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A B S T R A C T

The design of shell-infill structures has been a focal point in the topology optimization
community due to their advantages in energy absorption characteristics, strength-to weight ratio
and bucking resistance. This paper introduces a phase field-based topology optimization method
for designing shell-infill structures. Interface-related issues can be easily addressed through the
phase field function. A coupled topology optimization process is proposed to establish the
connection between the shell and infill, facilitating the generation of optimized structures.
The shell thickness, infill pattern and infill volume percentage, can be naturally controlled
by different model parameters. Additionally, multiscale phase field topology optimization
integrates the numerical homogenization method to evaluate the effective elasticity matrix of
the microstructural infill. The approach is introduced for a uniform, periodical microstructure
layout in the infill region, thereby achieving superior mechanical properties. Numerical results
indicate the effectiveness of the proposed method in the design of both 2D and 3D shell-infill
structures.

1. Introduction

Shell-infill structures [1–3] are widely observed in nature, such as human bones, bird beaks and plant stems. Drawing inspiration
from these bio-structures, the shell-infill structures have become a prominent focus in additive manufacturing, coated implants and
architectures. Typically, such type of structure is composed of an inner portion of porous infill and a solid outer shell [4–6]. The shell
can be regarded as an external wall, playing a crucial role in maintaining the overall structure. The internal infill, which is designed
to a porous structure, serves to preserve the structural strength. In contrast to solid bulky counterparts that are even topology-
optimized, shell-infill structures have garnered considerable attention due to their advantageous properties in energy absorption
characteristics [7], strength-to weight ratio and bucking resistance [8].

In the design of shell-infill structure, achieving the optimal structure with the best matching between the geometry of the shells
and the topology of the infills is a challenging problem. A pertinent way to design shell-infill structures is based on the structural
Topology Optimization [9,10], which is considered as a powerful method to design lightweight structures with optimized mechanical
properties. The density-based topology optimization method represented by SIMP (Solid Isotropic Material with Penalization)
method was successfully applied in the design of shell-infill structures [11]. Based on the Clausen’s coated approach [12,13], Wu
et al. [14] developed a concurrent topology optimization method for evolving the shell and non-uniform infill architecture. Inspired
by the architecture of bone, Wu et al. [15] presented a SIMP-based approach for the generation of bone-like porous structures. Zhou
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et al. [16] extended Wu’s work for shells with self-supporting infills. Based on the idea of erosion interface identification method,
Luo et al. [17] presented an improved SIMP method for shell-infill structures. Furthermore, Qiu et al. [18] proposed an evolutionary
design approach for shell-infill structures that could control the infill architecture flexibly through the bi-directional evolutionary
structural optimization method [19].

Due to the advantages of simplicity, the density method has great success in the design of shell-infill structures. However,
hallenges arise in the application of these density-based approaches, giving rise to non-physical numerical instabilities, notably
heckerboard patterns, grayscales, and mesh dependency [20]. Moreover, a crucial concern in the design of shell-infill structures
ertains to the identification of the material interface, which is often regarded as a difficulty of density based approaches [12,17].
ompared with the material density-based approach relying on multi-step projections, the boundary variation topology optimization
ethod can give a more direct and accurate description of the material interface and the geometrical information including the

oundary normal directions and the coating thickness. Wang and Kang [21] firstly utilized a level set function to describe the shell
nd infill, afterwards the level set method is applied to optimize coated structures. Bai et al. [22] utilized the multi-material level set
ethod to design the coated structures for better performances. One primary problem with the level set method is the necessity and
ifficulty in the re-initialization, which results in extra re-initialization error and conservation error [23,24]. The phase field topology
ptimization method [25–28], which is also regarded as a representative boundary variation methods, is an alternative methods for
ectifying these problems. Similar to the level set method, the phase field method can track the complex interface implicitly. The
tructural topology optimization problem is regarded as a phase transition problem which is described by a phase-field function.
he function varies sharply across the interface between different phased, while the interface holds a thickness [29,30]. This makes
he identification of the material interface become flexible and accurate.

Most of the attention in current studies aims to the shell-infill structures in single scale. The overall mechanical properties of
he structures are kept away from the optimal performance when only single scale topology optimization is considered, since the
hell and infill are processed as separate materials [31]. The multiscale topology optimization [32–36] has become an effective and
mportant mechanical design tool for engineering applications, which can achieve advantage properties of the composite structure.
o comprehensively explore the attributes and performance of shell-infill structures, there is a necessity to enhance the design
ethodology from a mono-scale approach to a multiscale topology optimization method. Fu et al. [31] firstly proposed a multiscale

opology optimization method for the shell-infill structures based on the level set method. Wadbro and Niu [37] considered a
IMP-base multiscale topology optimization of the infill structures. Xu et al. [38] extended the variable thickness sheet multiscale
opology optimization method for lattice structure design with both shell and lattice–lattice interface layers to enhance the structural
echanical properties and manufacturability. A systematic multiscale topology optimization method based on the phase field method
as proposed in [39]. With this fundamental work, we aim to utilize the phase field multiscale topology optimization method for

he design of shell-infill structures.
This paper provides a novel, phase field-based framework to study the shape and topology optimization problem of coated

tructures at both single and multi scales. The representation of shell and infill region is naturally handled by a phase field function,
nabling the easy identification of interfaces. Afterwards, the optimal shell layout and infill pattern are determined using a coupled
opology optimization method. Critical indicators in the shell-infill composites, including the shell thickness, infill pattern and infill
olume percentage, can be directly and simply controlled by three parameters. Furthermore, the microscopic pattern of the infill
egion can be determined by the multiscale topology optimization method, in which the numerical homogenization facilitates the
nalysis of the connection between microstructures and the macroscopic properties of the infill material. Due to the presence of
umerous coexisting microstructures, the mechanical performance of the optimized two-scale structural design can be significantly
nhanced. In order to demonstrate the effectiveness of the proposed method, we carried out a series of experiments in both two- and
hree-dimensional space. To the best of our knowledge, this study is the first paper to investigate the design of shell-infill structures
hrough the single and multi scales phase field topology optimization method.

The remainder of this paper is organized as follows. In Section 2, the phase field-based framework for the shell-infill structures
s established in both single and multi scales. In Section 3, the numerical schemes for different evolved equations are proposed.
he effectiveness and practicability of the present method are verified through several numerical experiments in Section 4. Some
oncluding remarks are given in Section 5.

. Shell-infill optimization

Topology optimization achieves the design of advanced structures with improved and required physical properties by optimizing
he distribution of material under a series of constraints. In this section, we establish a novel topology optimization framework for
hell-infill structures based on the phase field method. We take a typical compliance minimization problem as an example here.

.1. Phase field topology optimization method

In the framework of phase field method [40–42], the design domain 𝛺 is described by a phase field function 𝜙(𝐱)

⎧

⎪

⎨

⎪

𝜙(𝐱) = 0, 𝐱 ∈ 𝛺0,

0 < 𝜙(𝐱) < 1, 𝐱 ∈ 𝛺 ⧵ (𝛺0 ∪𝛺1), (1)
2

⎩
𝜙(𝐱) = 1, 𝐱 ∈ 𝛺1.
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Fig. 1. The conceptual composition of the present topology optimization framework for shell-infill structures.

The function 𝜙(𝐱) divides 𝛺 into the void region 𝛺0, the solid region 𝛺1 and the interface diffuse region 𝛺 ⧵ (𝛺0 ∪𝛺1). The diffusive
interface holds the thickness 𝜖.

In the problem of compliance minimization, the objective function and the constraints are established as follows:

𝑚𝑖𝑛 ∶ 𝐽 (𝜙,𝐮) = ∫𝛺
𝑊 (𝜙,𝐮)𝑑𝐱, (2)

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∶

⎧

⎪

⎨

⎪

⎩

∇ ⋅ 𝑔(𝜙)𝝈0 = 𝟎,
𝑉 (𝜙) = 𝑉0,

0 ≤ 𝜙 ≤ 1.

(3)

Here 𝐮 = (𝑢, 𝑣) is the displacement. 𝑊 (𝜙,𝐮) represents the function of local elastic strain density, which is formulated by 𝑊 (𝜙,𝐮) =
(

𝜀(𝐮) ∶ 𝐃(𝜙) ∶ 𝜀(𝐮)
)

∕2. 𝝈0 is the Cauchy stress tensor, 𝑔(𝜙) = 𝑔𝑚𝑖𝑛 + (1 − 𝑔𝑚𝑖𝑛)𝜙3 is the interpolation function where 𝑔𝑚𝑖𝑛 is a small
positive value. Set 𝐃(𝜙) = 𝑔(𝜙)𝐃0, in which the fourth-order stiffness tensor is written as 𝐷0

𝑖𝑗𝑘𝑙 = 2𝐺
(

𝛿𝑖𝑘𝛿𝑗𝑙 +
𝜈

1−2𝜈 𝛿𝑖𝑗𝛿𝑘𝑙
)

. The shear
modulus is represented as 𝐺 = 𝐸∕2(1 + 𝜈), in which 𝐸 and 𝜈 are the elasticity modulus and Poisson’s ratio respectively. 𝛿 is the
Kronecker delta function. 𝑉 (𝜙) = ∫𝛺 𝜙 𝑑𝐱, 𝑉0 is the constrained volume fraction. In elastostatics, the linear elastic boundary value
problem, which considers the coupling relationship of displacement, strain and stress is characterized by the equilibrium equation,
constitutive equation and strain–displacement equation [29]:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∇ ⋅ 𝑔(𝜙)𝝈0 = 𝟎,
𝝈0 = 𝐃0 ∶ 𝜀(𝐮),

𝜀(𝐮) = 1
2
(

∇𝐮 + (∇𝐮)𝑇
)

.

(4)

In order to obtain the based design of the shell-infill structures, we establish a modified energy function 𝐸(𝜙,𝐮) by the principle
of virtual work:

𝑚𝑖𝑛 ∶ 𝐸(𝜙,𝐮) = 𝜂 ∫𝛺
𝑊 (𝜙,𝐮)𝑑𝐱 + ∫𝛺

( 𝜖2

2
|∇𝜙|2 + 𝐹 (𝜙)

)

𝑑𝐱 + 𝛽
2

(

𝑉 (𝜙) − 𝑉0
)2

, (5)

Here 𝐹 (𝜙) = 0.25𝜙2(1 − 𝜙)2 represents the double well potential. 𝜂 and 𝛽 are positive constant parameters.

2.2. Representation of shell and infill structures

Fig. 1 demonstrates the conceptual composition of our topology optimization framework for shell-infill structures. First, an
optimal material distribution 𝜙𝐵𝑎𝑠𝑒 is obtained by solving the original compliance minimization problem Eqs. (4) and (5). Second,
𝜙𝐵𝑎𝑠𝑒 is used as a based design variable to generate the shell region 𝜙𝑆ℎ𝑒𝑙𝑙 and the infill region 𝜙𝐼𝑛𝑓𝑖𝑙𝑙. Third, a topology optimization
process coupled with the shell region is performed to optimize the infill region, then the porous infill can be obtained. Furthermore,
the microstructure of the infill region can be controlled by the multiscale phase field topology optimization method. Finally, the
optimized shell-infill structure 𝛷 is obtained by combining 𝜙𝑆ℎ𝑒𝑙𝑙 and 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 through an interpolation function.

We consider a rectangular design domain 𝛺 with width 𝐿𝑥 and length 𝐿𝑦, which is discretized by a uniform mesh with length ℎ.
Here ℎ = 𝐿𝑥∕𝑁𝑥 = 𝐿𝑦∕𝑁𝑦 is defined. The center of each element is located at 𝐱𝑖𝑗 = (𝑥𝑖, 𝑦𝑗 ) =

(

(𝑖−0.5)ℎ, (𝑗−0.5)ℎ
)

, where 𝑖 = 1,… , 𝑁𝑥
and 𝑗 = 1,… , 𝑁𝑦. Assuming that the based design variable 𝜙𝐵𝑎𝑠𝑒 has been obtained on design domain 𝛺. If 0 < 𝜙𝐵𝑎𝑠𝑒(𝑥𝑖, 𝑦𝑗 )−0.1 < 0.2,
𝜙𝑆ℎ𝑒𝑙𝑙(𝑥𝑖±𝑟𝑁 , 𝑦𝑗±𝑟𝑁 ) is set to 𝜙𝐵𝑎𝑠𝑒(𝑥𝑖±𝑟𝑁 , 𝑦𝑗±𝑟𝑁 ), and 𝜙𝑆ℎ𝑒𝑙𝑙 = 0 at other points on 𝛺. Here 𝑟𝑁 is a positive integer which is used to
control the thickness of the shell. If 𝜙𝑆ℎ𝑒𝑙𝑙(𝑥𝑖, 𝑦𝑗 ) = 0 and 𝜙𝐵𝑎𝑠𝑒(𝑥𝑖, 𝑦𝑗 ) − 0.1 > 0, 𝜙𝐼𝑛𝑓𝑖𝑙𝑙(𝑥𝑖, 𝑦𝑗 ) is set to 1, and 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 = 0 at other
oints on 𝛺. Fig. 2 illustrates an example for 𝜙 , 𝜙 and 𝜙 with shell thickness 𝑟 = 1.
3

𝐵𝑎𝑠𝑒 𝑆ℎ𝑒𝑙𝑙 𝐼𝑛𝑓𝑖𝑙𝑙 𝑁
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Fig. 2. An example for 𝜙𝐵𝑎𝑠𝑒, 𝜙𝑆ℎ𝑒𝑙𝑙 and 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 with shell thickness 𝑟𝑁 = 1.

2.3. Topology optimization for the infill region

It is expected that the infill region is composed of porous structures. An additional topology optimization process is necessary
to obtain the optimized infill design, in which the shell region is fixed and the optimization of 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 is coupled with 𝜙𝑆ℎ𝑒𝑙𝑙. The
modified energy function of the coupled topology optimization is given as:

𝑚𝑖𝑛 ∶ 𝐸(𝜙𝐼𝑛𝑓𝑖𝑙𝑙 ,𝐮) = 𝜂 ∫𝛺
𝑊 (𝜙𝐼𝑛𝑓𝑖𝑙𝑙 ,𝐮)𝑑𝐱 + ∫𝛺

( 𝜖2

2
|∇𝜙𝐼𝑛𝑓𝑖𝑙𝑙|

2 + 𝐹 (𝜙𝐼𝑛𝑓𝑖𝑙𝑙)
)

𝑑𝐱

+
𝛽
2

(

𝑉 (𝜙𝐼𝑛𝑓𝑖𝑙𝑙) − 𝑉1
)2

, (6)

with the modified linear elastic boundary value problem:

⎧

⎪

⎨

⎪

⎩

∇ ⋅ 𝑔̃(𝜙𝑆ℎ𝑒𝑙𝑙 , 𝜙𝐼𝑛𝑓𝑖𝑙𝑙)𝝈0(𝐮) = 𝟎,
𝑔̃(𝜙𝑆ℎ𝑒𝑙𝑙 , 𝜙𝐼𝑛𝑓𝑖𝑙𝑙) = 𝑔𝑚𝑖𝑛 + (1 − 𝑔𝑚𝑖𝑛)𝜙̃3

𝜙̃ = 𝑚𝑎𝑥
(

𝜙𝑆ℎ𝑒𝑙𝑙 , 𝑔1𝜙𝐼𝑛𝑓𝑖𝑙𝑙
)

.

(7)

Here 𝑊 (𝜙𝐼𝑛𝑓𝑖𝑙𝑙 ,𝐮) =
(

𝜀(𝐮) ∶ 𝑔(𝜙𝐼𝑛𝑓𝑖𝑙𝑙)𝐃0 ∶ 𝜀(𝐮)
)

∕2, 𝑉1 is the constrained volume fraction for the infill region, 𝑔1 is the parameter that
controls the material properties of the infill region. Both 𝑉1 and 𝑔1 are applied to control the porous structures. We note that 𝜙𝐼𝑛𝑓𝑖𝑙𝑙
is optimized through Eqs. (6), and the optimization of 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 is coupled with the fixed shell by 𝜙̃. When the optimized infill structure
is obtained, 𝜙𝑆ℎ𝑒𝑙𝑙 and 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 are combined to generate the final structure 𝛷, which is defined through the following interpolation
function:

𝛷(𝜙𝐵𝑎𝑠𝑒, 𝜙𝑆ℎ𝑒𝑙𝑙 , 𝜙𝐼𝑛𝑓𝑖𝑙𝑙) = 𝜙𝐵𝑎𝑠𝑒𝜙𝐼𝑛𝑓𝑖𝑙𝑙 + (1 − 𝜙𝐵𝑎𝑠𝑒𝜙𝐼𝑛𝑓𝑖𝑙𝑙)𝜙𝑆ℎ𝑒𝑙𝑙 . (8)

Here, the interpolation way can guarantee that 𝛷 has values in the interval [0, 1].

2.4. Multiscale design model for infill structures

In this section, we assume that the infill region comprises microstructures that are periodically distributed. The phase field
multiscale topology optimization method is utilized to achieve the design of infill region with different pattern of the microstructures.
The size of the microstructures are significantly smaller than those of the macro structures. Therefore the design domain, the
structure boundaries and the relevant variables need to be distinguished as macro and micro. The global coordinate system 𝐱 and
the local coordinate system 𝐲 are applied to depict the position of macrostructure and microstructure respectively. We use different
superscript 𝐴 and 𝐼 to represent the macro-scale quantities and micro-scale quantities.

Consider the macro and micro design domain 𝛺𝐴 and 𝛺𝐼 , which are discretized into 𝑁𝐴 and 𝑁𝐼 elements respectively. 𝜙𝐴
𝑖 and

𝜙𝐼
𝑗 represent the phase field function of the 𝑖th and 𝑗th elements in 𝛺𝐴 and 𝛺𝐼 . The mathematical equation of phase field multiscale

topology optimization for the infill region is provided as follows:

𝐟 𝐢𝐧𝐝 ∶ 𝜙𝐴
𝑖 , 𝜙

𝐼
𝑗 (𝑖 = 1,… , 𝑁𝐴; 𝑗 = 1,… , 𝑁𝐼 )

𝐦𝐢𝐧 ∶ 𝐸∗(𝜙𝐴, 𝜙𝐼 ) = 𝜂𝐴 ∫𝛺𝐴
𝜀(𝐮𝐴) ∶ 𝑔(𝜙𝐴)𝐃𝐻 ∶ 𝜀(𝐮𝐴)𝑑𝐱 + ∫𝛺𝐴

( (𝜖𝐴)2

2
|∇𝜙𝐴

|

2 + 𝐹 (𝜙𝐴)
)

𝑑𝐱

+
𝛽𝐴 (

𝑉 (𝜙𝐴) − 𝑉 𝐴
)2

.

4
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Fig. 3. Flowchart of phase-field based topology optimization of shell-infill structures.

𝑠.𝑡.

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

∫𝛺𝐴
𝜀(𝐮𝐴) ∶ 𝑔̃(𝜙𝑆ℎ𝑒𝑙𝑙 , 𝜙

𝐴)𝐃𝐻 ∶ 𝜀(𝐯𝐴)𝑑𝐱 = ∫𝜕𝛺𝐴
𝐬 ⋅ 𝐯𝐴𝑑𝑠, ∀ 𝐯𝐴 ∈ 𝐕(𝛺𝐴), ∀ 𝐯𝐴 ∈ 𝐕(𝛺𝐴),

∫𝛺𝐼
𝜀(𝐮𝐼 ) ∶ 𝑔(𝜙𝐼 )𝐃𝐼 ∶ 𝜀(𝐯𝐼 )𝑑𝐲 = ∫𝛺𝐼

𝜀(𝐮𝟎) ∶ 𝑔(𝜙𝐼 )𝐃𝐼 ∶ 𝜀(𝐯𝐼 )𝑑𝐲, ∀ 𝐯𝐼 ∈ 𝐕(𝛺𝐼 ),

𝐃𝐻 = 1
|𝛺𝐼

|
∫𝛺𝐼

(

𝜀(𝐮0) − 𝜀(𝐮𝐼 )
)

∶ 𝑔(𝜙𝐼 )𝐃𝐼 ∶
(

𝜀(𝐮0) − 𝜀(𝐮𝐼 )
)

𝑑𝐲,

∫𝛺𝐼
𝜙𝐼𝑑𝐲 ≤ 𝑉 𝐼 = 1

𝑁𝐴

𝑁𝐴
∑

𝑖=1
𝜙𝐴
𝑖 .

(9)

ultiscale topology optimization method targets in finding the optimal distribution of 𝜙𝐴 and 𝜙𝐼 , minimizing the compliance of the
acrostructure within the infill region. 𝐮𝐴 and 𝐮𝐼 represent the displacement of macro and micro elements in 𝛺𝐴 and 𝛺𝐼 , while
(𝐮𝟎) indicates the linearly independent unit test strain field. 𝐃𝐼 = 𝐃0 is the fourth-order stiffness tensor. The homogenized stiffness
ensor 𝐃𝐻 is given by averaging the integral over the micro elements 𝛺𝐼 , in which the homogenization method is applied to evaluate
he macroscopic effective properties. In order to enhance the effectiveness of current algorithms in topology optimization, 𝐃𝐻 can

be reformulated equivalently using element mutual energies [43,44]:

𝐃𝐻
𝑖𝑗𝑘𝑙 =

1
|𝛺𝐼

|
∫𝛺𝐼

(

𝜀𝑝𝑞(𝐮0(𝑖𝑗)) − 𝜀𝑝𝑞(𝐮𝐼(𝑖𝑗))
)

𝑔(𝜙𝐼 )𝐃𝐼
𝑝𝑞𝑟𝑠

(

𝜀𝑟𝑠(𝐮0(𝑘𝑙)) − 𝜀𝑟𝑠(𝐮𝐼(𝑘𝑙))
)

𝑑𝐲.

Here 𝐕 is the kinematically admissible displacement space, 𝐯𝐴 and 𝐯𝐼 are the virtual displacement field in macroscale and
icroscale. |𝛺𝐼

| represents the area of the micro design domain 𝛺𝐼 . 𝑉 𝐼 is the microstructure volume constraint, which is controlled
y the regularized density.

The optimal distribution of 𝜙𝐴, which is composed of porous and uniform microstructures, can be obtained by solving the
ptimization problem Eqs. (9). Furthermore the infill region 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 is set to 𝜙𝐴 and the final structure 𝛷 can be generated by
q. (8).

The flowchart of our proposed phase-field based topology optimization method for the shell-infill structures is illustrated in
5

ig. 3, while a specific example of the proposed method is given in Fig. 4.
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Fig. 4. The general idea and a specific example of the proposed phase-field based topology optimization method for shell-infill structures.

3. Numerical implementation

For the compliance minimization problem Eqs. (4) and (5), a phase field evolution equation can be derived through the principle
of gradient flow of the energy Eq. (5) [45–47]. 𝜙𝑡 is proportional to the negative gradient of 𝐸(𝜙,𝐮):

𝜙𝑡 = −
𝜕𝐸(𝜙,𝐮)

𝜕𝜙
= −𝜂 𝜕𝑊

𝜕𝜙
+ 𝜖2

(

∇2𝜙 −
𝐹 ′(𝜙)
𝜖2

)

− 𝛽
(

𝑉 (𝜙) − 𝑉0
)

,

𝜕𝑊
𝜕𝜙

= 1
2
𝜀(𝐮) ∶ 3𝜙2𝐃0 ∶ 𝜀(𝐮). (10)

The boundary condition for 𝜙 is set to 𝐧 ⋅ ∇𝜙 = 0.
A hybrid numerical method based on the finite element method and the finite difference method is proposed to give the numerical

schemes. Here 𝛥𝑡 is the time step, 𝜙𝑛
𝑖,𝑗 represents the approximation of 𝜙(𝐱𝑖𝑗 ) at time 𝑛𝛥𝑡. The displacement field 𝐮𝑛+1 is first updated

by solving the linear elastic problem using the finite element method:

∇ ⋅
(

𝑔(𝜙𝑛)𝐃0 ∶ 𝜀(𝐮𝑛+1)
)

= 𝟎, (11)

with the boundary conditions:

⎧

⎪

⎨

⎪

⎩

𝐮𝑛+1 = 𝟎, 𝑜𝑛 𝛤1 ⊂ 𝜕𝛺,

𝐧 ⋅ 𝜎(𝜙𝑛,𝐮𝑛+1) = 𝐬, 𝑜𝑛 𝛤2 ⊂ 𝜕𝛺,

𝐧 ⋅ 𝜎(𝜙𝑛,𝐮𝑛+1) = 𝟎, 𝑜𝑛 𝜕𝛺∕(𝛤1 ∪ 𝛤2).

(12)

The finite difference method is applied to solve the phase field evolution function Eq. (10). The Crank–Nicolson style scheme is
considered:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
= −𝜂

𝜔(𝜙𝑛+1, 𝐮𝑛+1) + 𝜔(𝜙𝑛, 𝐮𝑛)
2

−
(

𝐹 ′(𝜙̌𝑛+ 1
2 ) − 𝜖2𝛥𝑑𝜙

𝑛+ 1
2 − 𝜆𝜙̌𝑛+ 1

2 + 𝜆𝜙𝑛+ 1
2
)

− 𝛽
(𝑉𝑑 (𝜙𝑛+1) + 𝑉𝑑 (𝜙𝑛)

2
− 𝑉0

)

, (13)

where 𝜔(𝜙𝑛,𝐮𝑛) = 𝜕𝑊 (𝜙𝑛,𝐮𝑛)∕𝜕𝜙𝑛 =
(

𝜀(𝐮𝑛) ∶ 3(𝜙𝑛)2𝐃0 ∶ 𝜀(𝐮𝑛)
)

∕2, 𝜙̌𝑛+ 1
2 = (3𝜙𝑛 − 𝜙𝑛−1)∕2, 𝜙𝑛+ 1

2 = (𝜙𝑛 + 𝜙𝑛+1)∕2, 𝜆 is a stabilizing
parameter, 𝛥𝑑 is the discrete five point Laplacian operator, 𝑉𝑑 (𝜙𝑛) = ℎ2

∑𝑁𝑥
𝑖=1

∑𝑁𝑦
𝑗=1 𝜙

𝑛
𝑖,𝑗 is the discrete volume operator. Here the

numerical scheme is solved by the nonlinear full approximation storage (FAS) multigrid method. The nonlinearity term is treated
by one step of Newton’s iteration. We propose a pointwise Gauss–Seidel relaxation scheme as the smoother in the multigrid method:

( 1
𝛥𝑡

+ 2𝜖2

ℎ2
+ 𝜆

2
+

𝛽ℎ2

2
+

𝜂
2

𝑑𝜔(𝜙𝑚
𝑖𝑗 ,𝐮

𝑛+1
𝑖𝑗 )

𝑑𝜙

)

𝜙𝑚+1
𝑖𝑗

= 1 𝜙𝑛 −
𝜂
𝜔(𝜙𝑚 ,𝐮𝑛+1) + 𝜂 𝑑𝜔(𝜙𝑚

𝑖𝑗 ,𝐮
𝑛+1
𝑖𝑗 )

𝜙𝑚 −
𝜂
𝜔(𝜙𝑛 ,𝐮𝑛 )
6

𝛥𝑡 𝑖𝑗 2 𝑖𝑗 𝑖𝑗 2 𝑑𝜙 𝑖𝑗 2 𝑖𝑗 𝑖𝑗
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w

t
a

a
n

−
(

𝐹 ′(𝜙̌
𝑛+ 1

2
𝑖𝑗 ) − 𝜖2

2

𝜙𝑚+1
𝑖−1,𝑗 + 𝜙𝑚+1

𝑖,𝑗−1 + 𝜙𝑚
𝑖+1,𝑗 + 𝜙𝑚

𝑖,𝑗+1

ℎ2
− 𝜖2

2

𝜙𝑛
𝑖−1,𝑗 + 𝜙𝑛

𝑖,𝑗−1 + 𝜙𝑛
𝑖+1,𝑗 + 𝜙𝑛

𝑖,𝑗+1 − 4𝜙𝑛
𝑖,𝑗

ℎ2

− 𝜆𝜙̌
𝑛+ 1

2
𝑖𝑗 + 𝜆

2
𝜙𝑛
𝑖𝑗
)

− 𝛽
(ℎ2

2
∑

𝑘≤𝑖,𝑙≤𝑗
(𝑘,𝑙)≠(𝑖,𝑗)

𝜙𝑚+1
𝑖,𝑗 + ℎ2

2
∑

𝑘≥𝑖,𝑙≥𝑗
(𝑘,𝑙)≠(𝑖,𝑗)

𝜙𝑚
𝑖,𝑗 +

𝑉𝑑 (𝜙𝑛)
2

− 𝑉0
)

,

Here 𝜙𝑚+1
𝑖,𝑗 and 𝜙𝑚

𝑖,𝑗 represent the approximations of 𝜙𝑛+1
𝑖,𝑗 before and after a step of relaxation operator. We note that the nonlinear

term 𝜔(𝜙𝑚+1, 𝐮𝑛+1) can be linearized at 𝜙𝑚
𝑖𝑗 by 𝜔(𝜙𝑚+1, 𝐮𝑛+1) = 𝜔(𝜙𝑚, 𝐮𝑛+1)+

𝑑𝜔(𝜙𝑚𝑖𝑗 ,𝐮
𝑛+1
𝑖𝑗 )

𝑑𝜙 (𝜙𝑚+1
𝑖𝑗 −𝜙𝑚

𝑖𝑗 ). When ‖𝜙𝑚+1 −𝜙𝑚
‖𝐿2 < 𝑡𝑜𝑙, then

e set 𝜙𝑛+1 = 𝜙𝑚+1. The tolerance is set to 𝑡𝑜𝑙 = 1𝑒 − 5. For more details about the FAS multigrid method, please refer to [48,49].
Next the numerical scheme for the multiscale topology optimization problem Eqs. (9) is considered. Similarly to the standard

opology optimization problem, we can derive the evolution equation for the macroscale and microscale phase field function 𝜙𝐴

nd 𝜙𝐼 respectively:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜙𝐴
𝑡 = −𝜂𝐴 𝜕𝑊 𝐴

𝜕𝜙𝐴 + (𝜖𝐴)2
(

∇2𝜙𝐴 −
𝐹 ′(𝜙𝐴)
(𝜖𝐴)2

)

− 𝛽𝐴
(

𝑉 (𝜙𝐴) − 𝑉 𝐴
1

)

,

𝜙𝐼
𝑡 = −𝜂𝐼 𝜕𝑊

𝐴

𝜕𝜙𝐼 + (𝜖𝐼 )2
(

∇2𝜙𝐼 −
𝐹 ′(𝜙𝐼 )
(𝜖𝐼 )2

)

− 𝛽𝐼
(

𝑉 (𝜙𝐼 ) − 𝑉 𝐼
)

,
(14)

We note that the local elastic strain energy density for the macroscale holds the form 𝑊 𝐴 = 𝜀(𝐮𝐴) ∶ (𝜙𝐴)3𝐃𝐻 ∶ 𝜀(𝐮𝐴)𝑑𝐱∕2, in which
the standard stiffness tensor 𝐃0 is replaced by the homogenization stiffness tensor 𝐃𝐻 . In other words, 𝑊 𝐴 is coupled with both
macroscale design variables 𝜙𝐴 and microscale design variables 𝜙𝐼 . The first-order derivatives of 𝑊 𝐴 with respect to 𝜙𝐴 and 𝜙𝐼 in
Eqs. (14) can be expressed as follows:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑊 𝐴

𝜕𝜙𝐴 = −1
2
𝜀(𝐮𝐴) ∶

(

3(𝜙𝐴)2
)

𝐃𝐻 ∶ 𝜀(𝐮𝐴),

𝜕𝑊 𝐴

𝜕𝜙𝐼 = −1
2
𝜀(𝐮𝐴) ∶ (𝜙𝐴)3 𝜕𝐃

𝐻

𝜕𝜙𝐼 ∶ 𝜀(𝐮𝐴),

𝜕𝐃𝐻

𝜕𝜙𝐼 = 1
|𝛺𝐼

|
∫𝛺𝐼

(

𝜀(𝐮0) − 𝜀(𝐮𝐼 )
)

∶
(

3(𝜙𝐼 )2
)

𝐃𝐼 ∶
(

𝜀(𝐮0) − 𝜀(𝐮𝐼 )
)

𝑑𝐲.

(15)

The macro design domain 𝛺𝐴 = (0, 𝐿𝐴
𝑥 ) × (0, 𝐿𝐴

𝑦 ) and the micro design domain 𝛺𝐼 = (0, 𝐿𝐼
𝑥) × (0, 𝐿𝐼

𝑦 ) are discretized using
separate uniform mesh. For macro design domain, the 𝑁𝐴

𝑥 ×𝑁𝐴
𝑦 mesh with ℎ𝐴 = 𝐿𝐴

𝑥 ∕𝑁
𝐴
𝑥 = 𝐿𝐴

𝑦 ∕𝑁
𝐴
𝑦 is applied, here the center of

macro grid is defined at 𝐱𝑖𝑗 = (𝑥𝑖, 𝑦𝑗 ) =
(

(𝑖 − 0.5)ℎ𝐴, (𝑗 − 0.5)ℎ𝐴
)

. Similarly, the micro design domain is discretized by the 𝑁𝐼
𝑥 ×𝑁𝐼

𝑦
mesh with ℎ𝐼 = 𝐿𝐼

𝑥∕𝑁
𝐼
𝑥 = 𝐿𝐼

𝑦∕𝑁
𝐼
𝑦 , and the center of micro grid is defined at 𝐲𝑖𝑗 = (𝑥𝑖, 𝑦𝑗 ) =

(

(𝑖 − 0.5)ℎ𝐼 , (𝑗 − 0.5)ℎ𝐼
)

. The time step
for macroscale and microscale are defined as 𝛥𝑡𝐴 and 𝛥𝑡𝐼 respectively, and the approximation of 𝜙𝐴(𝐱𝑖𝑗 , 𝑛𝛥𝑡𝐴) and 𝜙𝐼 (𝐲𝑖𝑗 , 𝑛𝛥𝑡𝐼 )
re indicated as (𝜙𝐴)𝑛𝑖𝑗 and (𝜙𝐼 )𝑛𝑖𝑗 . Similar to the Crank–Nicolson scheme Eq. (13) for standard topology optimization problem, the
umerical scheme for Eqs. (14) is derived as follows:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(𝜙𝐴)𝑛+1 − (𝜙𝐴)𝑛

𝛥𝑡𝐴
= −𝜂𝐴

(𝜔𝐴)𝑛+1 + (𝜔𝐴)𝑛

2
−
(

𝐹 ′((𝜙̌𝐴)𝑛+
1
2
)

− (𝜖𝐴)2𝛥𝑑 (𝜙𝐴)𝑛+
1
2 − 𝜆(𝜙̌𝐴)𝑛+

1
2 + 𝜆(𝜙𝐴)𝑛+

1
2
)

− 𝛽𝐴
(𝑉𝑑

(

(𝜙𝐴)𝑛+1
)

+ 𝑉𝑑
(

(𝜙𝐴)𝑛
)

2
− 𝑉 𝐴

1

)

,

(𝜙𝐼 )𝑛+1 − (𝜙𝐼 )𝑛

𝛥𝑡𝐼
= −𝜂𝐼

(𝜔𝐼 )𝑛+1 + (𝜔𝐼 )𝑛

2
−
(

𝐹 ′((𝜙̌𝐼 )𝑛+
1
2
)

− (𝜖𝐼 )2𝛥𝑑 (𝜙𝐼 )𝑛+
1
2 − 𝜆(𝜙̌𝐼 )𝑛+

1
2 + 𝜆(𝜙𝐼 )𝑛+

1
2
)

− 𝛽𝐼
(𝑉𝑑

(

(𝜙𝐼 )𝑛+1
)

+ 𝑉𝑑
(

(𝜙𝐼 )𝑛
)

2
− 𝑉 𝐼

)

.

(16)

and
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

(𝜙̌𝐴)𝑛+
1
2 =

3(𝜙𝐴)𝑛 − (𝜙𝐴)𝑛−1

2
, (𝜙̌𝐼 )𝑛+

1
2 =

3(𝜙𝐼 )𝑛 − (𝜙𝐼 )𝑛−1

2
,

(𝜙𝐴)𝑛+
1
2 =

(𝜙𝐴)𝑛 + (𝜙𝐴)𝑛+1

2
, (𝜙𝐼 )𝑛+

1
2 =

(𝜙𝐼 )𝑛 + (𝜙𝐼 )𝑛+1

2
,

𝑉𝑑
(

(𝜙𝐴)𝑛
)

= (ℎ𝐴)2
𝑁𝐴

𝑥
∑

𝑖=1

𝑁𝐴
𝑦

∑

𝑗=1
(𝜙𝐴)𝑛𝑖𝑗 , 𝑉𝑑

(

(𝜙𝐼 )𝑛
)

= (ℎ𝐼 )2
𝑁𝐼

𝑥
∑

𝑖=1

𝑁𝐼
𝑦

∑

𝑗=1
(𝜙𝐼 )𝑛𝑖𝑗 ,

(𝑤𝐴)𝑛 = −1
2
𝜀
(

(𝐮𝐴)𝑛
)

∶ 3
(

(𝜙𝐴)𝑛
)2𝐃𝐻 ∶ 𝜀

(

(𝐮𝐴)𝑛
)

,

(𝑤𝐼 )𝑛 = −1
2
𝜀
(

(𝐮𝐴)𝑛
)

∶
(

(𝜙𝐴)𝑛+1
)3 𝜕𝐃𝐻

𝜕(𝜙𝐼 )𝑛
∶ 𝜀

(

(𝐮𝐴)𝑛
)

,

𝜕𝐃𝐻

𝜕(𝜙𝐼 )𝑛
= 1

|𝛺𝐼
|

𝑁𝐼
𝑥

∑

𝑖=1

𝑁𝐼
𝑦

∑

𝑗=1

(

𝜀((𝐮0)𝑛) − 𝜀((𝐮𝐼 )𝑛)
)

∶
(

3
(

(𝜙𝐼 )𝑛𝑖𝑗
)2
)

𝐃𝐼 ∶
(

𝜀((𝐮0)𝑛) − 𝜀((𝐮𝐼 )𝑛)
)

.

(17)
7

⎩



Computer Methods in Applied Mechanics and Engineering 429 (2024) 117138W. Xie et al.
Fig. 5. The design domain for a cantilever beam.

Fig. 6. The initial shape of Case B and Case C. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Eqs. (16) and (17) are applied for the structures in which the periodical microstructures are considered for the infill region.
When the microstructure of the infill region is not required, only Eqs. (6) need to be solved. In Section 4, shell-infill structures are
designed to verify the effect of the present topology optimization framework in Section 2.3 and Section 2.4.

4. Numerical results

In this section, several numerical examples are provided to verify the effectiveness of the proposed phase field topology
optimization method in the design of shell-infill structures. We perform a series of classical mechanical structures, and some of
the parameters are set as follows unless otherwise specified: elasticity modulus 𝐸 = 1, Poisson ratio 𝜈 = 0.3, 𝑔𝑚𝑖𝑛 = 10−4, 𝛥𝑡 = 0.01
in Eq. (13), 𝛥𝑡𝐴 = 𝛥𝑡𝐼 = 0.01 in Eq. (16), the stabilizing parameter 𝜆 = 0.5.

4.1. Shell-infill design of a cantilever beam

The first example is based on a cantilever beam, which is designed on a rectangular area with aspect ratio of 2:1. The design
domain 𝛺 = (0, 2)×(0, 1) of the cantilever beam is demonstrated in Fig. 5. The left boundary 𝛤1 is fixed, and a downward concentrated
load is applied on the middle point of the right boundary 𝛤2. A uniform 𝑁𝑥 × 𝑁𝑦 = 512 × 256 rectangular mesh is applied to
discretize the design domain. The width of the interface between solid and void region is chosen to 𝜖 = 5∕(2

√

2 tanh−1(0.9)). The
other parameters are set to 𝜂 = 4 and 𝛽 = 50.

Three different initial shapes are considered for the fundamental evolution to generate different based designs. For Case A, the
solid material has the uniform distribution over the entire design domain, which means 𝜙0 = 𝑉0 = 0.4. For Case B, the initial solid
material distribution contains several circle holes. For Case C, the initial solid material distribution contains rectangular holes. Fig. 6
shows the initial shape of Case B and Case C. The blue areas represent solid domain, and white areas represent void domain. The
volume constrain for Case A, B and C is set to 𝑉0 = 0.4.

With different initial shapes in different cases, the standard compliance minimization problem is respectively solved to obtain
the based design. The based design 𝜙𝐵𝑎𝑠𝑒 for different cases can be seen on the left of Fig. 7. The shell and infill region 𝜙𝑆ℎ𝑒𝑙𝑙 and
𝜙𝐼𝑛𝑓𝑖𝑙𝑙 are represented by 𝜙𝐵𝑎𝑠𝑒. The parameter to control the thickness of shell is set to 𝑟𝑁 = 1. The infill region 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 is optimized
through the additional topology optimization process Eqs. (6) coupled with 𝜙𝑆ℎ𝑒𝑙𝑙. The parameter 𝑔1 is set to 0.6 for the material
properties of the infill region, and the infill volume fraction is 𝑉1 = 0.75𝑉0. The final structure 𝛷 is obtained by the process of
interpolation, which can be seen on the right of Fig. 7. In different cases, the shell-infill structures with porous infill structures are
successfully obtained. Different initial shapes result in different based design, thus different cantilever beam structures with shell
and porous infill can be designed.
8
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Fig. 7. The based design and the final shell-infill design for different initial shapes.

Fig. 8. The design domain for cantilever beam with a load at the lower right corner.

Fig. 9. The initial design and based design.

4.2. The effect of different design parameters

In Eqs. (6) and (9), 𝑔1 and 𝑉1 play an important role to determine the optimal shell-infill structures. The experiment targets in
verifying the effect of these parameters through different comparison tests. The design domain for the cantilever beam is shown in
Fig. 8, in which a concentrated load 𝐬 = (0,−1) is applied on the lower right corner. Using the same model parameters as Section 4.1,
the initial design and the corresponding based design are shown in Fig. 9. In the first comparison test, the infill constrained volume
fraction is given as 𝑉1 = 0.75𝑉0, and different material property parameters 𝑔1 = 0.2, 0.4, 0.6 are applied for the optimized shell-infill
structures. In the second comparison test, the infill material property parameter 𝑔1 = 0.5 keeps unchanged, and different constrained
volume fraction 𝑉1 = 0.6𝑉0, 0.7𝑉0, 0.8𝑉0 are used to obtain the final optimized shell-infill structures.

The results in Table 1 illustrate the different optimized shell-infill structures by the present method with different 𝑔1. The iteration
histories of the compliance with different 𝑔1 are also given here, as shown in Fig. 10. When different 𝑔1 = 0.2, 0.4 and 0.6 are given,
the compliance converge to 616, 312, and 215 respectively. Therefore we can see that larger 𝑔 results in the lower compliance. The
9
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Fig. 10. The iteration histories of the compliance with different 𝑔1 = 0.2, 0.4, 0.6.

Fig. 11. The iteration histories of the compliance with different 𝑉1 = 0.6𝑉0 , 0.7𝑉0 , 0.8𝑉0.

Table 1
The optimized layouts by the present method with different 𝑔1.

𝑔1 = 0.2 𝑔1 = 0.4 𝑔1 = 0.6

𝑉1 = 0.75𝑉0

Table 2
The optimized layouts by the present method with different 𝑉1.

𝑉1 = 0.6𝑉0 𝑉1 = 0.7𝑉0 𝑉1 = 0.8𝑉0

𝑔1 = 0.8

optimized shell-infill structures and the iteration histories of the compliance for the second comparison test are shown in Table 2 and
Fig. 11, respectively. We can observe that with larger 𝑉1, the convergence values of compliance also reduce and the infill structures
become denser.
10
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Fig. 12. (𝑎) The design domain for a four-node fixed structure, and (𝑏)-(𝑑) the final design with different 𝑉0 = 0.5, 0.7 and 0.9, respectively.

4.3. Shell-infill design of a four-node fixed structure

The shell-infill design problem of a four-node fixed structure is investigated in this example. The design domain is discretized
by 768 × 256 elements with aspect ratio 3 ∶ 1, which can be illustrated in Fig. 12(a). The four corners of the beam structure
are fixed, and a concentrated load 𝐬 = (0,−1) is applied at the center point of the structure. Different volume fraction constraints
𝑉0 = 0.5, 0.7, 0.9 are applied for the optimization of the based design 𝜙𝐵𝑎𝑠𝑒 in Eq. (5), and different uniform initial solid material
distributions 𝜙0 = 𝑉0 are used. The other parameters are kept for the design framework of shell-infill structures. The results can
be seen in Fig. 12(b)–(d). As the initial volume constraint increases, the width of the beam structure correspondingly increases.
Different shell-filling structures can be obtained by adjusting the initial volume fraction constraint.

4.4. Composite shell-infill design with different type TPMSs unit lattices

A triply periodic minimal surfaces (TPMS) is a surface on which the curvature of each point is equal to a constant and has periodic
boundary conditions, and experiments has proven that TPMS is highly suitable for tissue scaffold. The structures using TPMSs unit
lattices hold the advantage of high strength, energy absorption, exceptional lightweight and mechanical properties [50,51]. In this
section, we perform the present single scale topology optimization method Eq. (6)–(7) in the composite shell-infill design with
different type TPMSs unit lattices. We investigate the same shell-infill four-node fixed structure design problem as the situation
with 𝑉0 = 0.7 in Section 4.3. The infill region 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 of the final shell-infill structure is redesigned by different type TPMSs unit
lattices, in which TPMSs can be described implicitly [52]. The design results of composite shell-infill structures for the four-node
fixed structures with different type TPMSs unit lattices can be indicated in Fig. 13. These results suggest that the present topology
optimization method can successfully achieve the design of the composite shell-infill structures in the single macroscale, and the
porous infill can be adjusted using different TPMSs.

4.5. Multi-scale shell-infill design

In this section, the shell-infill cantilever beam structures with different microstructures in the infill region are considered. The
macro design domain is the same as that in Section 4.1. A rectangular mesh with size 𝑁𝐴

𝑥 × 𝑁𝐴
𝑦 = 512 × 256 and ℎ𝐴 = 1∕256 is

applied to discretize the macro design domain. The interface thickness 𝜖𝐴 is set to 5∕(2
√

2 tanh−1(0.9)) in the macroscale. Other
parameters for the macroscale evolution are chosen as 𝜂𝐴 = 4 and 𝛽𝐴 = 50. The volume constrain 𝑉0 = 0.8. The based design 𝜙𝐵𝑎𝑠𝑒 is
first obtained through the standard topology optimization under the initial shape with circle holes. The initial shape and the based
design are both shown in Fig. 14. We generate the shell region 𝜙𝑆ℎ𝑒𝑙𝑙 and the infill region 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 from the based design. The shell
region is fixed and the concurrent topology optimization is performed for 𝜙𝐼𝑛𝑓𝑖𝑙𝑙. 𝜙𝐼𝑛𝑓𝑖𝑙𝑙 will be remained and used as the initial
value of 𝜙𝐴 in Eqs. (16). The size of rectangular mesh for microscale is 𝐿𝐼

𝑥 = 𝐿𝐼
𝑦 = 1∕256, 𝑁𝐼

𝑥 = 𝑁𝐼
𝑦 = 64 and ℎ𝐼 = 1∕(256 × 64). The

interface thickness for microscale is 𝜖𝐼 = 5∕(2
√

2 tanh−1(0.9)). The other parameters for microscale are: 𝜂𝐼 = 4 and 𝛽𝐼 = 50.
In order to verify the effectiveness in different kinds of microstructures, different initial shapes of the micro phase field function

are considered. Three microscale initial conditions are chosen:

(𝜙𝐼 )0 = 2 cos(2𝜋𝑥) cos(2𝜋𝑦) − 2
(

cos(4𝜋𝑥) + cos(4𝜋𝑦)
)

, (18)

(𝜙𝐼 )0 = 0.1 cos(2𝜋𝑥) cos(2𝜋𝑦) −
(

cos(4𝜋𝑥) + cos(4𝜋𝑦)
)

, (19)

(𝜙𝐼 )0 = −cos(4𝜋𝑥) cos(4𝜋𝑦) −
(

cos(4𝜋𝑥) + cos(4𝜋𝑦)
)

. (20)
11



Computer Methods in Applied Mechanics and Engineering 429 (2024) 117138W. Xie et al.
Fig. 13. The design results of composite shell-infill structures for the four-node fixed structures with different type TPMSs unit lattices.

Fig. 14. The initial design and based design.

The material property parameter is chosen as 𝑔1 = 0.5, and the volume constraint for infill region is set to 𝑉1 = 0.35𝑉0 in Eqs. (9).
The optimized shell-infill structures by the present method with different microstructures are shown in Table 3. In the first row of
Table 3, the problem degrades to the shell-infill structures without the specific microstructure. The results in the second to fourth
rows of Table 3 correspond to initial conditions Eqs. (18)–(20), respectively. The shell-infill structures based on the same based
design are broadly similar. However, with different microstructures, the details of the optimized structure vary from each other,
especially at the connection between the shell region and the infill region. Furthermore, when the microstructures change, the
effective elasticity matrices 𝐃𝐻 through the numerical homogenization method are also different.

4.6. Shell-infill design of a bridge

In the section, we perform the example of shell-infill design for the bridge structure. 512 × 256 quadrilateral elements are used
to discrete the design domain 𝛺 = (0, 2)×(0, 1). The left and right lower corners are fixed, and there is a concentrated load 𝐬 = (0,−1)
on the center of the bottom boundary, which is shown in Fig. 15. The initial shape and the result of the based design are shown in
Fig. 16. Here the volume constrain of based design is 𝑉0 = 0.6. Furthermore 𝑉1 = 0.35𝑉0 and 𝑔1 = 0.5. Different positive integers 𝑟𝑁
are used to generate shell regions with different shell thicknesses.

The optimized shell-infill bridge structures with different 𝑟𝑁 = 1, 2, 3 are shown in Fig. 17. In the present shell-infill
representation strategy, the points belonging to the shell region are searched near the interface of the based design 𝜙𝐵𝑎𝑠𝑒. The
control of the interface thickness is achieved by controlling the range of filtered points through the single parameter 𝑟𝑁 . The phase
field topology optimization method helps us to capture the solid–void interface quickly, thus enabling simple and fast shell region
12
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Table 3
The optimized shell-infill structures by our method with different microstructures.

The optimized shell-infill structures Microstructures Homogenized elastic tensor

𝑁𝑜𝑛𝑒 𝑁𝑜𝑛𝑒

⎡

⎢

⎢

⎣

0.2590 0.0717 0.0000
0.0717 0.2350 0.0000
0.0000 0.0000 0.0760

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.1558 0.0179 0.0000
0.0179 0.1409 0.0000
0.0000 0.0000 0.0287

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.5270 0.1138 0.0000
0.1138 0.5058 0.0000
0.0000 0.0000 0.1315

⎤

⎥

⎥

⎦

Fig. 15. The design domain for a bridge.

searching. The variation in thickness of the coated shell directly impacts the design considerations for infill structures. With larger
𝑟𝑁 , the final structures have thicker solid shell, and thicker shell region leads to fewer porous areas in the infill region. Fig. 18
illustrates the iteration histories of the compliance with different shell thicknesses. When 𝑟𝑁 = 1, 2, 3, the compliance of the
shell-infill bridge structures converge to 447, 226, and 126 respectively. As the shell thickness parameter 𝑟𝑁 increases, the infill
becomes denser and the lower compliance is obtained.

Next the shell-infill bridge structures with specific microstructure are design at the case of 𝑟𝑁 = 3. The initial condition for the
microstructure is set as:

(𝜙𝐼 )0 =
(

cos(2𝜋𝑥) + cos(2𝜋𝑦) + 2
)

∕4.

Fig. 19(a) and (b) demonstrate the optimized shell-infill bridge structure and the final microstructure, respectively. Comparing
Fig. 19(a) with the case of 𝑟𝑁 = 3 in Fig. 17, the shell-infill bridge structure specific pattern of the microstructure contains more
porous areas in the infill region.
13
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Fig. 16. The initial design and based design.

Fig. 17. The final design for different 𝑟𝑁 .

Fig. 18. The iteration histories of the compliance with different shell thicknesses 𝑟𝑁 = 1, 2, 3.

Fig. 19. The optimized shell-infill structures(a) with final microstructures (b) when shell thickness 𝑟𝑁 = 3.

4.7. Shell-infill design in three-dimension space

The final illustration pertains to a design challenge concerning 3D bridge-like structures, in which multiple load cases are
considered. The dimensions and boundary conditions for this mechanical problem are presented in Fig. 20(a). Five vertical loads are
applied individually at the top of the design domain. The design domain is discretized by a uniform 512 × 256 × 16 quadrilateral
elements. Fig. 20(b) illustrates the initial domain. The based structure is obtained with 𝜂 = 2, 𝛽 = 5 and 𝑉 = 0.4, which is shown
14
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Fig. 20. The design of a 3D triangular-shaped (macro-)structures. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

in Fig. 20(c). Furthermore, 𝑔1 = 0.6, 𝑉1 = 0.75𝑉0 and 𝑟𝑁 = 1 are chosen for the design of infill region. The optimized 3D shell-infill
structures are given in Fig. 20(d). Here the red and blue colors are used to represent the shell and infill of the optimized structures.
We note that the upper surface of the shell is not shown so that the structure of the infill region can be visualized directly. As can
be seen, the proposed method can be naturally extended to the design of 3D shell-infill structures. Compared to the previous single
load case problems, greater variations in the infill pattern can be seen in the results of multiple loads.

5. Conclusion

This paper introduced an innovative topology optimization method based on the phase field approach for the design of shell-
infill structures. The utilization of the phase field function allowed for the natural identification of the interface, while providing a
straightforward representation for both the shell and infill components. The porous infill could be obtained through a modified
topology optimization, in which we specified different parameters to align the shell thickness, infill pattern and infill volume
percentage, achieving a balance between cost and mechanical properties. The final shell-infill structures were obtained through the
numerical interpolation scheme. Moreover, we addressed multiscale design considerations by applying the homogenization method
to assess the effective elasticity matrix of the microstructural infill. Employing the multiscale phase field method facilitated the
integration of microstructures with macroscale material properties, resulting in the uniform distribution of microstructures across
the infill domain. Design examples of 2D and 3D shell-infill structures verified the effectiveness of the proposed framework.
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