to the same results.
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Fig. 3. Illustrations of density variable ¢ at time t =0.1, 0.3, 0.5, 1. The first row is the reference process and the second row is the simulated process.

(a)Initial condition ) 1% ©) 5%

Fig. 4. Illustrations of initial conditions of the reference process and the simulated with different sample methods. (a) represents the initial condition of the reference
process. (b)-(e) are illustrations of the observed location with sample rates 1%, 5%, 10% and 50%, respectively.

4.4. Effects of local observed data in space dimension

In certain real situations, obtaining global measurement data may be unfeasible due to the cost of devices. Therefore, in this subsection, we
consider a scenario where only local data can be observed. We focus on the deformation of a drop under shear flow on the domain Q = (0,1) X (0, 1)
with a 256 x 256 mesh grid. The initial conditions of the reference process are defined as:

V(x =052 +(y-05)? - 0.15)

Ve (35)

u(x,y,0)= 10_6rand(x, y), uv(x,y,0)=3sin2xy)
p(x,y,0)=0.

Other parameters of the real process are set as Re = 150, We = Pe=1, At=10"7, and T = 0.0003. To explore the effects of different types of the
observed data, we adopt a randomly sampling method to obtain the observed data. Here, we introduce the sample rate r in spatial dimension, which
is defined as the ratio of the observed data points to the total data points in the domain. Illustrations of sample results with sample rates 1%, 10%
and 50% are shown in Fig. 4(b)-(e), where the void area represents the missing values and the blue area represents the observed values. We also
use the local observed data as the initial conditions of the simulated process. For the missing values in the initial conditions, we use the bilinear
interpolation method to make an approximation. Note that the observed values are sampled from the reference process at intervals of 20A¢. This
means that for every 20 time steps of the reference process, one solution is sampled as the observed values.

The simulated processes use observed data with sample rates of 1%, 5%, 10%, 50%, and 100%. Fig. 5 illustrates the state of density variable ¢. It
can be seen that the initial conditions have difference due to the different sample rates. However, these differences are eliminated as time evolves.

$(x,y,0) = — tanh(

4.5. Effects of the sample interval in time dimension

In this section, we investigate the effect of time interval between two sample values. On the domain Q = (0,27) X (0,27z) with a mesh grid
256 % 256, the phenomenon of flow-coupled phase separation with different average concentrations is simulated in this case. The initial conditions
of the reference process are defined to be

$(x,y,0) = a'yz_—”l +0.001rand(x, )
v/

u(x,y,0) = v(x, y,0) = 10"%rand (x, y), (36)
p(x,,0)=0,

where the parameter @ = 1 controls the value of average concentration. Other parameters are set as Re = We = Pe =1 and At = 107°. As for the
simulated processes, the initial conditions are sampled from the reference process with the 30% sample rate. A linear interpolation is also used to
approximate the missing values. In the time dimension, we sample the data using different time intervals N At, meaning that for every N time
steps, one solution of the reference process is sampled as the observed values. To incorporate the observed data into the simulation process, the data
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Fig. 5. Illustrations of the simulation results of density variable ¢ at time 7 =0, 0.0001, 0.0003 with different and sample rates 1%, 5%, 10%, 50%, 100%.
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Fig. 6. Illustrations of the simulation results of density variable ¢ at time ¢ = 0.001, 0.003, and 0.006. Columns (b)-(e) represent the results with sample intervals
2At, 10At, 50At, and 100At, where At is the time step.

assimilation coefficients A; and 4, are set as 6000 and 1, respectively. Fig. 6 shows the results with different time intervals 2, 10, 50, and 100 at
time 7' = 0.001, 0.003, and 0.006. To quantify these differences, we introduce measurements as:

Dy =~ D 16060 = b0, 37
P xeQy

Dy 0= D [lutn =, 0, 39)
P xeQy

where ¢, and u, are the variable of reference process. N, is the number of mesh points. From these results, we can see that the smaller sample
interval makes a better reconstruction of the reference process. Fig. 7 also indicates that too large sample interval may cause a disturbance for the
simulated process, since the huge difference between the current state and the observed data. Meanwhile, the sample interval has more influence
on the variable ¢.

4.6. The observed data with noisy
In this section, we investigate the impact of different levels of noise in the observed data, which is common in real-world situations due to
the errors in data acquisition equipment. For this purpose, we simulate the single vortex deformation of a circle on the square domain Q, using a

256 x 256 meshgrid. The initial conditions of the reference process are set as:
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Fig. 8. Illustrations of the simulation results of density variable ¢ at time 7 =0, 0.1, 0.2, 0.3, and 0.4 with different level noises o.
¢(x,y,0)=tanh((0.15 — \/(x —0.52+ (- 0.75)2)/2\/56)
u(x, y,0) = —sin?(rx) sin2ry),  v(x,y,0) =sin(2zx)sin’(ry), (39

p(x,y,0)=0.

Other parameters are set as Re =50, We = 10, Pe =100, At =5 X 1073, and e = 0.005. Then, the observed data are sampled with the 20% sample
rate and the 100A7 time interval from the reference process. To simulate the observed error of the data acquisition equipment, random noise is
added to each observed data point. At ¢ = 0, the observed data is used as the initial condition for the simulated process. Any missing values in
the initial condition are interpolated using a linear interpolation method. The data assimilation parameters are set to A; = 1000 and 4, = 0.1. The
results of the simulated process with different levels of noise (¢ = 1071, 1072, 1073, and 0) are shown in Fig. 8. Here, 0 = 10~! means that we add
a 10~ ! rand(x) noise to the observed data. ¢ =0 means that the observed data is the same as the reference process. The results demonstrate that the
proposed method is capable of reconstructing the process with noisy observed data.

4.7. Dripping droplet

In this subsection, we investigate the performance of the proposed scheme through the evolution of a 2D dripping droplet phenomenon. In the
presence of gravity, the droplet deforms and descends over time. For simplicity, we consider the case with a small density ratio, allowing us to adopt
the Boussinesq approximation and recast the momentum equation as follows:

u_3

x, 0u 1 1 .
"(Z—=+4u-Vu)=-Vp+ —Au— —pVu + — Mg - M— —
”(az u-Vu) P+ oA We¢ u+(pd)—p)g (Iu| fal

30



X. Song, Q. Xia, J. Kim et al. Computers and Mathematics with Applications 164 (2024) 21-33

with ¢ with u original

O
O

reference

(at=0 (b)t=0.03 (c)t=0.1 dt=02 (e)t=0.3
Fig. 9. Illustrations of the dripping droplets process at time ¢ =0, 0.03, 0.1, 0.2, and 0.3, respectively.
where p* is the background density and we let p* = p,. The density function is p(¢) = p;(1 + ¢)/2 + p,(1 — ¢)/2. The gravitational acceleration is

g =(0,—1). In heavy and light fluids, we set p; = 1.5 and p, = 1. The computational domain is Q = (0, 1) X (0, 1) with 256 X 256 meshgrid. The initial
conditions of the simulated processes are defined to be

— — 2 _ 2 _ — B} — 3
$(x.3.0) = max{tanh( S L= VE =062 + G =027 01— V(x—04P + ¢ -02F

Ve Ve (41)

u(x,y,0) = v(x, y,0) = 10"%rand (x, y),
p(x,y,0)=0.

As shown in Fig. 9, with this initial conditions, two droplets will drop and blend together, if there is no observed data. Then, the observed data are
sampled from the reference process with a time sample interval 200Az. The initial conditions of the reference process are:

- — 2 _ 2 _ — 5 — >
<I5(J€’y,0)=max{tanh(0'1 V=077 +(-02) ),tanh(o'l V(x =032+ (y—0.2) )

V2e Ve (42)

u(x,y,0)=v(x,y,0) = 10_6rand(x, ¥),
p(x,y,0)=0.

Due to the larger initial interval between the droplets, they will drip without blending. Next, we simulate the processes with the data assimilation
term. The second and third row of Fig. 9 represent the processes with the observed u (4; =5, 4, =0) and the observed ¢ (4; =0, 1, =0.5),

respectively. It can be observed that the assimilation term ¢ — ¢ changes the evolving direction of these two droplets, while the assimilation term
IHTI - IUT\ has a slower and smaller influence on the state evolving.

4.8. Simulation of the multi-component flow

In this section, the performance of the proposed scheme is evaluated within the context of multi-component flow dynamics. This investigation
focuses on the equilibrium phase interface, specifically considering a prescribed contact angle. Within the multi-component flow environment, the
governing equation assumes the following form:

M _ (- Vu—Vp+ -V (Vu)— ——SF - u_a
p(¢)5 =—p(p)u-Vu-Vp+ ReV (Vu) WeSF AL Z(x)( ul Tl ), (43a)
V.u=0, (43b)
o 1
7 = EA/lk—ll’V(j)k, (43C)
e =—€*Ady + F'(d)) + I (x)(p — ). (43d)



X. Song, Q. Xia, J. Kim et al. Computers and Mathematics with Applications 164 (2024) 21-33

original

with u and ¢

reference

(a)t=0 (b) t=0.005 (c)t=0.02 (d) t=0.05

Fig. 10. Ilustrations of the multi-component process at time ¢ =0, 0.005, 0.02, and 0.05, respectively.

Within this framework, the density of a multiphase incompressible fluid is represented as p(¢) = Z,’;l ¢ pi, where each ¢, corresponds to the
volume fraction of the k-th fluid. The term F’(¢;,) = ¢i(1 - q.’:k)z /4 describes the free energy density associated with each phase. A crucial element

in this model is the surface tension force, denoted as SF = Z,’;l k(¢ (e, )6(¢). This force is pivotal in managing multi-component systems,
particularly during significant topological alterations of the interface. Here, x(¢;) =V - (V¢ /|V,|) represents the mean curvature, n(¢;,) =
(Vo /IV@|) is the unit normal vector, and 6(¢p,) = |V, | signifies the smoothed Dirac delta function corresponding to the interface of the k-th
fluid.

In this experiment, we choose the computational domain as Q = [0, 1]x [0, 1] with a 256 X256 mesh grid and At are set as 1073, Other parameters

are set as 4, = 0.5, 4, =5000,¢e =5h/ 2\/5 tanh(0.9), Re =200, We =0.1, and Pe =1/¢. The initial conditions of the reference process are set as:
¢1(x,y,0)=1—tanh(|x — 0.25] + |x — 0.50] + |y — 0.50| + |y — 0.75] — 0.5)/(2@),
¢r(x,¥,0)=1—tanh(|x — 0.25] + |x — 0.50] + |y — 0.50| + |y — 0.25| — 0.5)/(2\/%),
¢3(x,y,0) =1 —tanh(|x — 0.50] + |x — 0.75| + |y — 0.375| + |y — 0.625| — 0.5) /(2\/2_e),
$4(x,3,0) =1 - 1(x,,0) — ¢1(x,¥,0) — ¢3(x,y,0),
u(x,y,0) = v(x, y,0) = 10~ rand(x, y),
p(x,,0)=0.

The observed data are sampled from the reference process with a time interval 100Az. The initial conditions of the simulated processes are defined
to be:

(44)

¢1(x,y,0)=1—tanh(|x — 0.25| + |x — 0.50] + |y — 0.55| + |y — 0.80| —0.5)/(2@),
¢,(x,y,0) =1 —tanh(|x — 0.25| + |x — 0.50] + |y — 0.45] + |y — 0.20| — 0.5) /(2\/%),
¢53(x,,0) =1 —tanh (|x — 0.55| + |x — 0.85| + |y — 0.35] + |y — 0.65] —0.6)/(2\/%),
P4(x,3,0) =1 —p(x,¥,0) — ¢y(x,y,0) — ¢3(x,,0),

u(x,,0) = v(x, y,0) = 10 0rand(x, ),

p(x,y,0)=0.

The results are illustrated in Fig. 10. The first row of Fig. 10 depicts the original process, characterized by 4, = 1, = 0. In this scenario, when an
initial condition presents a distinct interval between different phases, they remain separate and do not blend. Conversely, the third row demonstrates
the reference process, wherein no interval exists between the three phases, leading to their amalgamation. Utilizing observed data sampled from
the reference process, the outcomes of the simulated process are displayed in the second row of Fig. 10. Notably, it can be observed that the data
assimilation term significantly alters the evolving direction of the process.

(45)

5. Conclusion

In this paper, we introduced a modification to the NSCH equation, incorporating a new data assimilation term to effectively utilize observed
data during the equation-solving process. To solve the modified equation efficiently, we proposed a numerical scheme based on the Crank-Nicolson
formula and the SAV approach. The unconditional energy stability of our proposed scheme has been both theoretically and experimentally proven.
In the experimental section, we validated the mass conservation property of our proposed scheme and examined its performance with various initial
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conditions. Furthermore, we have conducted investigations into the effects of different parameters, such as the data assimilation coefficients A, and
A,, sample interval, and sample rate. We explored scenarios where the observed data contain different levels of noise. We also applied our scheme
to a classical droplet experiment to demonstrate the efficiency of our approach.
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