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Abstract

Component design (“digitalization”), performance optimization (“optimization”), and

process simulation (“simulation”) are three critical modules in the 3D printing process. “Dig-

italization” refers to the transformation of design drawings or pre-processed physical objects

into editable digital components through means such as images, videos, and scanning pro-

cesses. “Optimization” involves the application of constraints from physical fields such as

mechanics and thermodynamics to enhance the performance of digital components. “Simu-

lation” entails the digital simulation and twin modeling of physicochemical changes during

the manufacturing process, based on the optimized components, to emulate real-world phys-

ical conditions. This research aims to introduce integrated modeling and algorithmic studies

in design, optimization, and simulation within the phase field framework. In the “digital-

ization” module, we will present three-dimensional reconstruction models, repair models,

and lightweight support structure design models that correspond to common data type-

s in computer-aided design. In the “optimization” module, we will introduce a series of

multi-scale, multi-physical field, and multi-material coupled topology optimization problems

and their corresponding solutions. In the “simulation” module, we will discuss macroscopic

(phase transition) to microscopic (grain boundary) scale coupling theories and the physical

field couplings such as laser-thermal-flow-solid, in addition to simulating methods for process-

es like Fused Deposition Modeling (FDM) and Selective Laser Melting (SLM), integrating 3D

printing parameters and techniques. The integrated research approach to design, optimiza-

tion, and simulation based on the phase field model framework aims to shorten the product

development cycle, enhance design efficiency, and provide a theoretical basis and algorithmic

support for quality traceability and root cause analysis of 3D printed components.

Keywords: 3D printing; Phase field modeling; Component design; Performance opti-

mization; Numerical simulation.
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1. 5��1`I�Z (3D '�) Vr “S7e^�Z�℄f�” >.8�7, �qr�℄�Z{|4>nr “0Z”. 3D '�6�Sae�
P9"G, �F
<teJmu[
C6au, ℄AWIr,WiV, Q"e#_a>�� [1]. Sa�4aE�
~p>,F[℄pd# 3D'�'�Ir, 6
, 7�6�8%)6u�">�eQ�FJ� [2]. 5{ 3D '�au>��u6�/�Nl^ 1, o �WP9 (“�F
”), Q�%
 (“%

”), 6
�q (“�q
”) r<.%xau. “�F
”sÆ℄P9^�/6C6e�, Sa^5/x_/�+A�V~f, 5
r/+*>�F
�W. “%

”sÆS�F
>�WF^C_
, $
A�VaD�, F*�WQ�. “�q
” sÆ2�%

>�W2Bqe�Za	>�V6B, ~OC6au >�V

.
>�F�qm�Y[2�q. :{, �℄ 3D'�~V%M6
7�mlHtWe#℄_L,, Vl
:��_mq Æy%q!/, 3_{tl1!S “P9�K>�W,C6B�K”, “C6�K>�W, Q�B~W” >#9. o2 :�s�WP98W (CAD),



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 191Q�%
8W (CAD, CAE), 6
�q8W (CAM) $�,v, 8WL+j^℄, ,q`C. '- 3D '�au>6
�OQ*, m
+b[Q�, Y1(mf, _a>W�
mP9D'`�O, ��Vx~O��u>m�. �-+a2K�G�>P9 - %
 - �qm��z℄(1-2d_a#v(m, F*P9>	, re# 3D '��W�l'>m2���F:V���m*z�n.

_ 1 3D (���v�/	.n�$:nW
�/:{,j 3D'�6���u[20�q>m�/���r “�F
”, “%

”,�- “�q
” <)2< [3]. 02<��-m��z, ��QK, 9*>	A�#, +Mm��L+�^℄, �q�D?Ir - 6
 - N� - Q�M�, �l'>m2���. sj2KP92<,Vx2�|,8>��QK~ODu�*zTz [4]. �q, ��-j9AQ, Ul�zm
�>�0, ��B/((H�_YY℄, \�m�
XXA�H. 2��V��QKmYq%�2K>�l, /℄�Q�H>�V�z�r�-�le�>���)%[ (4�lm3le��)%�z, Æme��)%�z, 
7�e��)%�z, Poisson �u�rÆme�z,�-+a�u>�j�Te��)%�z)m�-T�j�>�z (�"^j�, Transformer2K, Yqj&j�). �eÆVxsj%��>2K~ODu�T� [5] m�l
�np�>Du�P9 [6]. <t2KT�*z/�r�-J��>�zm�-j->T��z. �l
�np�>Du�P9SdVxF�<t2K>>G4L, Z",308�z�[m6��p�, S�~B�0>G�_�D>:2�%
Ir�D, �qhq2K%�m�l
P9.�q, '-P9><t2K0 3D '�6�D℄, Vx[℄%�2K>%
J��e#j_a>�)%
 [7]. �-_aQ�x�W�P94L, P9QW, P9:2mP9eM, p#P9>lH6�s
j%
6� [8]. 
j%
m�(1-P9FKIr, SaT8Ir>
jp�m�Va�D, e#AWQ�m9�>IrP9 [9]. �EK, 
j%
vdh$, 3'-Ir, p�m6
Am�#>`pW��O, �- 3D '�>C6AQ, i<�6
au5O->xP, wP, nPAm.}`4L�L>ATE=. p��H�h�08
j%
6�>v
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j%
6�>vd�rm}`mIrmm�Vai#�l [10]. Sa
j%
Q"<8u� 3D '�6�>�F2K, /�h�"-e>�Zau [12]. �q, :{ 3D '�|4>m�.x, SSaeumz$>�lgk%
>C6N�, ps~.ib��\>au [13]. Sa�[�F�Y2K, �
'�zW, �np�m2KC6, 2Bz.'�6
au, F{6U/��#>zW.M8~O.MT|, 6U�Ga$, |2mK�U8A'��H, Tz��W>'�6
N�, /F{g5}S�Hm�& [14]. p(1-_Ce>�Zau >z$q , ((IrO�mY_bLO�. :{, 3D '�au>�qm�.x2���WIrm"`~O��, o "fOK>6
r�-$.,6� [15] ma℄Q%T.,6�>�q2K [16]. 9*bLf, 4LT>u`), m}`4L�LW~=`*, �Vau�V�OA�Hs6
�q>=M�H. ��, S�[�q2K�Gb, �ppm�Va	, #vu"-m}`9*>>$*z, ��L�q2Kjqe�Va	>x�.Sa�HS[℄ 3D '�au 0.2<>vd#9, �#/�j[209*�zF�4�x�: (1) 0.2<O->��-l+U, �-+��LÆK0zp. (2) sjO->�H~OW~[20W~9*�G. (3) 2KSBU}`4L�L/�
dm�", �-sjBU�V#90�H~OTz0!~. rp1� 3D '�au 0.G�+�^℄>�H, 8((BU
m�L��!	, 5�, �Vm%
�)>j�, �#�+a2KrSW�G, ℄0.2<�L�arK [18]. +a2KS4aE>>$vd d#�pu"a	V�, m�Va	`p-o, 9*��-lW~A%M [17]. ��zVr~#Ip[2m�q6�, S)7AW6
> 3D '� d#�p�)>}_. SW~�G�, sjAW 3D '� R%l, `�`>V�, [℄��><t%�mT�>�F
2K; [℄mIr, m}`, uQm�Va	>
j%
�
2K, b6+�>8��u8~O*Q����r; [℄uQm#C66
>m�Va, m}`>�Y�q2K, #d*Q�*zm�. +a�zS��G[℄au >%qS-: (1) �(�)QmIpQ. ��z�B�)'lIrAQ�6
N�m4op�, e#j�O�W>�)+
. +"-ÆW>�T[2�z, ��z�BIp'�m.�#�L>+�V", �q5<�H}�qe�W>Z_
Or. (2) ~J
[209*. Sa+a�z/�SU~�G�~Om.
m>�V, �qRJpI�Y℄m
℄P", F*pzJ[2m�q><�Qm>	. (3) {�Qm/HdQ. +a�z/�SaTz2KN��NCF>�VauKu�BU>�"a	, �q�Lm.2<>V�. (4) �V��m/rwQ. +a�z�-�V
:V, +"-sr2K�n�u2K, �B�2 FVr�W>Or��, r~~F%
m!~F:Æ6. (5) *�`m<�Q.+a�zSaj�Vau>��[2m�q,�B<�6U�W>OrmQ�, r_aP9m6
%
F:/)>��.SpX|g5 , �#℄wKP9 - %
 - �q�G 5O->2K�-+�>*z, r�\hEm%
��GF:�n. S 3D '� >9*��12K%�jf, Sd|,8>s<tMH���ntt CT �Z��. rp℄p�T>
��5
r�\jf/�%
m�q><teJ2K, Vx#vsjdT��QK>MHm CT ��%�*z. j/��#>XMm�℄, F�Du�T�mT�*z. '�6
D�ma	V�, #vm}`, mIr>
j%
�z, �e#Q��Z>YqlP9. [℄�p�W;bLm4L}`>�V`p2K, �r�C6au >�Z, Æ$, HIm+.Am�V�H. F�m�Va`p�W>�r�
m��2B�z, r�OYn��u>�rF:V�m�z�x. ���e, sjBU>C66
au, \4Æ6�.,, W7�lk", Ir3iA, Vx#vpp+M6
AQ>�V2Km�q6�. �-$.,k"6
, Vx[℄m}`>�q�G; sja℄Q%T
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, Vx[℄m�Va�q�G, �e#j 3D '�6���u>4Hm2B9*. |>o/G��l4�G�zV: SItgm ,�#�Hp)7 3D '�C6.Q
P9�)>2Km*z, �FMH��%�, CT ��%�, 2KT�mT|�-<%(m(;�)�l
�np�%
P9. SI<gm , �#�Hp)7 3D '�C6au>.Q
%
, �Fm}`mIr�G�>
j%
�-m�Va`pa	�>
j%
[209*.SI�gm , �#�Hp)7 3D '�C6au>��u�q[2m�, �F�-.,k"6�> 3D '�m}`[2�-�-a℄Q%T.,6
>m�Va`p[2�q�W. Q�, �#SI�gmsj#!�H~Oh�8jvKvdÆq~Odm.

2. E>�� (“"I~”)S 3D '�au , �F
G�Sd�F��5
��ZF���nP9m�
W��.MVF*. `I�Zau dT>��QKs STL |W�n PLY |W, �<�QK>8WSdK"9*��1P9>|7P9�l�nZ"�+6���#(�J><tMH���n CT �Z��>D7P9�l. �qsj STL ���n PLY ���z�h~O%
mT|, S�\>au B��h��V, ��Vx~O��5
℄o5
r
-�V>J#��. �ZF�s℄<t2K��q~�tb\>tt�Z>au. p��Z�pr “�Z”,!.�Z,3p'�au >~.�
W. '-�#K">sJ#��-l, �����>!~W�j�'�au>~W�Z. �nP9sS'�au NC�np�, ��n^4G�, ((.M�7&. �
W�_�Wp'�ZS!~W>LZ[$, �B�x'�au 2K>~WQ���'��lm>	, ���#.M����v}A�H. 3D '�au '�Z>�
W��h�0p'�$`�3)�lm>Gp�>!JQ. pV>�
W��BQ)u`HRJ'�bLmIrO�,Ub��'�W>3)�lm>Gp�>!JQ,�qF*'�>	m'��l.  g�#%MwK��5
m�ZYq, .xO-VnM-MHY�%�, CT %�, �)T��-�l
�GP9>+Mm�. p�m�>:>s����W>��4oM9, r�\>%
P9, �qm�ZF:��. “�F
” G�F:p~#��5
�l, W~p�\%
m�qjf>��-l. <t%�S 3D '��)>m�V�>�"SY�N�6umy
tW�ZA�). SY�N�6u , <t%�(1-�[�O>Y�N�p�, 8rN�6umRY�
F:p(_6�, /�e#Y�2K>�[, N�6u�GP9, eCY�IrQ�mY�+1Q�-�1[℄072K, rY�N�>m��uhm�oF:p%x>6��xm6�. y
Ir 3D '�.x)7>sg4gM�ik�<A�D��WY_T�au, �VSa�+�%�, ��1�zW>�F2K, -/�h~O'�T�, ))2dpT�bL. pj-/V~O_aT�>a	�(%x��, \4SY_P�℄vGj>�B���W�#�&mf1. S 3D '�au , T�>2K3)(1-F*�Z�`, RJ�Z >3)�&. 3'-MH��m CT �Z��>X�m�℄, �-��%�6�<8>%�2K/�!S3)�Q, U�(5�&>�H. ��,  gjT�*z>m��S%
2K3), �V2K3)>BW_Q, ��2K3)T�qb\, io5up 3D '�.  gQ�sj8��"|4j-�l
�np�>V�, \4nQBtW, Y��
tDA, '�~Q�(A�Q�>�), 1<%(m(;�), wKp�-��)>Du��l
�np�P9*z.  gwK>i#��%�6�, %�T�6�, �-�(A�Q�>�)p�P9*z, 9#>U�qp)7 3D '�>P9 - %
 - �q�G >�F
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2.1. o=�DFwMHY�%�6�S6{P9, HM[2m�
�5�VA|4(?V�>�". Sa%T�+mÆ'6�, e#p�OzGW>��[2. .?%T�+m<tÆ'6�>>$vd,MHY�%�6�)x�)Pf. I~,/K,>MH��W2N), ��>�Vm!	�l(.~~F[2; It, MH��>BW_QmXXi<%�2K3)$I�O. I<, MH��>BhzQm�℄i<%�2K�`B*. �e, #(>*zS�V)W2�Oa	b,ll=�
v*Q�m<�`,��4oF*%�*z>��Qmu"Q,s5{%�*z)x>~)Pf. :{>MHY�%�6�2�%�2K�)3m�l, �r!l�)�zm�l�)�z [19]. S!l�)3m ,�)>y�m4oM9�!l>�l3&. BoissonnatA& [20] i" Delaunay<dh�K�[M,>0~bhM9. ��zSa,FE� Delaunay<dh� >�)Je#�)%&. qS�l�)%[�z , SdSIW>�Mj-F�Z~.�j�Te�, Z"YnH>2Ki<1W>>Æ��h�e�>z�
,, Q"<8<tM9>zA�) [4]. Ye A& [21] F�p~#�>ÆMH >$%[�l�)>�z, ��zsj%[3)[℄~.a+, 8S�a+>�
,e�FK"p~.*>>m%j-�rt, Z"��4>�/C$%�>9*. +a2K > Allen-Cahn(AC) �ujt)abWm
!�	LZ�(>S>
�V" [22]. ��z+f-�
,�zqoRJp_|>�j
PV, /�e#5C*>>�r. S�- AC >�l�)%[�z , Sa℄+ae�VrSIW�Mj-F�[>�j�T2le�, Sa}�H>V"i<>Æ��h�e�>z�
, [23].��z�(>H�VMH�� �℄���n��?OXX>�H. ��z>�J2K4�:j-Sa�+�<>MH�� S = Xp = (Xp, Yp, Zp) ∈ R
3|p = 1, · · · ,M . �1W>�N�3)�� %[~.� l r�T>!JaJ, o M s��Jl. rp<8~.
�>a4, �#i"��Yn��u [24]:

∂φ(x, t)

∂t
= g(x)

(
−F

′(φ(x, t))

ǫ2
+∆φ(x, t)

)
, (2.1)

φ(x, 0) = tanh

(
l − d(x)√

2ξ

)
, (2.2)

g(x) = (1− |φ(x, 0)|)|φ(x, 0)|, (2.3)o φ ∈ [−1, 1] s+ae�, 9S%�>a4>e�5� φ = 1 m φ = −1. <tp�J>3)'Aq) φ = 0 3m. �u >�Xqe��r F (φ) = 0.25(φ2 − 1)2, +�N� ǫm ξ ℄s|d�, d(x) s8:2M x 8p�J3)>>��j�Te�. ��u (2.2)  /�P\8, 5 d(x) = l b, φ(x, 0) = 0. p�w? φ >�j�LBh���r. EP S s1W>>Æ��, V s~7>a4, Ω s�
 V >��4. rpRJ9*q , pY�Sa+4 Ωnb = {x| |φ(x, 0)| < 1− δ}⋂Ω >
Os
, o δ s~."f;>|N�, /a�r
δ = 0.01. �#sj)t ∂Ωnb a" Dirichlet )tQW~O�V:

φ(x, t) =




1− δ if x ∈ {x|φ(x, 0) > 0}⋂∂Ωnb,
−1 + δ if x ∈ {x|φ(x, 0) < 0}⋂∂Ωnb.

(2.4)



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 195p#a+9*/�SB1℄�`>�B�)�`>RJ9*,F. rp5��>�.�-
AC �u>MHY�%�*z, �#S^ 2  dmp�MH��8<t%�2K>6��).�tt4L >T>Mr\, ��sjT>MH~O4L a4>��, 4^ 2(a)–(c) 5m,�a4>t)s�(�p��e�Q�>('|`>t). o�sj���>a4 >('M~O9*, �/�%��tt4L >=M. ℄��z�h
d8<t4L, sj4^ 2(e) 5m>MH��, K"�*z/��h%��+�><t2K, 4^ 2(d) 5m, o <ta4>��4^ 2(f) 5m. Sa�p_/�%�, 5K">*z/�℄MH��~O%�<8T���><t2K.

_ 2 �NI��9=u&A3L?7��*. (a) uuU?NI��. (b) uu�b�5	
. (c) uuNI��nb5?d*n�_. (d) �\rf�?i*_. (e) =uU?NI��. (f) =u3L�[	.U?N
E. (g) =u3L&A?`n�_
2.2. CT Fw

CT %�s�~�t�Z�� %[<teJ>6�, V��"-�
uh�W, �oW�, rh
e
�-XB~��WA|4. S 3D '�|4, sj)K��W�y���+6�, llzSa�Z�+K�<o<t��. '-�Z�� �
JJ�� >�GttI�, ℄�GI�~OF�zp�<<t2Ks~3%xm�. GuoA& [25] F�p~#�-M:
Y�>�z"- 3D ^5%[. Deng A& [26] F�p~#�-.��le�> 3D hX3)%[�z. Sharma m Agarwal [27] #vp~#Z"�N�
>
)�Z~O 3D 3)%[>�z. �q, #(> CT %[6�j-�T�4>�Vfr�B, 3S�Vh
�4b!St)E=. �e%�j9SdN
m#N�Ax, S%�>Ub4o℄p�Ax~O��z



196 ��:+1:+ �# 2024 Fs~3Pf. ��:{g�Vx~#*>�~Y>*z, �B�~Nb[�Z %[m2zj9><tJ#2K, Ub((�4%V. p#mN�J"%[6�B}�"-�<�,2K, Æ��x�4>�T. Bretin A& [28] �-+aF�p~#Z"4o|_Q<_Q;
.�>�z. Ju -opVn [29] F�p~#*>>
j8�%[*z, "-�b[�Z %[m2zJ". p#�z=�_Y
�>mIrt), Ubz�L
jx�. SVn�{>m� , SaS Cahn-Hilliard (CH) �u �7~3�q3, /�e#j2K>
�%[, Ub�~5<��h��Z��. ��z�S�[�(%V�4�t)BWQ><t2K. �J2K4�:

_ 3 �. CT �[��?3L&A+{n�_. (a) 'KF
rf CT �[��. (b) tk CT ���P*AOV. p!{C*-4_6!i
�L?'KO�. (c) 3��W�? CT ���P'KF
 (1,) =u&A. (d) 3� CT ���P&A?'KnuO3LSW�4 Ω ⊂ R3  '�~. N N��p�. +ae� φi = φi(x, t) 3m�W !.N�>J`. o , i = 1, . . . , N sN�Æ2. �#" x m t �53m4LmbL.l. �<3�>s0N�>Jm%YA- 1, 1 ∑N
i=1 φi = 1. ~ φ = (φ1, φ2, . . . , φN ) 3mhl�+a, JD'�W�r,

E(φ) =
∫

Ω

(
F (φ) +

ǫ2

2

N∑

i=1

|∇φi|2
)
dx, (2.5)o F (φ) =

∑N
i=1 φ

2
i (φi − 1)2/4 s�Xqe�.
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'��mN� CH �W8�:

∂φi
∂t

= ∆
(
f(φi) + β̄i(φ)− ǫ2∆φi

)
, i = 1, . . . , N, (2.6)o 

f(φi) =
∂F (φ)

∂φi
= φi(φi − 0.5)(φi − 1) mβ̄i(φ) = − 1

N

N∑

j=1

f(φj). (2.7)Fl β̄ .lr LagrangiantB, �S�x4LmbLF>�l�wD�∑N
i=1 φi = 1, ps�r Lagrangian tB�L��AQ:

∂

∂t

N∑

i=1

φi =

N∑

i=1

∂φi
∂t

= ∆

(
N∑

i=1

f(φi) +

N∑

i=1

β̄i(φ)− ǫ2∆

N∑

i=1

φi

)

= ∆

(
N∑

i=1

f(φi) +

N∑

i=1

β̄i(φ)

)
= 0. (2.8)���#/�℄"-mN�J"%[>mN� CH �u%FzV4�:

∂φi
∂t

= ∆
[
f(φi) + β̄i(φ)− ǫ2∆φi

]
+ λi(ψi − φi) for i = 1, . . . , N, (2.9)o 

λi(x) =

{
λ0i , 4_ x SI i .�l>1W�Z�� ,
0, o/�B.pY, λ0i sI i .�l>|d�. �#S ∂Ω FK"z Neumann )tQW ∇φi · n = 0, o 

n s ∂Ω F(�M>0yz7l. Stt�Z�� , J�4��Qr�(BU2z ψi >�4, "K3m�W !.N�>J`, 8�L
N∑

i=1

ψi = 1. (2.10)'-�#2��lS L24L K"C`��lb6>8��u (2.9) ,�
p�q3 λi(ψi−
φi),

∫
Ω

∑N
i=1 0.5λi(ψi − φi)

2dx. ��j�u (2.9) i)Ub�m, /�<8
0 =

∂

∂t

N∑

i=1

φi =

N∑

i=1

(
∆
[
f(φi) + β̄i(φ)− ǫ2∆φi

]
+ λi(ψi − φi)

)

=





λ0
( N∑

i=1

ψi −
N∑

i=1

φi

)
, 4_ x SI i .�l>1W�Z�� ,

0, o/�B.pY�#i"p�u (2.8) m (2.10), o λ0i = λ0, �- ∑N
i=1 φi = 1. Sa�F2K, �#>*z/�e#sj1W�Z�� ψi, %��+�><t2K φi. rp5C.�>�.�#5F�><t CT %�*z, �#S^ 3  dmp5F�>*zm�^�-0+mm+2K>



198 ��:+1:+ �# 2024 F%�>_. sj^ 3(a)  5dm>&JEbqe> CT �Z��, ��Vxj5(�Z��~O:2)�NU, 4^ 3(b) 5m, o zB),3^5 h��K>&JN�. 2��V�> CT ��~O&JEb><t%�, 4^ 3(c) 5m. qe> CT ��s�
mN�, m:2p�>&JtN�N�>,pY5F�> CT �Z��%�*z,/�(>>h��m#:2p�, 4^ 3(d) 5m. �^dm>sSa5F�>*z2�qeSZ~O%�>�
&JG�50, 	, x, VU, HUAtN>&J>Gp�. �p_/�%�, �*zsj CT �Z��/�t(>>%��+�>:2p�.

2.3. Fwz|'-����>au =(�?OXX��, pi<Sa��%�6�<8>�F2K/��(�&, q�F2K>�&5+K>�0�SqeC6�Z ��). ��, Vx�[sj%�2K~OT�T�>6�, K��%
m�q�{>�F2K�(T�����&>AQ. S��{, �wK<teJ>/x
��, 1J#��. �-J#>2K%�s~3"-/x
J��>6�. �6�SaÆKe� (Transfer Functional, TF) �W/x
p�8eCo>_ [30]. �q, SaÆKe�Z!>2K!Si..x�M. I~, J�� >J%V�H�'- TF 4La℄�4f)q�r>0Z
�H. It, S/x
2KF!S6\��Q�4A�&. /x
 �#�&>:�s~�J#��QpfC>B\.`. ��, j/x
%�2K�&>T�/�SH>2K�G�SaZ"f*B\.`>J#~OH>s
KT��F2K.�-H>�uj%�J~OT�>�u4�. ��2<J#>B\.`, <8!.J#Vrp�J~G�>"	. P f(x) sW�S�4 Ω = (0, Lx) × (0, Ly) × (0, Lz) F> 3D J��, o x = (x, y, z) ∈ Ω, ~ ∇f(x) 3m f(x) >C`e�. SJ"Z! , Sa TF a℄��,AW�4K�W f(x)  >8.J", i"e� ψ(x) K�Wm3mJ"�&. �Jqo,4_J# x ��Wrp�JJ#, _ ψ(x) = 1; �_, ψ(x) = 0. |4{|5
, ψ �
Zmhh>J#��mJl>Y℄��. �b>:2s<8~.F>e� φ(x), ~9�'h�1W> ψ(x). �b/� φ(x) >
!�	8�"�(z
!�	>J#3m�J#sT��(6\> [6]. q�(�&>G�J#>
!�	℄B)-z. ��, /�Sa�
,�G >
!�	KNUY℄>p�J#, 8�Sa4os
W�iJ">
!�	�xrz, �q:�XX8T��℄>J". 2�p~��, [℄4�2K. EP1WJ"�� ψ(x) /�S
!�	�Z��Z, S�au , �Zh3)>z7$`A-�>
!�	:

Vn = −κ, (2.11)o Vn 3m4oJ>z7$`, κs
!�	.S
!�	��Z�,�(f*
!�	>J#℄>$�Z. ~2J#vY�Z, �Z�4℄Sa����4H>>I�K��. �q, �u (2.11) sW�Sp�JF>, 8�SJ"�Zb=�9*. q AC �uSp#�B�/�5P0H
O, 8��(
!�	>LZQ� [31]:

∂φ(x, t)

∂t
= −F

′(φ(x, t))

ǫ2
+∆φ(x, t). (2.12)l , φ(x, t) r+ae��"	�De�, 9�5h�- 1 m 0, "-3mJ">>GmeG.

ǫ s|d�, 0+.?`(M. e� F (φ) = 0.25φ2(φ − 1)2 s~.�qXe�. rpi<T�



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 1994 %�>J#0��J#�+U, S AC �u C7p~.Bp3:

∂φ(x, t)

∂t
= −F

′(φ(x, t))

ǫ2
+∆φ(x, t) + λ(x)(ψ(x) − φ(x, t)), x ∈ Ω, (2.13)

φ(x, 0) = ψ(x), (2.14)

∂φ(x, t)

∂n
= 0, x ∈ ∂Ω, (2.15)l λ >��4�:

λ(x) =

{
0, 4_ x ∈ ΩD,

λ0, o/�B. (2.16)o λ0 s~.|d�, ΩD sT�4, /W�r ΩD = {ψ(x)|ψ = 0}. "8>��>J#I��2<r ψ = 1, o/>�2<r ψ = 0. EP φ S ∂Ω F�L Neumann )tQW, 4Al (2.15) 5m, o n sez7l. T�4 >J#�sSa�	�Z> AC �uH><8>. �u (2.13) >I<3i<T��4e>J#�℄Æ�-��J#�. �<3�>s, �aH>}��> φ /3mT�4%�>J#
-qeJ">"	, \4 φ = 0.5 3m�J#(
50% >"	
-qep�.

_ 4 =u&AU�+{n�_. (a) ;k CT ��&A+{q`	.,��[q`. (b) tk (a) q`�PU��?&Aq`	.,��[. (c) CT ��&A, `Y, U��K�AH. (d) rfuO (&V) &AU�|�k#, p!{*H
tT;k&A3L��GTb!<nxL?�{&GU�=9?q`Se>�" , ~�J#/���$
H2<rp�J#. rp_C9#jJ"T�p_>�0, /�Sarp�J#>B\.`��Q~W>�%~O�V. �u (2.13)–(2.15) >r φ(x) F:pJ#
-qeJ">"	. 4_+j
℄ ∂φ(x, t)/∂t;-~W1℄	 tol,�b/
r φ(x) xr~:r. SaPW~.Y� α ∈ (0, 1] K�W�(f*"	 (\4, φ(x) > α)



200 ��:+1:+ �# 2024 F>J#rT��>p�J#. SP9Æ�e�b, 2��<>r φ(x) m��>J"�� ψ(x)r!.J#�QB\.`�. J#>"	�F*, J#>B\.`�F). �q, ~�B
-p�J R>J#/���Qf*"	�. ��, /2�p�J#>�`� f(x) 9*AW>�%KT!9#>B\.`�. p�J#SdSoy4�4>�(+ >�`�. 4_���>p�J#So�D �(~.�`�, _9℄��Q~.f)>�%; �_, 9℄��Q~.0o�`�m�D >~.�`�T+M>�%. �J>B\.`P�4�5m:

Opa(x) =

{
wφ(x), 4_ φ(x) > α,

0, o/�B, (2.17)o 
w =






1, 4_ ψ(x) = 1,

β, 4_ ψ(x) = 0 8� x ∈ K8,

γ, o/�B. (2.18)pY β ∈ (0, 1), γ ∈ (0, 1), 8� β > γ. 5 ψ(x) = 1 b, �w?J# x y-1W>J"�4>. x ∈ K8 3mS x �> 3D ^5>2l��L |f(x)− fmax| ≤ 8 � |f(x)− fmin| ≤ 8. pY fmax m fmin �5s<tp�>Q)mQ;2l�. EP α = 0.3, β = 0.7, m γ = 0.3. p�w?pY�'�
Q)- 0.3 >J#. 4_5'�>J#��S1W>J" �2<a, <�℄ w = 1 P�rh�\.. 4_�J#>�`�0oS 3D ^5 >y4�d+ , ℄P� w = β = 0.7. 4_5'�>J#S1W>J" Hv�2<, 8�oS<t^5 >�`�0y4�4℄�t), ℄P� w = γ = 0.3 ��<CB\.`>J#��.rp5��>dm�-T|> AC �u>�)%�T�*z, �#S^ 4  dmp�*z�u>m�^. �^sjqe&JtN> CT �Z��, �lgm 2.2  5F�>%�*z, /�%��+�>&JVUtN, 4^ 4(a) 5m. -�/�%��+�tN>eMp�,3s�<tp�3)�Q, %�>_(.F[. Sa ;mwK>%�T�*z, Q"/�<84^ 4(b) 5m>T�>tN2K. Saj"i^p_/�t��>%��#>T�*z/�(>>E�%�2K3)>��V��, 8℄2K >�&~OO�. ^ 4(c)  dm>s
CT ��%�, _X, T�~J
�G. sj&JZE2K>�Z��~O%�,Q"<8>%
�>2K. /�%�5wK>*z(>>��p CT �� >XX. ^ 4(d) dmp�JT�*zm�"pT�*z>&Jqe%UtN%�p_, 8℄in�L℄�SQ�~httj"�Z dm�K, o z)G�sS:j%�2K��FSa5F�>�z%FT|<8>p_. /�t.!>%�K,  mwK>*zsj CT %�<8>2K�e�(T�>_, /�%�'- CT �Z�� XX�r>%��&.

2.4. �,�����)T�m�)M9j%�2K><�Q�-~WQr?%xV". �psj<t2K~O%�mT�e, Sqe�Zau ÆVx'l�2K>�DQ�, 8r+�>�F2KF:�l
�nP9.  ;m℄wK~#�(A�Q�>�), <%(m(;�) (Triple

Periodic Minimal Surface, TPMS), 8�-�A��)Du�P9(�2K>>G�np�.

TPMS p�S<.^℄>�7F�((mQ8�3)
!�	rd� [32], �QKp�>4



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 201oM9�wH�0?Ir>�VQ�. "fdT> TPMS p�( Schwarz-Pp�, Schwarz-Gp�, Schwarz-D p�, �- Schwarz-I-WP p�, 5mM-(;�).�>>1wK/�N' [68, 69]. <%(m(;�)
-U/4L>(>�, [5], �op�~W�-upY�N�Yf�)>�BQ�, �V��"S6u|4, 4�b\�p�, �E84, 0�aJm�OY��W. Qi m Wang [33] F�p~.�((m3)>2K, �2K/�Yq� > TPMS.

Pan A [32] F�p~#F>�-�H Voronoi -~%
�G>T>d
!�	�)[2F�z. S(��)j-F
O�j4os
�u��<Q;3). Jung A& [34] S3)�T>�4 (+) J"��>D��, m�p�(Q;3)"><(m3). 8#S4 Ω FW�p
φ(x) K3m3) Γ = {x : ψ(x) = 0}, ~3)>>Gr {x : φ(x) > 0}, eGr {x : φ(x) < 0}.pY φ h�-�j�Te�, o
!�	 κ W�r:

κ(φ) = ∇ ·
( ∇φ
|∇φ|

)
. (2.19)8#>�z�8 Osherm Santosa [35] >sv, Z"���uq?Q$�_>�7P9p�.l φ:

φt = v(φ)|∇φ|. (2.20)l v rb4+M>$`a, 1
v(φ) = κ(φ)− λ, (2.21)l λ r�)F
!�	>
!�, 1

λ =

∫
Γ
κds∫

Γ ds
=

∫
Ω
κδ(φ)dx∫

Ω δ(φ)dx
. (2.22)SpY δ(x) s Dirac e�. Sapp�u (2.20)–(2.22), S
vQW�giz.3)>
!�	swW>, 1 κ(φ) = λ . Yang A& [36] i"Q �
,e�> CH �uYq<(md
!�	�). 0�
,�z [34] +", 8#>2K$`5>, >	5*. Yang A&j<(m3)>m�sgk�J"D�>Jt))">�GQ;�, 5F*zs�- CH �u"-

spinodal �r [37] >�/. 8#S4 Ω FW�+a φ(x) K3m3) Γ = {x : φ(x) = 1/2}, 3)>G" {x : φ(x) ≈ 1} 3m, 3)eG" {x : φ(x) ≈ 0} K3m. ��, �(J"���w>
φ >bLs
�ur:

∂φ

∂t
(x, t) = M∆µ(x, t), x ∈ Ω, 0 < t ≤ T, (2.23)

µ(x, t) = F ′(φ(x, t)) − ǫ2∆φ(x, t), (2.24)l M rd�, F (φ) m ǫ U�FW�. SaEP+a�Jr���)�J [36, 38], 1
φ(x, t) = 0.5 + 0.5 tanh

(
d(x, t)

2
√
2ǫ

)
, (2.25)l φ(x, t) = 0 si+>bt). d(x, t) = φ(x, t) s�bt)8 x >�j�Te�. 4_

φ(x, t) � 0.05 .q 0.95 , d(x, t) _
- (−2
√
2ǫ, 2

√
2ǫ) �L. �u (2.25) s'$_
+a2K [39, 40] 
v�)�Z>. 4_K"�u (2.25) 2�t)F>+a.
, _�l�L

F (φ) =
φ2(1 − φ)2

4
≈ ǫ2

2
|∇φ|2, (2.26)



202 ��:+1:+ �# 2024 Fz�s |∇φ| = φ(1 − φ)/(
√
2ǫ). Sai"�u (2.26), %FzV�u (2.19) /<:

κ = ∇
(

1

|∇φ|

)
· ∇φ+

∆φ

|∇φ| = ∇
( √

2ǫ

φ(1− φ)

)
· ∇φ+

∆φ

|∇φ|

= −
√
2ǫ(1− 2φ)|∇φ|2
φ2(1− φ)2

+
∆φ

|∇φ| = − (1− 2φ)√
2ǫ

+

√
2ǫ∆φ

φ(1 − φ)

=

√
2

ǫφ(1 − φ)

(
−φ3 + 3

2
φ2 − φ

2
+ ǫ2∆φ

)
=

1

|∇φ|

(
−F

′(φ)

ǫ2
+∆φ

)
. (2.27)SaT"�u (2.24) m (2.27), /�℄�u (2.23) !Cr φt = ǫ2M∆κ∆|∇φ|, p�w?S
vQW�, ' CH �u<8>
!�	Sz.3)Fsd�, 1 ∆κ = 0. S�2K , JJ"∫

Ω φdx s�w>, 1:

d

dt

∫

Ω

φdx =

∫

Ω

φtdx =

∫

Ω

M∆µdx =

∫

∂Ω

M
∂µ

∂n
ds = 0,pY"8p<(m)tQW. rp_C9*q 8pp�
,[2m CH �u>%M, �#sjp��)>T�i"T|> AC �u8F�+�>8��u

φt = |∇φ|(κ(φ) − λ) = −F
′(φ)

ǫ2
+∆φ− λ

φ(1 − φ)√
2ǫ

. (2.28)Fl,pp�u (2.20), (2.26) m (2.27) �- λ >W�. S+a�G , |_ Dirac e�/�<V δ(φ) = |∇φ| [41]. Sai"|_ Dirac e�m�u (2.26)–(2.27), /�℄�u (2.22) !Cr
λ =

∫
Ω κδ(φ)dx∫
Ω
δ(φ)dx

=

∫
Ω κ|∇φ|dx∫
Ω
|∇φ|dx =

√
2
∫
Ω(−F ′(φ) + ǫ2∆φ)dx

ǫ
∫
Ω
φ(1− φ)dx

=
−
√
2
∫
Ω
F ′(φ)dx +

√
2ǫ2
∫
∂Ω

∂φ
∂n
ds

ǫ
∫
Ω φ(1 − φ)dx

=
−
√
2
∫
Ω
F ′(φ)dx

ǫ
∫
Ω φ(1 − φ)dx

. (2.29)IF, S5wK> AC QK>�u (2.28)  , N� λ (i.�0. o~s�)F
!�	>
!�, }~.sJ"���wD�. j�u (2.28) >i)~O"�<8:

∫

Ω

φtdx =

∫

Ω

(−κ|∇φ|+ λ|∇φ|) dx

= −
∫

Ω

κ|∇φ|dx + λ

∫

Ω

|∇φ|dx = −
∫

Ω

κ|∇φ|dx+

∫
Ω
κ|∇φ|dx∫

Ω
|∇φ|dx

∫

Ω

|∇φ|dx = 0.��, �u (2.28) >r φ(x, t) �(JJ"���w>Q�. S 3D '�|4i" TPMS 08p�VrP9�l
�np�>b~, Vx'�p�aS
Q>Ub�x�	�w>Q�, ��, P9~��- TPMS AQ~O��p�%
>�pm6�G*zs(%x>. p#*z/O-i.F*. I~Fssj�le��G�>08 TPMS p�~Op8. �p�G/�Sap8BU>08p�KP9��L>GbSQ>x�. .�>p8au/�N'^ 5(b).�^dmpttm}`(;�)p�℄hau, ��z�u~zu"-<t4L. ItFs�-*B�vzj5P9>�pIr�G~O%
, ��L�	�w>Q�. S^ 5(a)  �



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 203�Hdm5F�>%
*z�G. rp%
m TPMS 08�p�l
�np�, /S�
,�G W�:

ψ(x) :=





1 4_ ψ̃(x) > α(ψ̃max − ψ̃min),

0 4_ ψ̃(x) < −α(ψ̃max − ψ̃min),

0.5ψ̃(x)

α(ψ̃max − ψ̃min)
+ 0.5 o8�B.℄ ψ̃ >z�
,Vrp�>3)K���l
�np�>>GmeG. 4_�WJ# x s~.��np�>J#, <� ψ̃(x) > 0; �_, ψ̃(x) < 0. pY ψ̃max m ψ̃min �5r ψ̃ >Q)�mQ;�, α s8�t)5�>��|�N�. S L2 4L �ZD'��e:

E (φ) =

∫

Ω

(
F (φ)

ε2
+

|∇φ|2
2

+ λ
g(φ)√
2ǫ

)
dx+

∫

Ω

β

2
(ψ(x) − φ(x))2dx, (2.30)5 g(φ) = φ2/2− φ3/3 b, /�b6��(D�C`�>�Wr:






∂φ(x, t)

∂t
= −F

′(φ(x, t))

ε2
+∆φ(x, t) − λ

φ(1 − φ)√
2ǫ

+ β(ψ(x) − φ(x, t)), x ∈ Ω, t > 0

φ(x, 0) = ψ(x), x ∈ Ω,

∂φ(x, t)

∂n
= 0, x ∈ ∂Ω, t > 0,

(2.31)o β r|d�, φ�L ∂ΩF> Neuman)tQW, nr7ez7l. '-wx3 β(ψ−φ)>!S, ��W/��~9*p_ φ �/�0:2K ψ �x+ . pY ψ +
p�p> TPMSp�, 9� -Q;�)p�. P\T|�>�u, /�v#S
vQW�, e� φ .qp(;�)p�. ��, ��- TPMS 08>�pp�/��T|r(;�)p�.rp~.5P9>�l
�np��(bSQ, �#S^ 5(c) i"�.BU6�	>
Schwarz-P p�P9p~.�p�l
�np�. �B^*Ss��pp��F8�>�h�)p_. �p�p_/���>%�5F*zS�~�pp��L(;�)Q�>Ub,th>�Vp:j08p�BT�,BbS>�H. Sa 3D'�6�'�p~.�-BU}" TPMS 08>�p�l
p�, 4^ 5(d) 5m. /T'5F*zP9>�pp�upe>�Z, 8��(/h�>~WQmbSQ. rpNu�-��zP9>�pm6p�>�DQ�, S:jm6p�mP9<8>m6p�F�Q 150N >e_, '�9* von Mises �_>);m�D. EP�Zi#p�i">s!J>,��(07UQ>)4QIr.^ 5(d)Q�ih^ZdmpT|> TPMS �np�m:jp�F von Mises �_>);m�D�B. �qp_3., !~�>p�>�_�D":p�>�_�D5!J, ���(5~W>AQ.

3. :~�� (“:~~”)S 3D '� , rp�LBU�"a	��Op�>V�, VxBhj�Op�~O%
P9, o O-4oM9P9, �np�P9, �ZN�%
, �
W�%
, Ira℄%
�-��V6
%
Am.�). '- “ %

”2<rO-#Q|�NO,  |}�Q)
��WQ�r:2, wK�-+a�z>p�%
P9�z. p�%
P9>dT�zr
j%
�z, ��z/�SAW>P94L>jIrD�~O%
, �e#S1WkQ, )tm
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_ 5 )<�*qA&�Q:	.D7OV. (a) n~a)<�*19^i&��{?�vAH_. (b) uu�[��Z�n�_. (c) /7�
?3L^i
TR=�. (d) &�qA?rf�[q`	.���`
EV{D�QW�P9p�Q�>Q)
. :{,
j%
�V��"-p��� [42],�Z_
 [43],$4Q [44] mQ�
 [45] A
+|4. Kikuchi [7] S 1988EF�
j%
�z, Sa4aE>vd, ,Zqr:{ 3D '�>.�%
�z, rBUC66
>�ZF:r��
. :{
j%
�z/��r07UQIrxe�z (Solid isotropic material with penalization) [46],Z~p�%
 (Evolutionary structural optimization) [47], �
,�z (Level set method) [48]m+a�z (Phase field method) [8]. SpX|g , �#sj�IJIrp�wKp%
��W�DQ�>m}`mIr
j%
�z, �Q�zIp'lp`I�Z>6
V� (aS), Q�V� (Q;
3`) �-P9>/OQ. p�w?�#BR�'-0~Ir�0~}`>%
, qs℄:T
d8p5V�>~p, d#pBU}`�Ir>Npm%
. SaSm}`F%
Ir>�Dmp�, �#�B5hHT8��W>_
Q�, 8SBU}`�e#5h>Q�
vm%
p_. Ub, sj�I`p�">��WP9, �#Æ~Opm�Va	�>
j%
m�. S��WP9 '��I`p>�0, j-e#5<�>P9m5%�>Q��M%x. �#Sam�Va	�>
j%
m�, <4pBU�Va	�>Q�p�Q�, �e#S�I`pQW�>Q�Q�3#m�">_. VxÆ�>s�#S “%

” au >m�r`I�Z >P92<rm�Z2<r�L[℄p?S�:, i<in�LBR+�^℄, 3*(Zm6VVxhE, \4[℄�Z7P9>}DS:A.

3.1. qjpqf���*n%�9}	�<78Sa 3D '�6�/���8�&ZEbN��[, �6�S�ZY��G�)�rpV�M3 [50]. &6EMm�5M�Eb~w,'�(Y�+1QmY��Q>m6�GNq.Y�m6�G�����AM [51]: (i) �(+�bh><tm6p�,�FbS>6�"-�"�v��mL�,E
�; (ii)�(Y�+1Q, �B�&JN�_rmR�|, ��&6T
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�,  i��>�v, `	m�
; (iv) ��u5>�DQ�, �u���Gy>N�. Chua A [52] m�pu"-N��G>m)JM9, 8r AM #vpN�6u�G:. Puppi A [53] K" 3D '�6�Yqp~#"-�Z 3D �p��G>2K. peF, &6P9>m6p��(>F>_
Q�, \4*$ �Q [11], hh>N���Q [54],�B>�`m(` [55] A, ���6��V�i".

_ 6 'KF
n�_�/. 'KF
!�50	��
sJJ�', �'n7, �	n7RLS~O&6EMm>G�l
�np�P9>b~, VxZ"mIr*z<�Eb>GBU#QIr>�D. Z"
j%
�z, /�SAW>P94L>jIrD�~O%
, �e#S1WQk, )tmD�QW�P9p�>AWQ�Q)
. �e, VxZ"m}`*z<�>G�np�>NpM�, Ub'�xPp�Qkm)tQWjnp�P9>�0, �e#�pp�>m}`
j%
. m}`
j%
�V��"-Q;i> [56], Q�6$Q� [57], 9�C`IrP9 [58] mm6�pIr>_	0� [59] A�H. Sa�>4aEY, "0.�
�uD'Yq6�M9~O�l3)[2, rEbN��F
P9F:p~#F�� [60]. o �(,3Q>ssj TPMS >m�. TPMS 2K>I(6�	/�3x�p�m)�B>D�M:, #��~.�dup&JN��G [61], i" TPMS p��[��9Ir/�1��-�Gp�>>U;M. Melchels A& [62] ~.m6�G>*W\Qmv6>�)/-Q, S��`	, �v��L�m,E��)�(5(Z>Y�
Or. Yang A& [63] �-BU> TPMS p�F�p~#svl�Yp�P9�z, /�(>HYqBU6�M:>p�Np.�rM�E3#�07�QmB!J>Ir�DAAQ,S&ZE%
P9 , VxpV>P9m%
N��Gp�K�Lp�AQ [63]. p�x�&6Eb>>GN��G%Y'��i9>BUQKm);>p�Nq, q2BY�M:>p�_/�Sab\>�)℄2K>G��rm.B4L (6�m�6�) [64] Ke#.4^ 6 5m, &JEbp� , )� H>y�s#���m6>p�, q)�E3)>�4_s#��&m6>Ax, QeW>Eb3)_�(II�&>p�. rp5hH2BM�Eb>Ir�D, S�{>m� , VnA5M3pM�Eb>GIr>bSAQ, 8�S�LEb�DQ�x�>{F�, K"pm}`mIr�G�>
j%
�z. ����
Mp�r\, j&JEb>Gp�>P9~O�.. 4^ 75m, K"BU}"> PQK>
TPMS p�~O�l
�p�GP9. ^ 7(a) s℄O��>m6�G�-
-~O Bollean℄L*<8>�Zp_�-�pp�>�G�)x^. ^ 7(b) F�G�s
J2K>('|`>-J, ��G�s+�>�l
�np�. Sa Bollean 8L*/�<8sj
-~O�
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_ 7 tk�KL#j$CV~#? Schwarz-P RL��qA�P�m�q�HQ:. (a) �P Bollean ^M+?�[q`	.�qqA?�H�*y_. (b) )(}a�.ntk��?�m��qqA. (c) �P
Bollean 9M+?�qqA. (d) 3�6G�?�d+{TCV?y_�Zr�W3L?rf�[q`l
�np�P9>2K. rpu~<8>m6�np�>�DQ�, S^ 7(d)  dmpK"$.,6���>2K. �^ /�%8, P9>2KSqe> 3D '�C6au 3#�pth>>_. rp5��>�.�P9�Gs4o�W�, �F*>r&6Ebp�P9F:Du�>r��
, �| Vn℄�qmIr
j%
mm}`
j%
i.G�wK.

3.1.1. qjp%�9}	�<78m}`
j%
sÆS~O
jp�%
b, '�BU}`>p�Ax��<P9p�>5h>_
Q� [47]. p#�zrP9m%
�Op�F:p~#Ip'�BU}`Ax>�l, �5�)(>H~Op�P9m%
. m}`
j%
.xM3i.�H: (1) s�"ÆW>0}`
j%
5h. (2) +ynp��Ls�bS. ��EK, 'm�z�#v�K�r�F
i#;}`
j%
)x>lHPf. S!J
�z [65]  , xPp�>Q�/�A>H"07UQ�07�Q>m6np�3m, �q))_Cp%
xPp�>9*�OQ. �(wx>eJ07UQIr (Simple isotropic material with penalization, SIMP) �z [66] Sa'�&`P9.lmIrQ��L>Y�, Yqp~.hQ%
�H. 35 SIMPp#�-08>
j%
�zSd�6�p�)t�#�{9�&, 8�!S��B~W>�H. SdVxK"pe>*z,"4�:�
 [67], K((�QB~WQ.' Hamilton-Jacobi�u�Z>�l�
,�z [48] Sa*t�
,e�>zA�)�l4Hp�)t, �q��z>9*au VxBhH~O%F�j
PV, pll6�9*|d���-&7�G(;�>�H. +azUw
-)ts
�z, :{S�2Ir%
 ,Z�OrK. +az '-�7p('|`>t), Sa��z/�S;H)t.
>Ub>=
jp�.
>K9. ��, S{m>m� , Vnpp!J
�zm+azK%
m}`p�>3�Q�H [49]. 5F�>m}`
j%
�G�F<.jf: (1) ~OxP}`>
j%
, ��<x
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jM9; (2) sjxnPi}`#v8O
j%
�z, �e#SQ�xPp� np�>P9; (3) �Vm.np��L>aSQ�H, ℄xPQkÆK8z.�pp�.rp_C�H>�O`,Sm� j"EPxPp�'m#np��q,�!#np�℄(mQH�DSxPp�>BU�4.��W�~��
�j. ΘM , ΓM m ΩM 3mxPIJ4, p�)tmxPp�>N'4. xP4Æ4/�+
r ΩM/ΘM . �-+az>
j%
Vx�7~.~p� 0 8 1 >+ae�, "-�WxPp�>Ir�lJ`:






φM (x) = 0, x ∈ ΩM/ΘM ,

0 < φM (x) < 1, x ∈ ΓM ∩ ΩM ,

φM (x) = 1. x ∈ ΘM .

(3.1)S ΩM F, )Q4Q�u/�<V4�Ml:





∇ · σ(φM ,uM ) = 0,

ε(uM ) =
1

2

(
∇uM + (∇uM )T

)
,

σ(φM ,uM ) = DM (φM ) : ε(uM ).

(3.2)pY, uM ,3y�7l. P DM (φM ) = (φM )3D, o D s~.�j(`hl, <V Dijkl =

2G(δikδjl +
ν

1−2ν δijδkl). o , G = E
2(1+ν) sQ�2l, E s4Q2l, ν s=!", δ s Dirace�. A : B = AijBij si.tjhl>>". �#" Θmτ , Γ

m
τ m Ωmτ K3mI τ .np�>eJ4, p�)tmN'4. xPN'4 ΩM ���r Π.nPN'B4 Ωmτ , τ = 1, . . . ,Π.!. Ωmτ �'~#np�Nq. I τ .np�>+ae�W�4�:





φmτ (y) = 0, y ∈ Ωmτ /Θ
m
τ ,

0 < φmτ (y) < 1, y ∈ Γmτ ∩ Ωmτ , (τ = 1, 2, . . . ,Π)

φmτ (y) = 1. y ∈ Θmτ .

(3.3)xPmnP}`>P9.l>s
�u/��5<V:

∂φM

∂t
= −F ′(φM ) + (ǫM )2∆φM − ηM

∂WM

∂φM
− γM

(
φM − ψM

)
− βM

(
A(φM )− VM0

)
, (3.4)

∂φmτ
∂t

= F ′(φmτ ) + (ǫmτ )2∆φmτ − ηmτ
∂WM

∂φm
− γmτ (φmτ − ψmτ )− βmτ

(
A(φmτ )− V mτ

)
, (3.5)o τ = 1, 2, . . . ,Π. V mτ sI τ .np�>Q)J"��. �#SaP9 N .8#jxPN'P94 ΩM ~OT>. EPI i .8#>P9.lr φMi , o i = 1, . . . , N . pY, VxsjxPmnPP9.l>:2e�>~j6�~O�.:

∫

ΩM

∂WM

∂φM
dx = −

Π∑

τ=1

∫

ΩM
τ

1

2
ε(uMτ ) : 3(φMτ )2DH

τ : ε(uMτ ) dx. (3.6)

∫

ΩM

∂WM

∂φmτ
dx = −

∫

ΩM
τ

1

2
ε(uMτ ) : (φMτ )3

∂DH
τ

∂φmτ
: ε(uMτ ) dx. (3.7)
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j%
�H>:2sk8 φMi >Q��D, �e#:2e� J∗ >Q;
. φMSa�u (3.4) ~Os
, oQ%r/Vr�~jfxPp�
jM9>��, p�w?SxP}`
j%
jf , �u (3.5)  > ψM A- φM >Q%�D. h�K℄jm}`8O
j%
>�
2K~OPx+
. Q - Ωmτ >W�, ΩMτ �W�r�

- Ωmτ >5(xP08>xPN'B�4. ℄nPN'4 Ωmτ T>
r Nm
τ .08. nPP9.l φmτ,j 3m

Ωmτ  I j .08>&`��. �#�:, m}`
j%
>:2sk8Q%> φMi m φmτ,j �D, �Q;
xPp�>3` J(φM , φm). rpe#�:2, �j�j~O�.: uMτ 3mB�4 ΩMτ  5(xP08>y�7l. φMτ 3mB�4 ΩMτ  5(xP08>&`. umτ 3mB�4 Ωmτ  5(nP08>y�7l. |Θmτ | 3m Ωmτ >)". V sy�4L. I τ .,3Qnp�>!J
(`�w DH
τ /�Sa��!J
�z<8 [65]. Dm

τ 3mI τ .np�>(`hl. u0
τ 3m�j08y�a, VM0 3mWW>JIr:il, V mτ 3mI τ .np�>J"D�. m}`8O
j%
>�
2K4�5m:gk : φMi , φ

m
τ,j (i = 1, . . . , NM ; τ = 1, . . . ,Π; j = 1, . . . , Nm

τ )Q;
 : J(φM , φmτ ) = ηMJ(φM , φmτ ) +

∫

ΩM

(
F (φM ) +

(ǫM )2

2
|∇φM |2

)
dx (3.8)

+
γM

2

∫

ΩM

(
φM − ψM

)2
dx+

βM

2

(
A(φM )− VM0

)2
.i<4�QW<8�L:

Π∑

τ=1

∫

ΩM
τ

ε(uMτ ) : (φMτ )3DH
τ : ε(vMτ )dx =

∫

∂ΩM

s · vMds, ∀ vMτ ∈ V(ΩMτ ), ∀ vM ∈ V(ΩM ),

∫

Ωm
τ

ε(umτ ) : (φmτ )3Dm
τ : ε(vmτ )dy =

∫

Ωm
τ

ε(u0
τ ) : (φ

m
τ )3Dm

τ : ε(vmτ )dy, ∀ vmτ ∈ V(Ωmτ ),

DH
τ =

1

|Θmτ |

∫

Ωm
τ

(
ε(u0

τ )− ε(umτ )
)
: (φmτ )3Dm

τ :
(
ε(u0

τ )− ε(umτ )
)
dy,

∫

Ωm
τ

φmτ dy ≤ V mτ , Vmτ = φ̄τ =
1

N τ

Nτ∑

i=1

φMτ,i (τ = 1, 2, . . . ,Π), τ = 1, . . . ,Π.SpY, ψM "-W� ΩM  xPp�>
jM9. =|3 ∫
ΩM

(
φM − ψM

)2
dx i<r φM�/�h�-IWM9 ψM . γM s~.|N�. �uY)>�j(`hl Dm
τ = Dm

τ,ijkl =

2Gτ (δikδjl +
ντ

1−2ντ
δijδkl). Gτ m ντ sI τ .np�>4QQ�Æ2. rpP
rT, �#EP5(>np��(+U>IrQ�, 1 D = Dm

τ , G = Gτ , ν = ντ (τ = 1, . . . ,Π).Sm}`8O
j%
jf, +y�4 >BUnp�/��zthHbh. np��L>bhQ℄�6�np��z�l!�
V�56m>�l<�ÆKQk. SVn�{>m� [68]  , /SaP9p8*zK��%
 >bhQ, S�jf/�N'5F�>p8*zjnp�~Obh. �<3�>s, S�VbS�H>au , �PV}�0i.+yB�4�L>n08, BO-B4>G, ���Vi"�u (3.8) K%
+M>m}`P9.l, �q((�>9*. Sa8O
j%
pi.au, �#/��<xPp� np�>Q��D, qxPp�/�3#��B>_
Q�. rpu~5F�z>e"Q, pYsj(��4>^&fp�>m}`%
�H~O<�. EWIrN�r E = 1 m ν = 0.3. o8N�a℄r ǫM = ǫm = ǫ = 5/(2
√
2 tanh−1(0.9)), ∆tM = ∆tm = ∆t = 0.01. xPP9.l>1℄3
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_ 8 n~adk&�AH�v_. (a) _'gqAQ:5	.b
QX. (b) 
℄0/}a?X�5. (c) 3�6G�?9Pdk&�+{Q:?n~a_'gqA. p!?C_
6tCV7�
oQ19qA�M?
T/�	Cmr φMtol = 0.01, nPP9.l>1℄3mr φmtol = 0.001. EW��H>9*�4r^ 8(a)5m, S��4*
 H�^C7�>Qk. rpBi�_, , 8�℄+�>Qk�>��,��i"|_
�� [56] K��!.B4 >|_
&`, 4^ 8(b) 5m. ��Sa5F�>8O
j%
�z<8�pp�>Q%
jM9, 4^ 8(c) 5m. ^ 8(c)  ÆdmpxPp� nPp�%
{�j">_. �xPp� a�p<.BU�4Ir�L>nPp�,5��>dmpS%
au nPp�>bSQ.
. �e, Saj"K"xnP8O
j%
�z0K"0}`
j%
�z5<8>%
p�>Q�, �#v#j-^ 8(c)  >p#�B, xPp�>(``Cp 17%, p~.p5F�z�e/�(>>r�m}`
jp�%
�H8��<phh>_
AQ.

3.1.2. qf�%�9}	�<78EWF
BUB43mBUIr, %
P9p� >BUIr�D, '�BUIr�L>�_�.Q�, smIr
j%
 Vxr�>MV�H. SmIr
j%
�z , ℄+
0#Ir>.l3mr0..l [10], v1 SIMP �zK2�z.p�>_
Q�. mIr
j%
�H.x)x4�Pf: (1) BUIr�L>+�V"Sd�d�O. (2) *�>9*q �'�%
�H>W2�-e>/OQ. (3)
v5O->m.%
:2`Cp�r>=`. (4) ��QBL6�%
*z&7�G(;�. �-�FPf, �#
zpp SIMP �zmm++a�zK�VmIrp�
j%
�H. Garckesj�O> Ginzburg-Landau�l~ODu�T|�rw4Q>� [70], b6�+(4Q> CH �W, 8rr>!SQmq~QF:pV��n. �-�V�, �#�[p'�O Ginzburg-Landau �l, 4Qq�m~�D�QW�q>m+a4Q�W�l�e [71]. rpP
9*, ~CQS4QJF>5(eG_>Jmrz, 8�'�y�B.bL.
>�4Q_
�H. 0Ir�L>_
Q�/�"
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:

E(u) = 1

2

(
∇u+ (∇u)T

)
, σ0(u) = D0 : E(u),∇ · σ0(u) = 0, in Ω. (3.9)





u = 0, on Γ1 ⊂ ∂Ω,

n · σ0(u) = s, on Γ2 ⊂ ∂Ω,

n · σ0(u) = 0, on ∂Ω/(Γ1 ∪ Γ2).

(3.10)pY Ω ⊂ R
d, d = 2, 3 s~.(t> Lipschitz P94, o (Γ1 ∪ Γ2) ⊆ ∂Ω � (Γ1 ∩ Γ2) = ∅.y�7l u s~.9:.l, B.bL>.
q.
. E ,3�.hl, σ0 ,3*
�_hl, s sCQS4QJF>x�_, D0 s�j(`hl, }!p�_m�.�L>M�, hl

D0 >!.�l/�<V:

D0
ijmn =

E

1 + ν

(
δimδjn +

ν

1− 2ν
δijδmn

)
, (3.11)o E m ν �5s4Q2lm=!", δ s Kronecker− δ 2<. EP Ω ��q4.B�4,o �
4�4�BU#Q>Ir, 1 Ω =

⋃
Ωk,k = 1, · · · , N . A5H, " ΩN 3m4Æ�4. h�K, �#�7+ae�K+
p�B4. j- k = 1, · · · , N ,





φk(x) = 0, x 6∈ Ωk,

0 < φk(x) < 1, x ∈ ∂Ωk.

φk(x) = 1, x ∈ Ωk.

(3.12)

φk(x) = 1 3my� x �>IrN���
I k #Ir, φk(x) = 0 3m x �>IrN�B�
I k #Ir. rpP
, �#W�7l φ = (φ1, φ2, · · · , φN ) 3m x �>IrNq, 8�EW5(Ir�(+U>=!" ν. �e, �#Æ��'�H>t)�4, SpYsKZBUIr~O~W�p, 1 0 < φk < 1. 3s, Sz.9*4 Ω F, ��L��D�:

N∑

k=1

φk = 1, 0 ≤ φk ≤ 1, k = 1, · · · , N. (3.13)�#W��j E rIr4Q2l, E = (E1, E2, · · · , EN ), o Ek(k = 1, 2, · · · , N) sI k #Ir>4Q2l, W��j D0
k rI k #Ir>(`hl, H>t)�4>(`hl' D0

k >Y�e�W�:

D(φ) =

N∑

k=1

φqkD
0
k. (3.14)pY q s~.wx�B, �#a℄ q = 3 ���r>$8<�H|d8 0 m 1 [46]. ��, S Ω >m+a�W>)4Q�ur:

E(u) = 1

2

(
∇u+ (∇u)T

)
, σ(φ,u) = D(φ) : E(u), ∇ · σ(φ,u) = 0, (3.15)



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 2118K"+�>)tQW:





u = 0, on Γ1 ⊂ ∂Ω,

n · σ(φ,u) = s, on Γ2 ⊂ ∂Ω,

n · σ(φ,u) = 0, on ∂Ω/(Γ1 ∪ Γ2).

(3.16)Sa�mIrp�>Q;3`�Hr:2[℄+�>%
:2e�r
J (φ,u) =

∫

Ω

W (φ,u) dx =

∫

Ω

1

2
E(u) : D(φ) : E(u) dx, (3.17)o Ir&`e�j"�LD��u (3.13)�-J"D� ∫

Ω φk dx = V0
k,pY∑N

k=1 V
0
k = 1,

V 0
k s φk >J"D�. ��M-+ φk >
j{-`/SaC`��zW�4�:

∂J (φ,u)

∂φk
=

∫

Ω

∂W (φ,u)

∂φk
dx = −

∫

Ω

1

2
E(u) :

(
qφq−1

k D0
k

)
: E(u) dx. (3.18)S�-+a>mIr
j%
 , �#K"~j%
�zKgkQ�D�. :2e� J ℄�5
rm+a4Q�W>�le�. +�H, φ >Q�D�℄�5
r8�Yn��u>r.h�Kj�-+a>mIr
j%
2K~O�.. ���Z~.T|�>�le�, �F:j:2e� J -oD�:

E(φ,u) =

N∑

k=1

∫

Ω

(
F (φk) +

ǫ2

2
|∇φk|2

)
dx+ η

( ∫

Ω

W (φ,u)dx−
∫

Γ2

s · udτ
)

+
β

2

N∑

k=1

( ∫

Ω

φkdx− V 0
k

)2
+
α

2

( N∑

k=1

φk − 1
)2

+

N∑

k=1

(1
2

∫

Ω

|min(0, φk)|2dx

+
1

2

∫

Ω

|max(0, φk − 1)|2dx
)
. (3.19)pY N Xq�3mr ∑N

k=1 F (φk) =
∑N
k=1

1
4φ

2
k(1 − φk)

2. H>t)>|`�L ǫ ≪ 1, o/N� η, β m α ℄s���. ��K" Moreau–Yosida|_
�z [72] K8�P9.l>�~p. ��'�S L2 4L SaC`.�>�lb6+�>8��u. j- k = 1, · · · , N , (4�8��u:

dφk
dt

= −F ′(φk) + ǫ2∆φk − ηω(φk,u)− β
(
A(φk)− V 0

k

)
− α

( N∑

i=1

φi − 1
)
−Υ(φk). (3.20)pY, ω(φk,u) = ∂W (φ,u)/∂φk, A(φk) =

∫
Ωk
φkdx, Υ(φk) = min(0, φk) +max(0, φk − 1). �u (3.20)  >9:.l u *�L�u (3.15) m (3.16). rpu~5F�>mIr
j%
*z>��Q, ℄2�qe CT ��K"gm 2.2  >�Z��%��z%��K>&JdE2K, 8`pFgm §3.1.1  >m}`
j%
�z, Sa�" Schwarz-P QK> TPMS 08p�, r&JdEP9p6�	C`.
>m}`Du��np�, p_4^ 9 5m. S�m�^ , BUpB�4,3i"pBU}"m6�	>08p�. s� 5m>>1s�m6�np�>�)^5. �^ /�%�, �!J6�	m6
}"/��G8�&6Eb>W\	m(`��Le>V�. p~�F�z��'�pM�Eb>p�AM, r&6Eb>P9F:p/O>r��
, B}�LpIrbSQ>x�, Æ�~pzJp�>�DQ�.
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_ 9 'KeF3L!�m��qqA?Ev�Q:. (�BX�5y
, TbnJsdk&�+{	
3L!CV�5. (�'KF
!�'a
EBN, [#n~adk&��{�PEv�7�
U{n�oqAQ:
3.2. � - x - �K{n%�9}0
$�J
j%
sS$_
D��j�J
j%
�H>m�, V��"- v��Y_, >$t�Zm 3D '�A$6�"|4 [73]. M-$�J
j%
>�H�Q4�: Zl�u>�JLZ�H [74], $Æ60j��H [75], �-O-in`p>�H. Wm>6V'
Borrvall m Petersson [77] �7p+()�wx3>:2�le�, SaQ;
�J>i>�<8%
M9. $�J
j%
Sm��pIrp�P9 v�?MVV", r0#�J�"F:p�FKr��
 [76]. o.x:>sr�:2�eSB/i2 Stokes �umj�$Æ6�u>D��gkQ;�>�H. EPP94r~.IW> Lipschitz4 Ω ⊆ Rm(m = 2, 3).P ∂Ω ro)t, Ω >ez7lr n. �7 φ ∈ L1(Ω) Vr Ω  >(t.℄>Axe�, i"
V (Ω, {0, 1}) 3m Ω  >(t.℄e�4L, �Jr φ = 1(x ∈ Ωf ) m φ = 0(x ∈ Ωs). �7
φ := χE ∈ V (Ω, {0, 1}) > Caccioppoli ,p E ⊂ Ω, i" Ωf := {φ = 1} KW��JB4. �e, ℄eJB43mr Ωs = Ω\Ωf . M9%
>:j2K/�W�r��e�>Q;
:

min
Ω
Jori (u, T ) =

∫

Ωf

(µ
2
|∇u|2 − u · f

)
dx+

∫

Ω

1

2
T 2dx+ γΓ (Ωf ) , (3.21)





∇p−∇ · (µ∇u) = f in Ωf ,

∇ · u = 0 in Ωf ,

n · ∇p = 0 on ∂Ωf ,

u = 0 in Ωs,

∇u · n = 0 on ∂Ωf ,

u = g on ∂Ωs,

(3.22)

{
ρCpTt = ∇ · (K∇T )− ρCpu · ∇T in Ω,

∇T · n = 0 on ∂Ω.
(3.23)�J
j%
�u (3.21) >:2�e'��G�Nq: I~3r Stokes �>3`�l, o 

µ r�J>_`a, u r$`a, f rV"-z. Ω >e_. It3s$�, T sz`a. Q�~3s(f>wx3, o γ s|>wxN�, Γ(Ωf ) s Ωf >(f. D�QW 0�j
�



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 2134�: p r�J>i_a. K, Cp m ρ �5s6$��, �J>$1lm&`. S�%
�H , $`aW�Sz. Ω F, 3sVx��4~OD�, 1S Ωf F, $`a� Stokes �u>D�, S Ωs F, ~ u = 0. 3p#�4%
�HS�rF=`), 8�/�!Sm.�GQ%r, �-%
*zk8��Q%r=`). rp((p#�B, �#℄��J�4%qW\	f;>m6w� [77], p#EP�w?/�℄�J9*�4 Ωf Hd8z.9*�4 Ω. IJ�4 (�CW\	�J) 0�J�4�L>K9t)�H>t)�,. �-F
EP, �#'�S H1(Ω) 4L ~Op�%
, 8"+a.l φ K��p�%
�4��J�4. �#�BU>��53m�J4 (φ = 1) mIJ4 (φ = 0). �JmIJ�L>H>t)" |φ| ≤ 13m. �r Ginzburg-Landau �ls(f�e>� [78], ��, /�i" Ginzburg-Landau�l [79] L�::2�e (3.21)  >(fD� γΓ(Ωf ) ,

γE(φ) = γ

∫

Ω

(
ǫ

2
|∇φ|2 + 1

ǫ
F (φ)

)
dx. (3.24)l , F (φ) = φ2(1 − φ)2/4 r�Xqe�. γ �)rs� L�>C�N�, giAl (3.24).? ǫ → 0 |d, o ǫ 0t)|`q|". '-i"pm6w�,LIJ4, /℄W\	

αǫ(φ) : [0, 1] → [0, α̃ǫ] W�rM- φ >T�e�, ��/℄ Stokes �5
r Darcy �:

αǫ(φ)u −∇ · (µ∇u) = u. (3.25)l , αǫ(φ) sKR>, �Mmb\>. o (α̃ǫ)
−1 sW\	, �L α̃ǫ ≥ 0. '�8m6w��W>
�Qm!JQ, /�b� limǫ→0 α̃ǫ <∞ m α̃ε = o

(
ε−

2

3

)
. �-�, S:j�lFNC~.wx3 ∫

Ω
αǫ(φ)|u|2/2dx, i< limǫ→0 u = 0. �e, ST|>:2e� '�pJ"D�K'��Sl. pY" V (φ) :=

∫
Ω φdx 3m�J�4>J", 8℄wx3 β (V (φ)− V0)

2
/2NC8T!>:2e� , o V0 s5V>J". β s~.|N�, 9'�pJ"D�>�0, /�2�e>�"a℄+�>N�. T|�>:2e�/�Jpr:

min
Ω
J(φ,u, T ) =

∫

Ω

(µ
2
|∇u|2 − u · f

)
dx+ γ

∫

Ω

(
ǫ

2
|∇φ|2 + 1

ǫ
F (φ)

)
dx

+

∫

Ω

α(φ)

2
|u|2dx+

∫

Ω

1

2
T 2dx+

β

2

(∫

Ω

φdx− V0

)2

,

(3.26)





∇p−∇ · (µ∇u) + αǫ(φ)u = f in Ω,

∇ · u = 0 in Ω,

∇u · n = 0 on ∂Ω,

n · ∇p = 0 on ∂Ω.

(3.27)

{
ρCpTt −∇ · (K∇T ) + ρCpu · ∇T = 0 in Ω,

∇T · n = 0 on ∂Ω.
(3.28)K"�L,2K>%q/�Jp4�: (1) 5i"m6w�,LIJ�4b, B"R9*b��I - }�4, ℄:�H���4�I`p%
�H5
r��i+�J>D�%
�H.

(ii) 0+ae�+M>N� µ, K, ρ, Cp, /��l4��l~O5F:

µ(φ) = µ1 + (µ2 − µ1)φ, K(φ) = K1 + (K2 −K1)φ,

ρ(φ) = ρ1 + (ρ2 − ρ1)φ, Cp(φ) = C1 + (C2 − C1)φ.
(3.29)



214 ��:+1:+ �# 2024 Fl µi, Ki, ρi, Ci (i=1,2) �53mi+>wW_`, 6$��, &`m$1l. }e, rpP
9*, EP µi, Ki, ρi m Ci ℄0z`�M. S.�n�>��F, K"C`��z. +ae� φ(x, t) >s
���D�:

∂φ

∂t
= −δJ

δφ
= −γ

ǫ
F ′(φ) + γǫ∆φ− α′

ǫ(φ)

2
|u|2 − β (V (φ)− V0) . (3.30)SasjF
2K~O9*, �#/�sj(�M9>$�R:~O
j%
P9. rp�.�#*z>*>Qm��Q, �#S^ 10  dmp<tH>t>
j%
au. S7�)tFa℄~Q�K, =Hr (0, 5, 5). =>�
s 2. a℄��)tF�=Hr (10, 2.5, 2.5),

(10, 7.5, 2.5), (10, 2.5, 7.5) m (10, 7.5, 7.5) >�.�K. 5(=>�
℄A- 1. ^ 10(a) dmpY~
>:j�l�`, �)O)>Y^r%
p�SÆWbL t = 0, 3, 6 m 10 >�Z
(x = 5, y = 5, z = 5). :j�lS t = 5 �&8~W9:, pz~ep5F�
s~W>. �^
10(b)  /�%�<tR:��jM98Q%M9>5.au. S^ 10(c) dmpm2:tt$�
j%
>p_.

_ 10 %��[?dk&�n�_. (a) =u%�S;t�bv!Am/
MLS. P*?C_s9
3k�?�[q` (x = 5, y = 5, z = 5), �G t = 0,3,6 n 10 
3. T t�_!, ;kAm���PqZ���W. (b) =u%�S;dk&�q`. (c) n3;uu%�dk&�q`. J�Pt�k3;, JuPt�.�k3;�P%�dk&��?RA?%3;. MC�
t{a
EI_. (d) �Puu%�S;dk&�*uRX	.&�N:en. �T�+, 
6t�P�5S;&�, I?S;&�, g�S;&�, 	.[�P�S;&�I~Os�j2:, ItOs�-�j2:~O
j%
e#>Q�>$2:. F�>pB,3>s�Z�r>��4 >$l�D. S^ 10(d)  dm>s�Ott$�R:
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�H�-+�>%
M9dm, �S�*dm>�5s�O�4R:%
, H>R:%
, f�R:%
, �-Z�O�R:%
. �p�p_ /�%�, %
�>p�sT�>,3.��z�BthHr�$�
j%
�H.

3.2.1. �; TPMS n�
��-H��<9}.�S:M9+�-Æ$>�0j>$tS:p�P9m%
�M%x [80]. 
j%
�z�BZ"Æ$ [81], eG�Q [82], M9.
 [83] m�J�Z [95] >AQKDu�P9S:M9, �Q)u`HF*>$>_, `)�JSl8_Ci� [84]. .?
j%
6�>h$vd, K"%
�zP9�$tp�>m�z�LqY. Wu A& [85] [℄psj
7m6p�>$�S:>%
2K, Sa`Ch
3)"KF*�$�_. rpQ;
,q�W >$M8�Q)
S��4>$��, Soprani A [86] F�p~#�(AWP9D�>$Q2<,q
j%
�z. Ozdemir A&>m� [87] 3., 0P0>℄�i"p�+", TPMS >m6p��(5*>Æ$Æ�Q�m5C>�ZM_. �- TPMSp�>S:M9
j%
m�:{*�-rFjf, .x, Sm���P^Ax. Modrek A& [88] F�p~#�-IJ07UQwxz>m:2
j%
�W, j$:2e�mp�:2e�~O%
, <8p>$Q�h, p�hzQ�>%
p�. -�%
�>p��(5h>6$Q, 38#8v.�?�p�℄�jÆ$m(`>�0. Al-ketan A [89] [℄p�- TPMS p�>!J>$tm
jM9.
>>$t><t�JZ_
2K, "fp9#Sj��H >>$�_. 8#Æ'�pp�6�`>C`.
, r�- TPMS p�>$�
j%
F:pF>�7.VnSgm 2.4  [℄p� TPMS p�r�jM:>T|> Allen-Cahn 2K
φt = |∇φ|(κ(φ) − λ) = −F

′(φ)

ǫ2
+∆φ− λ

φ(1 − φ)√
2ǫ

, (3.31)l , κ(φ) s
!�	, λ s
!�	>
!�. �e, ÆS�u �7p~3 Lagrange wx3 [90, 91], �gi%
�>+a�L κ = λ, �qBvY�w>
j.
:

L (φ) =

∫

Ω

β

2
(ψ(x) − φ(x))2dx, (3.32)l , β s~.��r|> Lagrange tB, ψ(x) s�- TPMS >N'p�. Vx�.>s

ψ ∈ {0, 1} BsbL+M>, 8�Vr0# TPMS p�>NpS�j9:b1W. S:>>GP�r {x : ψ(x) = 1}, S:>eGP�r {x : ψ(x) = 0}. ��, �- TPMS >j�Æ$m�pIrP9>
j%
�H/�5
r%
4��u [92]:

min
Ω

Jmod(φ,u, T ) =

∫

Ω

(
η(T )

2
|∇u|2 − u · f

)
dx+

∫

Ω

αǫ(φ)

2
|u|2 dx+

∫

Ω

k(T )

2
|T |2dx

+ γ

∫

Ω

(
F (φ)

ǫ2
+

|∇φ|2
2

+ λ
g(φ)√
2ǫ

)
dx+

∫

Ω

β

2
(ψ − φ)2dx, (3.33)



216 ��:+1:+ �# 2024 F+�>D�QWr:

∂φ(x, t)

∂t
= −γ

(
F ′(φ(x, t))

ǫ2
−∆φ(x, t) + λ

φ(1 − φ)√
2ǫ

)

+ β
(
ψ(x)− φ(x, t)

)
− α′

ǫ(φ)

2
|u(x, t)|2, (3.34a)

∂u(x, t)

∂t
= −∇p(x, t) +∇ ·

(
η(T )∇u(x, t)

)
− αǫ(φ)u(x, t) + f(x), (3.34b)

∇ · u(x, t) = 0, (3.34c)

∂T (x, t)

∂t
+ u(x, t) · ∇T (x, t) = ∇ · (k(T )∇T (x, t)). (3.34d)rp'�z`C`jZlm$Æ6>�0, �#2� Sutherland W�, EP
`m6$��℄0z`(M, o�rMl4�:

η(T ) = η0

(
T

T0

) 3

2 T0 + 110.4

T + 110.4
, k(T ) =

η(T )ω

(ω − 1)Pr
, (3.35)l η0 rZ:
`d�, T0 r
�z`, ω r $Æ�, Pr r Prandtl dl.rpu~5F�>�z>S"Qm��Q, �#��K"i#QK> TPMS p�~OS:%
. j-+ae� φ, $`a u, i_a p mz`a T , K"��-�Z�7> Neuman)tQW. o79m�9>S:K" Dirichlet )tQW. 4^ 11(a) 5m, '�i.+y>℄�Jm>2<>)�>(mQ TPMS p�, 8�b\m
�>�l��,q Schwarz-Pp�m Schwarz-G p�. Sai"5F�z, /�<8T�>%
p�, ���e, 5F�zS

Stokes �u>�0�
�p�JS:t), ((pK9>d�m�Q>3). rpsm�pp� >�SQ, �#��p$`�)^, 4^ 11(a)  >I<hB^5m. �)>�l3m�JZ_
 >Sl, q�)>pBAx_3&p$�. �p_ /�%�, �J�79�h
a Schwarz-P p�, S Schwarz-G p� Mqp��, R�p�J�Z8 ~p$Sl>H>. Sap���p_<���p�:(i) 079�>�$+", �9�>�$!/_C, �rS G p� �#p��mU8. (ii) 2�5F�zP9>S:�esbS>, /��~�J�l>�w. (iii) 5F�>�zsS">, B� TPMS p�QK>'�. }e, �#z
z"�- D p�>��08P9)W2$�R:, 4^ 11(b) 5m. rpu~�#5F�>2KSm#�pa	�>u"Q, �#Stta	�~Om#QK TPMS ��08p�>>$�:P9, 4^ 11(c), �S�*)7>P9a	�5sm}"p�, mQKp�, m6�	p�. �%
p_ /�%��#>*zsj�Oa	/�~ODu�Tzm%
. ���e,�#sjBU}"> TPMS p�~O.�j", 4^ 11(d) 5m, �#dmpm}`<t>$R:��%
P9p_,I~OsBU}" Schwarz-P08p�>%
R:j">_,ItOsBU}" Schwarz-D 08p�>%
R:j">_. Saj"p_/�%�, !.��p�08}"8~ODu�%
P9, /�F[�:>>$>_.

3.2.2. k &��w��n	�<�#*>q~Y>j�p�S6{�W �s?�M%x>dB, A5sSm#L�w�>ÆK , \4Ij [93], �v�� [94] m�J [95]. p#j�p�j-AT)W2�W m.(	�(%x��. S�Mm��}`�W>Y�J , Y�L�j�j-bhBUtN�N
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_ 11 �. TPMS ��19qA?�PS;dk&�Q:. (a) Schwarz-P qA1 Schwarz-G qA�q�P�P�;Q:. �T�+
6tO(qA�&�qAn&�T;??�%�*?`en. (b) �. D ��19qA?*X3%�S;Q:?`. (c) uub
�n$ TPMS �qb
??%�;Q:. (d) n~a=u?%S;qA&�Q:��M%x, \4SeRj� , Sa��j��"e}, B+�lm�v��, 8Sa��j���,E_� [96]. Y��WSd�(�O>Æ9�Wp�, Sap#p�/�r�WRJe�i> [97]. f
2/>Æ9p�F:pj��1��RJ:Z>~YQ [98]. SajY�Æ�j�~OP9m[29*, (1-�"S0#�YP95 , /�℄o�"0 3D '�|4, P9�5*>�5�O>�"j�p�,"-'�Y�N�6u [99]. SaK"Y�+1QIr,\4Y�>�, Y�_r�, Y�Ha8A, /��Z��(u5_
Q�mY��Q>&6Mm, k{#�JAtN. Y�Æ�j�ll�(�O>nPp�, 4m2���m6p�, Sa9*2Bm%
P9, /�S 3D '�|4 e#p��O>n�p�, F*'�W>9�Q. ���e, SajY�Æ�j�>9*2B, /�~O0#QW�>�qUz, eC+MP9SBU
��>�">	�~WQm/)Q, (1-F*Y�'�W>Q�. Hum Cai [100] F�p~#�ZY�L�j�Mq>%
:_, '�p��m,E:i0L��lq �L>ÆyM�. "�#�:j�l�e�v EM :

EM =
1

2

∫

Ω

(
K|∇m|2 + α

γ
|m|2γ + C|m · ∇p|2 + Cr|∇p|2

)
dx (3.36)o I~3 K|∇m|2 s�\.ZÆ�>^q , It3 α|m|2γ/γ ,3tx.ZÆ���[Æ�j�)�>Irm,E�lq ,Q�~3 (

C|m ·∇p|2+Cr|∇p|2
)s5(BU9:>:ZSl>
!�lq . pY�#℄Q6	7l3mr m(t,x) ∈ Ω, o 9*4 Ω s~.(t4, ∂Ω roT�)t. 7l m >�73m.ZÆ�>�7, v� |m| ,3Æ��`. .l

p(x, t) r%#�Z_Y>i_, K ≥ 0 rH>��, C ≥ 0 r�Zj�u�>%�N�, α ≥ 0r,Ed�, 2� Murray W� [101] EP γ ∈ [1/2, 1] rY�(�J>,E	. �2KSa`p%#Æ�mu�auK ~Æ�R:>M9%
 [102].



218 ��:+1:+ �# 2024 F�-V� Onsager :V [103] �-sj|��D~O�� [104], �#SaC`.�:VF�p+�>}�H>2K, 9D�H, pYf#C`AQ, r�Æ�j�F:LBI���WoYqau. Sa�7 Gizburg–Landau �l8:j�le� , Ip'lpYf#>C`
Q, �#℄:j>8��uT|r�-+a�z>�li>Æ�j�2K. 4�r
Ginzburg-Landau �l:

Eφ =

∫

Ω

(
F (φ)

ǫ2
+

|∇φ|2
2

)
dx, (3.37)o F (φ) = 0.25φ2(1 − φ)2, N� ǫ > 0 s|�mv��L>h3)>('W|. +ae� φS [0, 1] ~p>��, qB}}s 0 � 1. rp��'v��ZMq>
jM9/�SQ6	>Æ6�<�3x, �#℄sj�le�NCj�3:EC =
∫
Ω |m · ∇φ|2/2dx. Sa℄,Eq �l0 Ginzburg-Landau �lpp, �#/�<84�T|�>J�l:

EN = EM + Eφ + EC

=
1

2

∫

Ω

(
K|∇m|2 + α

γ
|m|2γ + C|m · ∇p|2 + Cr|∇p|2

)
dx

+ β

∫

Ω

(
F (φ)

ǫ2
+

|∇φ|2
2

)
dx+ ζ

∫

Ω

|m · ∇φ|2
2

dx,

(3.38)l β r~.|>wxN�, ζ > 0 "K8�jQ6	>j�>�. Saj�l�u (3.38) ~OC`.�, /�b6�T|> AC QK>�u:

∂φ

∂t
(x, t) = −β

(
F ′(φ(x, t))

ǫ2
−∆φ(x, t)

)
+ ζ∇ ·

((
m(x, t)⊗m(x, t)

)
∇φ(x, t)

)
, (3.39a)

−∇ ·
((
r(x)I +m(x, t)⊗m(x, t)

)
∇p(x, t)

)
= S(x), (3.39b)

∂m

∂t
(x, t) = K∆m(x, t) + C

(
m(x, t) · ∇p(x, t)

)
∇p(x, t) (3.39c)

− α|m(x, t)|2(γ−1)m(x, t) + ζ
(
m(x, t) · ∇φ(x, t)

)
∇φ(x, t).o �u (3.39b)  r rW\	, I r0y�w, S(x) rN� _Y>%#>�D. Vx�.>s, S�u (3.38)  �7>�lq e��h��p��-+t)>�L. �e, 5F�>�lq e�(1-~WBU+ (��+mN�+) �L>)t, 8F*���z>~WQ.rpu~5F�>2K���L�lKRW�, ^ 12(a) dmp�l Ed(φn)/Ed(φ0) .bL~Os.>p_, �au~�x\8 T = 100. o dm>B^!mpÆWbL t = 0, 12.5, 25,

50 m 100 b>+aM:. T|�>J�l�Sa�j�l~OpY~
. ^ 12(a)  >p_3., T>J�l�QWKR. �Yqau>s. /�%�, SQ6	H>>�0�, |ZM9S�v}j�9:�Mq. �Æ$ f�pQ Æ�>Y�j�, �Æ$Mqp��, 8�S���L>N�F�#p�d. �<3�>s, ^ 12(a) >B^dmpY�j�>~:p_, SBUs
b2�xp�p�. ^ 12(b), (c) m (d) ��p+M�Vl>�J^, dmpBU�Vl> L2 ~�, \46Q7l m, � log rF>�J$` v mi_C` ∇p. S8��u �7`p3 (m · ∇φ)∇φ, (1-~W��+0N�+�L>)t, 8F*���z>~WQ. �^ 12(b) /�%�, .?�v}>�Z, |�>Yf,ZMqÆ9p�. SaP\^ 12(c), /�%8��+>$`�)-N�+>$`�, p3.��+>$`�+t)F



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 219W\i>�0. 4^ 12(d) 5m, `p3�h��poS+t)z)�7F>�L, j>GÆ�>�0f;.

(a)

(b) (c) (d)_ 12 ��k�qA&�Q:. (a) 6G�?��3LpAm/
M?t/�*. C_"nqBX
3 t = 0,

12.5, 25, 50 n 100 ,b φ T L2 5M!?N;. � (b) 9 (d), q`
6t7R8m m ? L2 ��, �K%a v ?	 log sG? L2 ��, 	.j`Da ∇p ? L2 ��
4. v4sC (“sC~”)�EK, j 3D '�au~O��2B�q�qr%xm��7 [105]. 3D '��(*z,*i, iIl)m*q >AQ, oj-[:B!JQ, Ir

>�, [L4�Am#AQ><�6U*�)xl"Pf [106]. ���e, sj 3D '�>��9*VxP9*Q�9*�G.x)7Kl4L>m�Va`p9* [107]��K4L>�M9*Am#9*=H [108, 109].

Yan m Liu A&Q�#dp~�t�-QB�mmF+�V">m}`2Km� [110]. LiuA&F�p�-^B>a℄Q%T.
 AM �z, ��z℄('J"zm('8�z+pp,q91�p�b\Q9*=H [111]. Sm.f`}`mbL}`F, Markl m Korner jÆ6�,pau~Op��2B [13]. �Rp��zSm}`[2�)�<p!/~d, 3ru�



220 ��:+1:+ �# 2024 Fqe> AM 6
N�P9, [℄+�>�V2K*�)x+m�H, �Fm#qe6
N�02K>`pm�. p3m�)x>Pf/�"Fr:(i)S 3D '�au ,z`�w.
,o4LmbL}`BB)-+a>.
 [112]. (ii) [℄>2KVx
vm.}`�L>M�, �q+Kp�)>9*�/ [113]. (iii) 2KN�0�ZN��L>(>M��h�02K><�Q, �-s��Bj AM 6
~O<�6Um}D [114].

4.1. �;��i��!n 3D m6qjp	�<rB.,k"6�s'*z�Z>.
3i 3D '�6
, 9F:p�(Y_�O4ozW�_>r��
 [115]. S'��Z�{, SdVxK"4"> 3D [28W (4 Blender�
AutoCAD�SolidWorks A) KP92K, 8i"�Z8W (4 Cura�Simplify3D A) ℄2K5�rup'�> G- ,�. S 3D '� , G- ,�s~#d">Æ~3o, "-8� 3D '��
O0#PV. 9s~#�t3o,"K+
'��S<t4L>4o�Z�̀ 5�-
Oo8ZV. '��RPq? G- ,�P�>�
�1W>$`�Z, 8℄��k"S��HI>IrF. HIau !S07�Qp�#9. �6��o6
P0, q C, Irmw (y
, >�, �6)&rA), ��"S'm|4. Nasirov A& [116] Sa`pi�V� (laminate

theory) mZ�!�
�z (asymptotic homogenization) K<4$.,6
 W���>
Q_
AQ. Sanchez-BalanzarA& [117] SaP
,3QJ"082K, F�p~#m}`!�
�z"-YqKub[>��p�. �q, :{Æ�(j$.,k"6�~Om}`[2�-�q>N'
\. rpgm 3D '�au 0#�&>Mq��, 2�.
, $_
�Z, p�, HIA~�t�O>�V#9, �#VxIp'�0#�VAx[℄m}`>�
2K. ��� Lyapunov �l�e�v,

E(φ) =
∫

Ω

|∇φ|2
2

+
F (φ)

ε2
+

1

ε2
λθ
(
φ− 2φ3

3
+
φ5

5

)
dx,o φ(x, y, z, t) ∈ Ω 3m&`a, Ω ⊂ Rdim, (dim = 2, 3) s9*4. F (φ) = (φ2 − 1)2/4 3m�Xqe�. |N� ε 0z`(M, "-8�H>t)>?`. λ s~.�l)N�, 3m+am6Qz`a�L`p>�`. θ s�l)z`, rHIF:$�8 ~�JYf. SajD'�^C.�6�, /�<84��e:

∂φ

∂t
= −δE

δφ
= ∆φ+

1

ε2
(
φ− λθ

(
1− φ2

)) (
1− φ2

)
.'�8 3D '�aus.?RP>LZ7�W NCIr8Sa$H>,ZS�>au, +.�u0$lÆK*``p, ��[℄4�xP8��u:

ε2
∂φ

∂t
= ε2∆φ+

(
φ− λθ

(
1− φ2

)) (
1− φ2

)
+ S, (4.3a)

∇ ·
(

k

ρCp
∇T
)
+
q(x, y, z, t)

ρCp
=
∂T

∂t
+ vp · ∇T, (4.3b)o φ = 1 m φ = −1 �5rHI�W> JI+m.,+. pY T s�JF>�:z`,o�l)3&lr,

θ = Cp(T − TM)/L, (4.4)



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 221o TM r
�z`, L r�.}$��, Cp r"$��. '-$.,6�O-�O>�V#9, 4*z�>.
au, $H>�>HIaump��>

}�, �#i"�JYf�u (4.3a) K%# AM au >�V#9. ��3�>s, RP�1W>$`�l2Wh> G-,��Z, 9/�8�3�$	,�Z�
, �Z$`my�.��, J">/��xry- xS>~.�(wWJ">
J. EPk">�>2p�
 D =
√
4Q/ (vsπ), o Q s~1$	, vs s�p�.JT#RP>$`. '-�W>$l.xKD-RPS�Zau 3�>��5w�>, �#VxS$H>�u �7j�3 vp · ∇T , K'��RP ����5+K>�0, o vp s+(�Z$>>'��RP>�+$`. �e, S�u (4.3b)  Vx'�$.�p� q j-�W>�0, 9/�W�r

q = ρCpTinjSδ (x− xS) . (4.5)pY, Tinj s'RPa��r>3Mz`. pY'�i"~.Z:8�R�K+
RPz`
Tinj m�Z$` vp �L>M�, 1,

[Tinj] = [vp]
∂Tinj
∂vp

, (4.6)o [Tinj] r Tinj >Q)�0:2z`��L>Y℄, [vp] sRP�+$`>Tz℄�. �#N'|% [118] [℄!Me�:

Tinj = As exp

(
−vp

Bs

)
+ Cs, (4.7)o As, Bs m Cs s0,p�4+M��M-�Z�l>��. �3'�pIr�RP3��S�V4L vYM:5.5w�>$l. �auBU>Ir&` ρ, Ir>"$1 c, �-z.�W>6$�� k �.? φ >.
q.
, p��Vl��W�r:

ρ(φ) =
1

2

(
ρ1(1 + φ) + ρ2(1 − φ)

)
, (4.8a)

Cp(φ) =
1

2

(
Cp1(1 + φ) + Cp2(1− φ)

)
, (4.8b)

k(φ) =
1

2

(
k1(1 + φ) + k2(1− φ)

)
, (4.8c)o ρ1 m ρ2 3m�p�m4v>&`, Cp1 m Cp2 �53m�p�m4v>"$��, k1m k2 �53m�p�m4v>6$��. Ir>&`m$1l0z`�M, qwP}`>6$�� k BR�0Ir(M, Æ0'���>�
mt)>h
)"(M. SwP}`F?�>:>sSaT|$6	K%�j��$ Y℄>$l [119]. 5K"4�Q6	2B$.�k"b, EW$l/�B�M�H
a��~OH>:

kmeso =
4Hflux

πD × Tgrad
, (4.9)o Tgrad rz`C`, Hflux r Tgrad �r>J$�&`.'-5F�>2K�'�0~Ir,��h
)iSjp, 6$��+U.



222 ��:+1:+ �# 2024 F�nP}`K%, �#SxP}`2K (4.3) >��F'�07�QAQ. S:j�u
(4.3), "07�Qe� ε(ϕ) L�d� ε <84�8��u:

ε2(ϕ)
∂ϕ

∂t
= ∇ ·

(
ε2(ϕ)∇ϕ

)
+
(
ϕ− λθ

(
1− ϕ2

)) (
1− ϕ2

)
+ S̃

+

(
|∇ϕ|2ε(ϕ)∂ε(ϕ)

∂ϕx

)

x

+

(
|∇ϕ|2ε(ϕ)∂ε(ϕ)

∂ϕy

)

y

+

(
|∇ϕ|2ε(ϕ)∂ε(ϕ)

∂ϕz

)

z

, (4.10a)

∂T

∂t
= ∇ ·

(
k

ρCp
∇T
)
+

1

2

∂ϕ

∂t
, (4.10b)o ϕ(x, y, z) rnP}`�>+a.l, S̃ = 6S/πD3 rIrSnP9:�>Z:`f. ��.�7>07�Q�Br\, 07�Qe�3mr:

ε(ϕ) = (1− 3ε̃)

(
1 +

4ε̃

1− 3ε̃

ϕ4
x + ϕ4

y + ϕ4
z

|∇ϕ|4

)
, (4.11)l ε̃ r07�Q�`N�, ϕx, ϕy, ϕz �5rq x, y, z �7>Y6�. rpSaT|$6	K�gY℄>$l, V�FSa��Ir3)�MK� (>$6	>�0. 3)�M>$l/�"�l3x,

Hflux = πD2σ
(
T 4
2 − T 4

1

)
/2, (4.12)o σ s Stefan-Boltzmannd� [110]. T1 m T2(T1 ≤ T2)"K3m+y�>z`. sjnP}`2K (4.10), K" Invariant energy quadratization �z [120, 121], �7pi.�1.l M(ϕ)m Z(ϕ) "-�19*. �<3�>s, Sa�7i. L�1.l, /℄�)Q8��W5�r)Q�W, 8℄D'�5�rt�K, �q/��!lH�V�)Qq�. 4�rnP}`>8��u:

ε2(ϕ)ϕt = −Z(ϕ)M(ϕ)− λ

ε(ϕ)
θ(1 − ϕ2)2 + S̃, (4.13a)

Mt(ϕ) =
1

2
Z(ϕ)ϕt, (4.13b)

Tt = ∇ ·
(

k

ρCp
∇T
)
+ ε(ϕ)(1 − ϕ2)2ϕt, (4.13c)o 

Z(ϕ) =
−∇ ·

(
ε2(ϕ)∇ϕ + ε(ϕ)|∇ϕ|2H(ϕ)

)
+ f(ϕ)/ε2(ϕ)√

|ε(ϕ)∇ϕ|2/2 + F (ϕ)/ε2(ϕ) +B
, (4.14a)

H(ϕ) =
16ε̃

|∇ϕ|6
(
ϕx
(
ϕ2
xϕ

2
y + ϕ2

xϕ
2
z − ϕ4

y − ϕ4
z

)
,

ϕy
(
ϕ2
yϕ

2
z + ϕ2

xϕ
2
y − ϕ4

x − ϕ4
z

)
, (4.14b)

ϕz
(
ϕ2
xϕ

2
z + ϕ2

yϕ
2
z − ϕ4

x − ϕ4
y

))
,

M(ϕ) =
√
|ε(ϕ)∇ϕ|2/2 + F (ϕ)/ε2(ϕ) +B. (4.14c)



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 223l B s~.��d�. VxÆ�>s, xP}`�u0nP}`�u>bL}`8B~�.�5xPJ�>z`:Z.x'��M.�r, nP}`p��r>z`#Z>�n�on. �#a℄p��N�~O 3D '��q: Q = 9.62 × 10−9m3/s, vs = 0.1m/s, As = 113,

Bs = 3440, Cs = 203, TM = 293.15K, ρ1 = 1240kg/m3, ρ2 = 0.9kg/m3, Cp1 = 2000J/kgK,

Cp2 = 1000J/kgK, k1 = 0.195W/mK, k2 = 0.034W/mK, λ = 0.1, ǫ = h. ^ 13(a)  dmp5F�>m}`2K>�q�u.

(a)

(b)

_ 13 �./-l#7�?n~a\31�rAH. (a) 6G�?%/-7�n~aAHn�_. (b) ��3Cn 3D (�CVkg?k#q`. J�Mt4*{a
E?�G3L. JuMtL# PLA Js? 3D(�q�̀*\5m�>2Ks~.!~> TPMS 2K, /�� [68] <8. ��i" G- ,�Yq*z [122] KP9'��RP>LZ[$. �S8*, p�p_�5dmp5F2KSxP,wPmnP}`FSa��9*<8><tp�. j-5;}`>�q, �#a℄p��2K> L�Z. SwP}`F, �#dmp�
mz`a>s
au. rpm�R�au nPp�>Q�, Sa2B�p��RP3�>au, "fp�p�>+.Or. Q�, �nPd`<?pIr,p>au. rpu~5F2K/�thH>=qeC6au >�V#9,�#℄��p_0 3D '�au >BUjf~Op"f, 4^ 13(b) 5m. I~Odm>s3)z`�D>�F2K. ItOsi" PLA Ir~OqeC6>p_. Sa*�0	+�
(2591× 1944 5#) � 2 fps >}	<�5�Zp�> 3D M9. SpNj"eu �#K"



224 ��:+1:+ �# 2024 F>��W}"r 40mm× 60mm× 40mm, 8�'�nP}"r 10µm× 10µm× 10µm. S��9* , K"xPj-);r 512× 768× 512, nPj-);r 200× 200× 200. pYIp'�pxPz`amLZ$>>�0. ��q9*SQ� Intel Core i9-10850K CPU m 32GB>!>9*�FLO, 8�K" NVIDIA GeForce GTX 1080 Ti > GPU ~O8O9*, !!r 16GB, 9*bLr 5.12 ;b. i"8O*z/�℄9*bL2d 75%. ��q2Ki"pFÆj-08, BBha9*�>!, ����K"�F9*>�l~O9*. P\8>p_/�Jp4�: (i) '-LMsRP[$mq��H>>$l>bM, ��$l, SbhM�LM�. (ii) '�0Wz`ab, $a�D0RR[$�+M. 3�xPd`%, $l�>�, z`�h�
�z`. (iii) 5{W>z`2BB}�8�Z$>>�0, Æ�8�W$lH>>�0. '�/T, 5F��W>�F2K0 3D '�p_+WQ. IF5
, S5F2K Ub'� 3D '�au >z`C`, p�#9, 6
N�A�#, ���d`j*z.,k">�au~Op��2B. �-�2K, /�SxP}`F2B��zW>z`�DmM9.
, SwP}`F2B��>��, SnP}`F<�Ir0p��L>$�..

4.2. �;/?.�z�}u3nq)�hK{	�rBa℄Q%T.
 (Selective laser melting, SLM) Z"*9	%T���.
mppy
Æ6, Mq�OM9>*&`NW [123], V��"-g4gM, wi, �>AO{ [124]. �q,'- SLM auO-m#�V#9, �F*z+., m�V`pm.y�Z, 2Bm9* SLMau)x%)Pf. %T�jy
Æ6>.
5�r>�wC`.
jzW>!nN�m_
Q� [125] �_Y!/�0. �e, BU�Va�L!S�O>`pM�, 4z`, �amQ�a, /���0.y>M9m~WQ [111]. rp5hH2�m6U SLM au >�V#9,[℄(>>��2B�z�M%x. m�&<K"0#2KK2Bm6U�O�V#9 [126].

Lattice Boltzmann �zs~#�-nP^B>�z, Df2B0 SLM +M>�O�ZmÆ$#9. �q, ��zVx)l>!	4L, 9*q t). T�^Bz (Smoothed particle

hydrodynamics) s~#�j-�z, u"-m� SLM au .y>M: [127], 3��z>��~WQm�`(.F*. �7)tz (Immersed Boundary Method) ppp Euler j-m
Lagrangej->%M, r2BI}i+`p�ZF:p~#/O>�z [128]. �q, ��zS�V�b�m>$.
>�Z�H!S�'Q. rp%
 SLM au>N����GW�l,<�>=m2B$_
aus�M%x> [129]. rp[℄ SLM 6
2Bqe 3D '�au>2K, ��ojnp�s
m6
N�%
><�Qm/)Q, �#�-+a2K#dp
SLM C66
>[20�qm�.�#'�9*4 Ω ⊂ R

2  >+a2K, �
IJ, }JmvJ<#N�. o , IJ+�
/��8*z.
>y
Æj�-B�vY+.>mF, }Js'y
Æj.
_Y>�(Z_
Or>.y, vJso/4L >oQvJ[v. �#i" φ ∈ [−1, 1] Vr��w+a.lK+
y
Æj>I - }+.au, o φ = −1 3m}+, φ = 1 3m�}:+.W� Ψ = (ψ1, · · · , ψ3) ∈ Ω rItQ+.l, pY" ψ1 ∈ [0, 1], ψ2 ∈ [0, 1] m ψ3 ∈ [0, 1] �53m[v, y
Æ6mmF>5s��. ���#/�Jp4�: 5 φ = −1 b~, +
>s�W >y
.
�>}:+, 5 φ = 1 b~Vxsj�}:+2� Ψ ~O��K+
9*4 >\/N�. J5s���j"�x�w, 1 ∑3
l=1 ψl = 1, 8�
-'D�<8N�

G :=
{
Φ ∈ R

3 |∑N
l=1 φl = 1, 0 ≤ φl ≤ 1

}
. Sa'��W�l�w�-^0+.�L>M�,
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∂φ

∂t
=Mφ

(
∂s(e, φ, ψ1, ψ2, ψ3)

∂φ
+ ξ2φ∆φ

)
, (4.15a)

∂ψl
∂t

= −∇ ·
(
Mψl

∇
(∂s(e, φ, ψ1, ψ2, ψ3)

∂ψl
+ ξ2ψl

∆ψl

))
. (4.15b)o s s�G^&`, s>G�l&` e m+�+y.l φ m ψl(l = 1, 2, 3) >e�. F
�uO->�l)N�r:Mφ m Mψl

rBUN��Lt)>wWy�	, ξφ m ξψl
sH>��, ��-3P|`my�	. }�H>�u�u (4.15a) m�u (4.15b) /�SajJJ^~O.�<8:

S =

∫

Ω

(
s (e, φ, ψ1, ψ2, ψ3)−

1

2
ξ2φ|∇φ|2 −

1

2

3∑

l=1

ξ2ψl
|∇ψl|2

)
dx. (4.16)pY�#N' [130]  >m�, 8,7p~.D'�<l, �<l�B'�8BUN�Sb\t)��pb>℄>�. �e, �#℄�-�l�w^C~.peD�, �JMlr:

Gtotal =

3∑

l=1

ψlGl + T

3∑

l=1

gψl
Fψl

(ψl), (4.17)l Gl j��+>D'�, Fψl
(ψl) = ψ2

l (1− ψl)
2 s ψl >�XD'�&`e�, *)>It3�
�XK�p℄. �e, *)>Q�~3sKD^�e>D�. ��$�Z>+.Z_
�u, �F.
mHIau [131], /�+
r4�Ml:

G2 =MφT

(
−
∫ T

TM

e2 (τ, φ)

τ2
dτ + gφFφ(φ)

)
. (4.18)o TM 3my
Æ6>
v.
z`. ��q�D'�&`e�<r Fφ(φ) =

(
1− φ2

)2
/4,0 φ +Ma, UbZ"Y�e� P (φ) = 1/2− (1/16)(3φ5 − 10φ3 + 15φ), pp}$ La, W�py
Ir I}+>!>>� e2, Q� gφ 3mI+m}+�L>�l. '- Helmholtz D'�&`/�3mr Gtotal(T, φ, ψ1, ψ2, ψ3) = e− Ts, �q/�6�4�Al:

df = d(e − Ts) = −sdT +
∂e

∂ϕ
dϕ+

3∑

l=1

∂e

∂φl
dφl. (4.19)��, �#/�P0H<8���u:

∂s

∂ω
= − 1

T

∂Gtotal
∂ω

, �- ω = φ, ψ1, ψ2, ψ3. (4.20)'�I - }++., [℄4�8��u:

∂φ

∂t
=Mφ

(
ξ2φ∇2φ− ψ2P

′(φ)La
T − TM
TM

− ψ2TgφF
′(φ)

)
. (4.21)l P ′ 3mY�e� P +j- φ >6�. Fl	mp+a.l φ >Z:s
.x�$�Z_8�, ��Z_�M-�Gz`, 8EW}$0z`�M. +a.l φ z��8H>>�
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(*~)I~3) m�Xq+�T#9 (*~)I<3) >+�V">�0,  ~p�a�T�>t)>_Yms
. ItQ+a�u/�W�r:

∂ψl
∂t

= ∇ ·
(
Ml∇µl

)
, (4.22)

µl = TF ′

ψl
(ψl)− ξ2ψl

∇2ψl +Gl, (4.23)o µl s

q, /�SaC`��lb6<8. j^&`~O.��6, /�<84��l�u:

∂e

∂t
= −∇ ·

(
Me∇

∂s (e, φ, ψ1, ψ2, ψ3)

∂e

)
, (4.24)o , y�	/�W�r Me = k(T )T 2, k(T ) s.z`.
>$6	. '- e2 = e2s +

P (φ)La ≈ P (φ)La m��Al:

ds =
1

T
de − 1

T

∂e

∂φ
dφ− 1

T

3∑

l=1

∂e

∂ψl
dψl, (4.25a)

f (T, ϕ, φ1, φ2, φ3) = e− Ts, (4.25b)�#/�%F�Z4��l�u (4.24):

ρ
∂T

∂t
= k∆T −Mφψ2

(
P (φ)La
TM

+ gφFφ(φ)

)
−

3∑

l=1

gψl
Fψl

(ψl), (4.26)��uzUb'�p$��>�. Sa'�Z_
Or, �#ST|�>Al (4.21) F`C3)h_/�<84�>$�JZ_�W:

∂φ

∂t
=Mφ

(
ξ2φ∆φ− ψ2P

′(φ)La
TM − T

TM
− ψ2TgφF

′

φ(φ)

)
, (4.27a)

∂ψl
∂t

+∇ · (ψlu) = ∇ ·
(
Mψl

∇µl
)
, (4.27b)

µl = Tgψl
F ′

ψl
(ψl)− ξ2ψl

∆ψl +Gl, (4.27c)

ρ
∂u

∂t
+ ρu · ∇u = −∇p+∇ ·

(
η
(
∇u+∇uT

))
−

3∑

l=1

ψl∇µl + µT∇T, (4.27d)

∇ · u = 0, (4.27e)

ρ
∂T

∂t
+ ρu · ∇T = −MTµT +Qr +Qir, (4.27f)

µT = −k∆T +Mφψ2

(
P (φ)La
TM

+ gφFφ(φ)

)
+

3∑

l=1

gψl
Fψl

(ψl), (4.27g)





Qr = −βσ(T 4 − T 4

M )/ǫ, Qir = −αH · n/ǫ,

H =
1

r

√
2/πQ̄exp

(
− 2(x− xc − Ut)2

r2

)
ey.

(4.27h)
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ρ
∂u

∂t
+ ρu · ∇u = −∇p+∇ ·

(
η
(
∇u+∇uT

))
−

3∑

l=1

ψl∇µl −
1

MT

(
ρ
∂T

∂t
+ ρu · ∇T

)
∇T

= −∇p+∇ ·
(
η
(
∇u+∇uT

))
−

3∑

l=1

ψl∇µl −
ρ

MT

Ṫ · ∇T, (4.28)o , Ṫ = ∂T/∂t + u · ∇T . u(x, t) = (u(x, t), v(x, t)). &` ρ, 
` η, y�	 Mψl
, y�	

Mφ, H>�� ξψl
, ξφ, gψl

, gφ, 6$�� k, lhz` TM ℄sdl. S9*au , K"4�
Neumann )tQW:

n · ∇φ = n · ∇ψl = n · ∇u = n · ∇v = n · ∇p = n · ∇T = 0. (4.29)rp5h>VrF
�W, �#Vx~O4��.: (i) �W �
p0�V��+j�>�
2K, q�CQW_VxDu�Tm3, 4�M1℄ Qr m%TlM Qir Nq>$>VxDu�>a�. (ii) SB'��7et$>>�B�, z�sS�u B'� Qr �- Qir, �#>�W/��~.�L�-$_
ItW�>�QW�l~WW�. (iii) 5[�W��p&`.
. .y�%Us>`rz><B/i2Il�J. 5��- Boussinesq� ,'$Ti�r>&`℄}S�_3 �#. (iv)  �Wv'�'3)h_C`℄�r>$ Marangoni>�. $���Z��#S�J , qSIJmvJ ℄B!S. �G�#>'z`C`_Y>�Z℄�0�l>~WQ.�#���-mF�
�Z>%T�lM�, y
Æ6S�FF>t)Z_
}Dr\j5[2K~O�.. EPRP�
7*�Z, ��F!J�D?y
Æj. �FB�*z%TlM>�0, (p
�sV/>[v. ^ 14(a) dmptt4L %TlM�.y>Mq.^ 14(b) dmpIJÆ6S��F.%T�ZvY>M:s
p_, ��r t = 0.1, 1.5 m 3b2>�>p_. rp��H3mIJ, �JmvJ�L>NqM�, �#"�B, NBm�Bj+��4~Op?B.zBe)3mIJt), sBe)3m��t). *S>^dmpz`a.bLs
>p_, o z`>�Sa T̃ = (T −TM)/∆T ~O2�.S*z%TlM�,y
Æj3)vY.,#9, Mq}:y
. .,y
>�Z�RPLZ�7>�0, ��0/�S t = 0.1 b2P\8. y
>.
Bs�L>, �p�h%TlM_Y>$�e, \/$lF:pe>�l�~~F ~y
Æj>.
. '-.,Æ6>3)h_m:`QWf℄, 6�pHI�>y
[$>�v, /�� t = 1.5 b2>p_ P\8. Ub, .?mFSSz`>,Z_C, �v>}DvYHI. '-�#EP[vBN0�MÆ$, ��p#HI#9zvYS.,y
0[v>t)�. S t = 3 b2,/�P\8��F>y
Æ6ÆjvYpI -}+.,Mqp~..!>.,y
[$. ^ 14(b) ��dmp.%T��ZMq>0W'�>�qp_, /�%�5F�z/�thH"->=EP>IJÆ6S%TlM�>LZRP�>Z_
Or. Se> SLM �Z , %T�2� STL |W>P9���+Æ6W, 8S8�QW�a℄QH.
Æ6. ^ 14(c) dmpS<t4L sj{�2K,W'�>�qs
p_. SpN��eu , �#K">��W}"r 50mm× 50mm× 64mm, K">j-}"r 256 × 256 × 328. ��q9*SQ� Intel Core i7-7700 CPU m 16GB >!>9*�FLO, 8�K" NVIDIA GeForce GT 730 > GPU ~O8O9*, 9*bLDr 5.62 ;b. i
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_ 14 �.b^R&UIq7�?�rn�_. (a) uu5M!&UmN�/z?Nr. (b) JK�7�(�S[ 1T��G?,;t�_. TTt,bu*/�, +Tt��?{a/�. ?�?q`��k�5�
3: t = 0.1, 1.5, n 3. J�Pt/&U��[Nr?1X�rq`. (c) |�3L-X(�?t��r?`"8O*z/�℄9*bL2d 75%. �#Sa_�<t2K> G- ,�~O��, YqMHbh�w, P9%T�>LZ[$, 82BSAW SLM 6
N��y
Æ6,W.
,HIQ"Yq��W>au.

5. J���
3D '�6�s#m
+�b[AQ. :{,F[℄p�#e�
P9"G, �F
<teJmu[
C6au>�FJ�. �J����W:KP98)7AWV�>
jp�%
, R8Q�~O)}"2K`IRI~J
�q, d#pohz
m, "K�)Vrmr�o >�O�H. Sa[℄,q> 3D '��W, F*�Z>/)Qm~WQ, _C�>O�,qrl- 3D '�6�>MV. +a2KSa'm%qqr�a0.2<> w.  |~~F�Hp+a2KS[℄P9 - %
 - �q�G >vd:q, �Tp+a2Kj-r� 3D'� >0.
m�H>�xV".  |���HpsjdT>��QK~O<t%�>6�, j%�2K>T��-�- TPMS >�l
�np�P92K. �� |sjAW>a	V�, �Hp
j%
2K[℄>zJ��. Q� |sjAW�Z6
�Hp+M�Y�q2K>�[. �-+a�z, [℄pW~>2Km*z, r 3D '�6�>��uF:pV�m�z�x, rvK>m�m�"SWp��.  |>.x=%4�: (1) sj%[>P9 - %
 - �q�G >0.2<, �Vpvd�{r�>m��), rm�n�-�
nF:N'��. (2) sj0.2<>m�:2, �5wKp�-+a�z>m��G, 8~Op



3 n �� B: �.,b3L? 3D (�Q: - &� - �r�K�n� 229.�>2Kb6m��, Ub��p+M*z>2Bp_mi"a	, CSj+M*z>Vr. (3) j��G%[au�-au >lHYM~Oh�, r�\m�F:�7Q>Æ�.

6. A��':{M- 3D '�>P9 - %
 - �q~J
2K>m�|S#d . )j “P9�K3sC6B�K” >�H, Vxh�'SBU2<r�L>I�ÆK, SP9>b~'��ZV��-6
N�, 8�[℄P90R8>}D��. :{�#�-+a�z, ℄d">��Æ�-l5
rJ#��,��e#p�-qeMH��m CT�Z��>D7%�P9,�-�-J#��>�)T�m�l
�np�P99�. Ub, '-�#>*z℄s�-J#��>, 0.2<r�L>��/��hb�. �qr� “P9�K3sC6B�K” >�HVxP9mC6�L>h�bh,p LÆO-8+m�H. �#Vx[℄ CAD/CAE/CAM~J
�� h6�, �W2<
>P90�Z�u, .�0.
m>\(mx�, 8[℄W~>��b�2<, ���P90�Z�L>AU6V. Q�, �#Vx[℄auR802KP9>}D��,��/�℄e>�Z |,8>qe��}D82KP9 ,j:j2K~OTzm%
, �F*_a�l�_Cq 8F*Y_>	. Sap#�l, �#�Be#�Zau>x\!~, iP90�Z�L>AU5C|&m(>. )j “C6�K3s�lB�W” >�H, Vx[℄<���O>m}`�m�Va`p2K, 8�Vx[℄�q0auR8�L>I�b�S:. :{�#sj FDM 6
[℄p;xP - nP}`�L>�q2K,sj SLM 6
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