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A B S T R A C T

In this study, we develop a phase-field model to describe the solid–liquid phase changes, heat
conduction phenomena, during the selective laser melting process. This model is based on the
variational principle of minimizing the free energy functional. The proposed model integrates
the phase-field equation and the energy equation, which are used to capture the dynamical
behavior of the interfacial evolution. We use the semi-implicit Crank–Nicolson scheme and
central difference to ensure second-order accuracy in time and space. The numerical scheme
is unconditional energy stable. This paper rigorously proves the energy stability of the phase-
field model of the Selective Laser Melting process, which confirms the numerical stability and
the physical rationality of the solution. Various numerical experiments are performed to verify
the robustness of our proposal model. This model can effectively simulate the energy transfer
and shape structure changes of the products during the selective laser melting manufacturing
process, which provides a reliable guarantee for predicting and optimizing the quality and
performance of the selective laser melting process additive manufacturing process.

. Introduction

Selective Laser Melting (SLM) is an additive manufacturing technology that uses a laser beam to melt metal powder layer by layer,
reating complex three-dimensional structures [1]. SLM process offers high flexibility and freedom, allowing precise control over
aterial properties and geometric shapes, and can manufacture complex geometric shapes and functional parts that are difficult to

chieve with traditional manufacturing methods [2]. Therefore, it has wide applications in aerospace, medical and automotive [3].
owever, the SLM process involves multiple physical phenomena, posing significant challenges to the simulation and computation
f the SLM process [4]. For example, the interaction of a laser beam with a metallic powder leads to a high temperature gradient
nd rapid cooling, affecting the microstructure and mechanical properties of the product. In addition, laser power and scanning
peed affect the size and shape of the melt pool, while the effective diameter of the laser beam affects the cooling rate and stability
f the melt pool [5,6]. Furthermore, the SLM process may introduce defects such as pores, cracks, and oxides, and residual stresses,
ffecting the quality and reliability of the parts [7,8]. To address these issues, an in-depth understanding and optimization of the SLM
rocess is necessary to reveal its physical mechanisms and influence factors [9,10]. Since SLM processes involve complex coupled
rocesses of multiple physical fields, multiple scales, and phase transitions, it is difficult to obtain comprehensive and accurate
nformation. Furthermore, the current engineering experimental approaches are labor-intensive and time-consuming. Hence, it is
mperative to formulate a mathematical model for this process and devise an efficient solution [11,12].
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Numerous researchers have performed numerical simulations of the SLM process [13–15]. Ma et al. [16] utilized an improved
igh-order Smoothed Particle Hydrodynamics (SPH) method coupled with a cellular automaton to simulate the evolution of
he solidification microstructure in the SLM process of 316L stainless steel. They investigated treatment impacts on the melt
ool, employing a fluid dynamics method to simulate dynamic interactions within the melt pool. Nevertheless, the SPH method
ecessitates a substantial quantity of particles for depicting the fluid domain, inevitably leading to extensive computations. Chen
t al. [17] used the level set method to establish a three-dimensional finite element model. This model was used to simulate the
elting process of the powder, the formation of droplets, and the fluid dynamics within the melt pool. They studied the impact of
arangoni effect on ceramic trajectory in SLM, adeptly handling interface dynamics and topological changes, though demanding

ubstantial computational resources. Liu et al. [18] used the thermal lattice Boltzmann and phase field methods to construct a multi-
hysics model, which simulates the evolution of the microstructure of alloy solidification during the SLM process. They analyzed the
ffect of latent heat, melt flow, and cooling rate on the solidification process. The thermal lattice Boltzmann method can simulate
luid flow and heat transfer. However, it requires high-resolution grids to capture complex interface morphologies. Additionally,
t has difficulties in handling multi-component flow and multi-scale problems. Massimo et al. [19] used the Immersed Boundary
ethod for thermo-mechanical analysis of the SLM process, simulating and evaluating the impact of residual stress on the mechanical
erformance and geometric accuracy of parts. However, it requires complex numerical algorithms to implement the enforcement of
oundary conditions and suffers from shortcomings in dealing with large deformations and topological changes.

In order to simulate the multi-physics fields and thermodynamic processes in the SLM process, some researchers have employed
he phase field method to model phase transitions, microstructure evolution [20–22], and heat conduction processes. The phase field
ethod can consistently describe multi-scale, multi-physics phenomena and their coupled effects [23,24]. It characterizes transitions

etween different phases through a continuous phase change variable, avoiding the difficulty of tracking complex interfaces [25].
oreover, it can consider the evolution of microstructures under non-equilibrium states [26–28], predicting the internal temperature

istribution of materials and phase changes induced by temperature gradients. For instance, Sessim et al. [29] employed the phase-
ield approach to simulate the oxidation and thermal conduction processes in carbon fibers, examining the effects of fiber diameter,
emperature, and airflow on oxidation. Zhang et al. [30] utilized the phase-field method to model the coupling process of pore
igration driven by temperature gradients and thermal conduction. The results indicated that pores migrate towards regions of
igher temperature, and a corresponding quantitative prediction equation was obtained. August et al. [31] applied the phase-field
ethod to simulate the thermal conduction process in open-cell foams, integrating the diffuse interface representation with the heat

ransfer equation, yielding the effective thermal conductivity coefficients for different pore structures. Furthermore, various studies
ave employed the phase field method to simulate a range of processes in additive manufacturing. Sahoo et al. [32] employed a
hase field model to simulate the microstructural evolution of Ti-6Al-4V titanium alloy in the electron beam additive manufacturing
rocess, analyzing the effects of temperature gradients and laser beam scanning speed on microstructures. Liu et al. [33] utilized a
D cellular automaton-phase field model to simulate the directed energy deposition process of Ti6Al4V, predicting microstructure
nd solute evolution. Yang et al. [34] devised a precise non-isothermal phase field model, capturing heat transfer, melt flow, and
icrostructure evolution during powder layer fusion. Yang et al. [35] employed a three-dimensional non-isothermal phase field

imulation method to study the microstructural evolution in the selective laser sintering process, obtaining detailed results of key
eatures such as porosity, surface morphology, temperature distribution, and densification. Xia et al. [36] proposed a multi-scale
hase field model coupled with multi-physics fields to solve problems such as temperature fields, crystallization phenomena, and
rajectory shapes in the fused deposition modeling process. The flexibility and applicability of the phase field method have made it
idely used in materials science and engineering [37], becoming an effective tool for simulating phase transitions and microstructure
volution in various additive manufacturing processes.

To ensure the accuracy and reliability of the phase-field model in optimizing process parameters, it is necessary to conduct
athematical analysis and energy stability verification of the SLM manufacturing process. Energy-stable methods, verified through

igorous mathematical analysis, ensure the correctness of conservation and dissipation laws in numerical simulations. This is crucial
or thermodynamic analysis and the accuracy of phase-field models in SLM processes. The rapid thermal and phase changes in
LM require precise calculations for realistic simulations. Energy-stable methods achieve stability and consistency by constructing
umerical schemes that accurately reflect the energy changes in physical systems [38,39]. They also enhanced computational effi-
iency by allowing larger time steps, reducing computation time [40,41]. Furthermore, these methods ensure numerical simulations
lign with physical processes by accurately modeling energy changes during heat conduction and phase transitions [42,43]. The
evelopment of energy-stable methods originated from the exploration of energy conservation in simple physical systems. Early
umerical methods, such as explicit and implicit time discretization methods, were effective in simple systems, but numerical
nstabilities in complex systems limited their applications. For instance, while explicit methods are computationally simple, they
equire extremely small time steps to maintain stability, which limits their range of applications. With technological advances,
igh-order time discretization methods such as Crank–Nicolson (CN) and Runge–Kutta methods have emerged. Their high accuracy
nd stability in time integration significantly enhance the modeling capabilities for complex systems. In particular, the CN method,
ith its energy stability and high-order accuracy, has found a wide range of applications in simulations of thermal conduction and
hase transitions. In further studies, variational and numerical methods based on dissipative structures have come into focus [44,45].
ariational approaches introduce new numerical integration and time discretization techniques to construct numerical schemes that
ccurately reflect energy variations. For example, methods based on variational inequalities optimize the energy function to ensure
ong-term numerical stability [46,47]. Numerical methods based on dissipative structures, such as the Scalar Auxiliary Variable
2

SAV) method, ensure the accuracy and stability of numerical simulation through auxiliary variables, effectively solving the energy
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dissipation problem in complex fields [48]. Recently, significant progress has been made in energy stabilization methods for phase-
field models. Han et al. [49] developed a second-order fully discrete scheme to model the phase field of a two-phase incompressible
fluid, verifying its stability and accuracy in complex domains. Yang et al. [50] proposed an efficient energy stabilization scheme
based on the SAV method for simulating a two-phase incompressible model of a conservative Allen-Cahn fluid, showing superior
performance in large-scale calculations.

In this paper, we will develop a phase field model capable of accurately simulating the solid–liquid phase transition and heat
onduction phenomena during selective laser melting. The model is based on the variational principle of minimizing the free energy
unctional, and the agreement with the thermodynamic laws is maintained. The model is discretized using the semi-implicit CN
cheme, which ensures second-order accuracy in time and space. This paper rigorously proves the energy stability of the phase-field
odel of the SLM process, which confirms the numerical stability and the physical rationality of the solution. It guarantees that

he proposed numerical scheme can maintain the energy dissipation properties of the governing equations regardless of the chosen
ime step. We both numerically showcase how the proposed model effectively captures interface morphology and heat radiation.
dditionally, we present evidence supporting the numerical stability and efficiency of our model. This contributes to accurate
redictions and improvements in product quality and performance in the additive manufacturing process of the SLM technology.

The paper is organized as follows: Section 2 introduces the phase-field model of the SLM process and derives its governing
quations. Section 3 provides the numerical scheme for solving the model and demonstrates its accuracy and stability. Section 4
onducts various numerical experiments. Finally, Section 5 provides a conclusive review of the paper.

. Methodology

In order to establish a thermodynamics consistently model, we use the entropy method to derive energy and phase field equations
hat preserve thermodynamic consistency. To accurately capture the dynamic phase transition between solid and liquid states, we
ntroduce the phase field variable 𝜙 ∈ [0, 1]. The phase field variable takes on 𝜙 = 1 for the liquid phase and 𝜙 = 0 for the solid
hase, respectively. By considering the gradient effect, the entropy functional of the system is composed of the entropy density in
he homogeneous bulk phase and the spatial variation of the phase field function over the material volume 𝛺. This can be stated
s follows:

 = ∫𝛺

(

𝑠 (𝑒, 𝜙) − 1
2
𝜉2𝜙|∇𝜙|

2
)

𝑑𝐱, (1)

where the gradient effect |∇𝜙|2 is related to the interfacial energy. Here 𝑠 (𝑒, 𝜙) is the local entropy density, which is a function of
the internal energy density 𝑒 and the corresponding phase variable 𝜙. Let us start from the variational derivative

𝜕𝑒
𝜕𝑡

= −∇ ⋅
(

𝑀𝑒∇
𝛿
𝛿𝑒

)

, (2)

𝜕𝜙
𝜕𝑡

=𝑀𝜙
𝛿
𝛿𝜙

. (3)

The apparent mobility coefficient𝑀𝑒 is defined as 𝑇 2𝑘(𝑇 ), where 𝑘(𝑇 ) is the temperature-dependent thermal conductivity determined
by the material properties, phase field, and temperature field. Meanwhile, 𝑀𝜙 represents the constant mobility at the solid–liquid
interface during powder melting, 𝜉𝜙 is the diffusion coefficient depends on the apparent thickness and mobility. In the above
equations, the variational derivatives are given by

𝛿
𝛿𝑒

=
𝜕𝑠 (𝑒, 𝜙)
𝜕𝑒

= 1
𝑇
, (4)

𝛿
𝛿𝜙

=
𝜕𝑠 (𝑒, 𝜙)
𝜕𝜙

+ 𝜉2𝜙∇
2𝜙. (5)

o evaluate the free energy density 𝑓 (𝑇 , 𝜙), the internal energy density is postulated

𝑒(𝑇 , 𝜙) = 𝑒𝑠(𝑇 ) + 𝑝(𝜙)𝐿(𝑇 ) = 𝑒𝑙(𝑇 ) + 𝑝(𝜙)
(

𝑒𝑙(𝑇 ) − 𝑒𝑠(𝑇 )
)

, (6)

where 𝑒𝑠(𝑇 ) and 𝑒𝑙(𝑇 ) are the classical internal energy densities of the solid and liquid phases, respectively. 𝐿(𝑇 ) = 𝑒𝑙(𝑇 ) − 𝑒𝑠(𝑇 )
s the latent heat of fusion. Additionally, the polynomial interpolation function 𝑝(𝜙) is defined as 𝑝(𝜙) = 𝜙3(10 − 15𝜙 + 6𝜙2), which
ollows the thermodynamically consistent phase-field approach. This interpolation function satisfies the conditions 𝑝(0) = 0, 𝑝(1) = 1,
nd 𝑑𝑝∕𝑑𝜙 = 𝑑2𝑝∕𝑑𝜙2 = 0 at both 𝜙 = 0 and 𝜙 = 1. Assuming constant and equal values for the specific heat 𝐶 in both phases, the

energy densities 𝑒𝑠(𝑇 ) and 𝑒𝑙(𝑇 ) are given by

𝑒𝑙(𝑇 ) = 𝑒𝑙(𝑇𝑚) + 𝐶(𝑇 − 𝑇𝑚), (7)

𝑒𝑠(𝑇 ) = 𝑒𝑠(𝑇𝑚) + 𝐶(𝑇 − 𝑇𝑚). (8)

Here, 𝑇𝑚 represents the equilibrium melting temperature of the pure metallic powders. The difference 𝐿𝑎 = 𝐿(𝑇𝑚) gives the latent
heat per unit volume of fusion. Referring to [51], we can write 𝑓 (𝑇 , 𝜙) as

𝑓 (𝑇 , 𝜙) =
(

𝑒𝑠(𝑇𝑚) − 𝐶𝑇𝑚 + 𝑝(𝜙)𝐿𝑎
)

(

1 −
𝑇𝑚

)

− 𝐶𝑇 ln
( 𝑇 )

+ 𝑇𝐺(𝜙). (9)
3

𝑇 𝑇𝑚
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The function 𝐺(𝜙) is defined as 𝐺(𝜙) = 𝜙2(1 − 𝜙)2∕4, which takes the form of a symmetric double well potential with minima at
both 𝜙 = 0 and 𝜙 = 1. Using the thermodynamic equation

(

𝜕𝑠
𝜕𝜙

)

𝑒
= − 1

𝑇

(

𝜕𝑓
𝜕𝜙

)

𝑇
, (10)

and Eqs. (3),(7),(9), the dynamic evolution of the phase field can be yielded as
𝑑𝜙
𝑑𝑡

=𝑀𝜙

(

𝜉2𝜙𝛥𝜙 + 𝑝′(𝜙)𝐿𝑎
𝑇 − 𝑇𝑚
𝑇𝑇𝑚

− 𝐺′(𝜙)
)

. (11)

The evolution of the thermal field is easily derived from Eqs. (2),(4) and (6):
𝜕𝑇
𝜕𝑡

+𝑀𝜙𝐿𝑎
𝑝′(𝜙)
𝑇𝑇𝑚

𝜕𝜙
𝜕𝑡

= 𝑘∇2𝑇 . (12)

Thus, we can get the governing equation as follows:
𝜕𝜙
𝜕𝑡

=𝑀𝜙

(

𝜉2𝜙𝛥𝜙 + 𝑝′(𝜙)𝐿𝑎
𝑇 − 𝑇𝑚
𝑇𝑇𝑚

− 𝐺′(𝜙)
)

, (13a)

𝜕𝑇
𝜕𝑡

+𝑀𝜙
𝐿𝑎
𝑇𝑇𝑚

𝑝′(𝜙)
𝜕𝜙
𝜕𝑡

= 𝑘𝛥𝑇 . (13b)

In model (13a), concerning the equation for 𝜙, we have introduced a term 𝑀𝜙𝑝′ (𝜙)𝐿𝑎
(

𝑇 − 𝑇𝑚
)

∕
(

𝑇𝑇𝑚
)

related to temperature. This
term accounts for the Gibbs-Thomson effect and kinetic effects during solidification, considering the thermal driving force due to
high temperature and latent heat during the solid–liquid phase transition of metal powder. The first and third terms on the right side
of Eq. (13a) represent the balance of diffusive and double-well phase separation effects, respectively, leading to the formation and
evolution of smooth and narrow interface profiles. In the temperature Eq. (13b), the temperature change is determined by both heat
conduction and the latent heat effect of solid–liquid phase transition. We consider the bidirectional coupling phenomenon of phase
transition and thermal diffusion effects in the SLM process. This allows our model to accurately predict the temperature distribution
during the SLM process and capture the evolution of the phase field caused by temperature changes. In addition, we ensure the
convergence of the algorithm through the proof of continuous energy and discrete energy reduction, and verify the solvability of
the system through numerical simulation. This implies that our model is highly coupled with the real physical process and complies
with the laws of thermodynamics. Then we can get the following energy dissipation law. To elaborate, we utilize (⋅, ⋅) to represent
the 𝐿2 inner product and ‖ ⋅ ‖2 to denote the 𝐿2 norm.

Theorem 1. The solutions of the hybrid system composed by Eqs. (13) satisfies the energy dissipation law, i.e.

𝑑𝐸
𝑑𝑡

= −
‖

‖

‖

‖

𝜕𝜙
𝜕𝑡

‖

‖

‖

‖

2
− 𝑘‖∇(𝑇 − 𝑇𝑚)‖2 ≤ 0,

where the energy is defined as

𝐸 = ∫𝛺
𝑀𝜙𝐺(𝜙)𝑑𝐱 +

1
2
‖𝑇 − 𝑇𝑚‖2 +

𝑀𝜙

2
𝜉2𝜙‖∇𝜙‖

2. (14)

Proof. Let us take the derivative of the total energy with respect to time as

𝑑𝐸
𝑑𝑡

=
(

𝑇 − 𝑇𝑚,
𝜕𝑇
𝜕𝑡

)

+𝑀𝜙

(

𝐺′(𝜙),
𝜕𝜙
𝜕𝑡

)

+𝑀𝜙𝜉
2
𝜙

(

∇𝜙,
𝜕∇𝜙
𝜕𝑡

)

. (15)

Then, we take the 𝐿2 inner product of Eq. (13a) with 𝜕𝜙∕𝜕𝑡 as follows:
(

𝜕𝜙
𝜕𝑡
,
𝜕𝜙
𝜕𝑡

)

= −𝑀𝜙𝜉
2
𝜙

(

𝛥𝜙,
𝜕𝜙
𝜕𝑡

)

+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙)
𝑇 − 𝑇𝑚
𝑇𝑇𝑚

,
𝜕𝜙
𝜕𝑡

)

−𝑀𝜙

(

𝐺′(𝜙),
𝜕𝜙
𝜕𝑡

)

. (16)

y taking 𝐿2 inner product of Eq. (13b) with (𝑇 − 𝑇𝑚), we can get
(

𝜕𝑇
𝜕𝑡
, 𝑇 − 𝑇𝑚

)

+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙)
𝑇 − 𝑇𝑚
𝑇𝑇𝑚

,
𝜕𝜙
𝜕𝑡

)

=
(

𝑘𝛥𝑇 , 𝑇 − 𝑇𝑚
)

. (17)

Thus we can obtain the dissipate energy functional as

𝑑𝐸
𝑑𝑡

=
(

𝑇 − 𝑇𝑚,
𝜕𝑇
𝜕𝑡

)

+𝑀𝜙

(

𝐺(𝜙),
𝜕𝜙
𝜕𝑡

)

+𝑀𝜙𝜉
2
𝜙

(

∇𝜙,
𝜕∇𝜙
𝜕𝑡

)

= −
‖

‖

‖

‖

𝜕𝜙
𝜕𝑡

‖

‖

‖

‖

2
− 𝑘‖∇(𝑇 − 𝑇𝑚)‖2 ≤ 0,

which completes the proof. □

To effectively handle the nonlinear terms in the energy functional and achieve a fully decoupled linear system. Let us define the
auxiliary variable 𝑟(𝑡) as follows:

𝑟(𝑡) =

√

𝐺(𝜙)𝑑𝐱 + 𝐵, (18)
4

∫𝛺
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where B is a large enough positive constant such that 𝑟(𝑡) is positive, and B should satisfy 𝐵 > − ∫𝛺 𝐺(𝜙)𝑑𝐱. By taking the time
erivative of the new variable 𝑟(𝑡), we rewrite the system Eqs. (13) as the following equivalent system:

𝑑𝜙
𝑑𝑡

=𝑀𝜙

(

𝜉2𝜙𝛥𝜙 + 𝑝′(𝜙)𝐿𝑎
𝑇 − 𝑇𝑚
𝑇𝑇𝑚

− 𝑟𝑍𝜙

)

, (19a)

𝜕𝑇
𝜕𝑡

+𝑀𝜙
𝐿𝑎
𝑇𝑇𝑚

𝑝′(𝜙)
𝜕𝜙
𝜕𝑡

= 𝑘𝛥𝑇 , (19b)

𝑑𝑟
𝑑𝑡

= 1
2 ∫𝛺

𝑍𝜙
𝑑𝜙
𝑑𝑡
𝑑𝐱 = 1

2

(

𝑍𝜙,
𝜕𝜙
𝜕𝑡

)

, (19c)

where 𝑍𝜙 = 𝐺′(𝜙)
/√

∫𝛺 𝐺(𝜙)𝑑𝐱 + 𝐵, 𝐺′(𝜙) = 𝑟𝑍𝜙. Thus, the total free energy (14) can be rewritten as:

𝐸 = ∫𝛺

(

𝑀𝜙𝑟
2(𝑡) −𝑀𝜙𝐵

)

𝑑𝐱 + 1
2
‖𝑇 − 𝑇𝑚‖2 +

𝑀𝜙

2
𝜉2𝜙‖∇𝜙‖

2. (20)

Then we can obtain the energy dissipation law of the new system Eq. (19) as follows:

𝑑𝐸
𝑑𝑡

=
(

𝑇 − 𝑇𝑚,
𝜕𝑇
𝜕𝑡

)

+𝑀𝜙𝜉
2
𝜙

(

∇𝜙,
𝜕∇𝜙
𝜕𝑡

)

+𝑀𝜙

(

𝑟𝑍𝜙,
𝜕𝜙
𝜕𝑡

)

= −
‖

‖

‖

‖

𝜕𝜙
𝜕𝑡

‖

‖

‖

‖

2
− 𝑘‖∇(𝑇 − 𝑇𝑚)‖2 ≤ 0. (21)

Remark 1. In our model (13), we consider the bidirectional coupling phenomenon of phase change and temperature during the SLM
process, introducing a new term 𝑀𝜙𝑝′(𝜙)𝐿𝑎(𝑇−𝑇𝑚)∕(𝑇𝑇𝑚). This turns our model into a highly coupled nonlinear equation. To address
this challenge, we choose the SAV approach and further construct a second-order accurate SAV-CN scheme. Currently, there are
many other energy-stable methods to deal with phase-field models, such as the Lagrange multiplier method [52], Invariant Energy
Quadratization [53], etc. The SAV method simplifies the numerical treatment of the strong nonlinearities present in the coupled
phase transition and temperature field by introducing auxiliary variables that transform the nonlinear terms into linear ones. We
combine the SAV method with the CN discretization to obtain a robust and efficient numerical scheme that achieves second-order
accuracy in both time and space. This is crucial to accurately model the dynamics of phase boundaries and thermal gradients during
the SLM process. With the SAV approach, we ensure the physical plausibility of the model and show that it satisfies the second law
of thermodynamics and the conservation properties of energy decay, thus maintaining the thermodynamic consistency of the model.

3. Discrete schemes and energy dissipation

Let us introduce the discrete operators and formulation with the second-order central difference method. We illustrate the discrete
system by considering the 3D domain 𝛺𝑑

𝑝 = [0, 𝐿𝑥] × [0, 𝐿𝑦] × [0, 𝐿𝑧]. We discretize the computational domain with a uniform mesh
grid, whose mesh size is computed as ℎ = 𝐿𝑥∕𝑁𝑥 = 𝐿𝑦∕𝑁𝑦 = 𝐿𝑧∕𝑁𝑧 with the positive eve integers 𝑁𝑥, 𝑁𝑦 and 𝑁𝑧 on the 𝑥−, 𝑦−
and 𝑧− directions, respectively. Let us denote 𝑖, 𝑗 and 𝑘 as the directional index, thus we can define 𝜙𝑛𝑖𝑗 as the approximation to
𝜙(𝑥𝑖, 𝑦𝑗 , 𝑧𝑗 , 𝑛𝛥𝑡), where 𝑥𝑖 = (𝑖 − 0.5)ℎ, 𝑦𝑗 = (𝑗 − 0.5)ℎ, 𝑧𝑗 = (𝑘 − 0.5)ℎ, 𝛥𝑡 = 𝑇 ∕𝑁 , 𝑇 is the final time, and 𝑁 is the total time step. To
elaborate, we utilize (⋅, ⋅)𝑑 to represent the discrete 𝐿2 inner product and ‖ ⋅ ‖2𝑑 to denote the discrete 𝐿2 norm. In this section, we
present the second-order time discrete schemes. For convenience, we have conducted the following notation throughout this paper

𝜙𝑛+
1
2 = (𝜙𝑛+1 + 𝜙𝑛)∕2, 𝜙̂𝑛+

1
2 = (3𝜙𝑛 − 𝜙𝑛−1)∕2, (22a)

𝑇 𝑛+
1
2 = (𝑇 𝑛+1 + 𝑇 𝑛)∕2, 𝑇̂ 𝑛+

1
2 = (3𝑇 𝑛 − 𝑇 𝑛−1)∕2, (22b)

𝑟̂𝑛+
1
2 = (3𝑟𝑛 − 𝑟𝑛−1)∕2, 𝑍̂

𝑛+ 1
2

𝜙 = (3𝑍𝑛
𝜙 −𝑍𝑛−1

𝜙 )∕2. (22c)

We develop the following numerical scheme based on the Crank–Nicolson temporal discretization:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
=𝑀𝜙

(

𝜉2𝜙𝛥𝑑𝜙
𝑛+ 1

2 + 𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

− 𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙

)

, (23a)

𝑇 𝑛+1 − 𝑇 𝑛
𝛥𝑡

+
𝑀𝜙𝐿𝑎

𝑇̂ 𝑛+
1
2 𝑇𝑚

𝑝′(𝜙̂𝑛+
1
2 )
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
= 𝑘𝛥𝑑𝑇

𝑛+ 1
2 , (23b)

𝑟𝑛+1 − 𝑟𝑛
𝛥𝑡

= 1
2

(

𝑍̂
𝑛+ 1

2
𝜙 ,

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
. (23c)

According to the discrete system (23), we can give the system of linear equations as follows:

⎛

⎜

⎜

2𝐼𝑑∕𝛥𝑡 −𝑀𝜙𝜉2𝜙𝛥𝑑 −𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )∕(𝑇̂ 𝑛+
1
2 𝑇𝑚)

′ ̂𝑛+ 1
2 ̂ 𝑛+ 1

2

⎞

⎟

⎟

(

𝜙𝑛+1

𝑇 𝑛+1

)

=
(

𝑓1
𝑓2

)

, (24)
5

⎝

𝑀𝜙𝐿𝑎𝑝 (𝜙 )∕(𝑇 𝑇𝑚) 𝐼𝑑 − 𝑘𝛥𝑡𝛥𝑑∕2 ⎠
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where 𝛥𝑑 is the Laplacian operator under the finite difference framework. 𝐼𝑑 is the standard Identity discrete operator in finite
difference framework. The components in the source term are as follows:

𝑓1 =
( 2
𝛥𝑡
𝐼𝑑 +𝑀𝜙𝜉

2
𝜙𝛥𝑑

)

𝜙𝑛 +
𝑀𝜙𝐿𝑎𝑝′(𝜙̂

𝑛+ 1
2 )

𝑇̂ 𝑛+
1
2 𝑇𝑚

𝑇 𝑛 −𝑀𝜙𝑍̂
𝑛+ 1

2
𝜙 𝑟̂𝑛+

1
2 −

2𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )

𝑇̂ 𝑛+
1
2

, (25)

𝑓2 =
𝑀𝜙𝐿𝑎𝑝′(𝜙̂

𝑛+ 1
2 )

𝑇̂ 𝑛+
1
2 𝑇𝑚

𝜙𝑛 +
(

𝐼𝑑 +
𝑘𝛥𝑡
2
𝛥𝑑

)

𝑇 𝑛. (26)

We employ the SAV method to deal with the nonlinear terms, resulting in a fully decoupled linear system. The feature of
complete decoupling reduces the computational complexity, enabling the possibility of parallel computation and hence enhancing
computational efficiency. The linearized system minimizes the error in the solution process, rendering the numerical solution more
accurate and stable. We employ the Bi-Conjugate Gradient Stabilized Method (BiCGSTAB) to solve this linear system at the semi-
implicit time level. The BiCGSTAB algorithm provides faster convergence rates for fully decoupled linear systems, implying that
higher accuracy can be achieved within the same computational timeframe. Moreover, due to its stability, the method is capable of
effectively mitigating numerical oscillations induced by time-stepping variations, even when operating at the semi-implicit temporal
level. Herein, we can drive the unconditional energy stability of the numerical scheme Eq. (23) as follows.

Theorem 2. The solutions of the discrete system satisfies the modified energy dissipation law, i.e.

𝐸𝑛+1 − 𝐸𝑛
𝛥𝑡

= −𝑘
4
‖

‖

‖

∇𝑑 (𝑇 𝑛+1 + 𝑇 𝑛 − 2𝑇𝑚)
‖

‖

‖

2

𝑑
−
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
≤ 0, (27)

here the modified energy is defined as

𝐸𝑛 = 1
2
‖𝑇 𝑛 − 𝑇𝑚‖2𝑑 +

𝑀𝜙

2
𝜉2𝜙‖∇𝑑𝜙

𝑛
‖

2
𝑑 + 2𝑀𝜙𝑟

𝑛 𝑟̂𝑛+
1
2 . (28)

Proof. Let us take the 𝐿2 inner product of Eq. (23a) with (𝜙𝑛+1 − 𝜙𝑛)∕𝛥𝑡 as follows:
(

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
=𝑀𝜙𝜉

2
𝜙

(

𝛥𝑑𝜙
𝑛+ 1

2 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
−𝑀𝜙

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑

+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
, (29)

hich can be rearranged as

𝑀𝜙𝜉2𝜙
2𝛥𝑡

(

‖∇𝑑𝜙𝑛+1‖2𝑑 − ‖∇𝑑𝜙𝑛‖2𝑑
)

= −
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
−𝑀𝜙

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑

+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
. (30)

Then, we take the 𝐿2 inner product of Eq. (23b) with (𝑇 𝑛+
1
2 − 𝑇𝑚) as follows:

(

𝑇 𝑛+1 − 𝑇 𝑛
𝛥𝑡

, 𝑇 𝑛+
1
2 − 𝑇𝑚

)

𝑑
+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑

= 𝑘
(

𝛥𝑑𝑇
𝑛+ 1

2 , 𝑇 𝑛+
1
2 − 𝑇𝑚

)

𝑑
, (31)

where
(

𝑇 𝑛+1 − 𝑇 𝑛
𝛥𝑡

, 𝑇 𝑛+
1
2 − 𝑇𝑚

)

𝑑
= 1

2𝛥𝑡

(

‖𝑇 𝑛+1 − 𝑇𝑚‖2𝑑 − ‖𝑇 𝑛 − 𝑇𝑚‖2𝑑
)

. (32)

he right-hand side of Eq. (31) can be rewritten as

𝑘
(

𝛥𝑑𝑇
𝑛+ 1

2 , 𝑇 𝑛+
1
2 − 𝑇𝑚

)

𝑑
= −𝑘

4
‖

‖

‖

∇𝑑 (𝑇 𝑛+1 + 𝑇 𝑛 − 2𝑇𝑚)
‖

‖

‖

2

𝑑
. (33)

By taking Eq. (32) to Eq. (33), we can obtain
1
2𝛥𝑡

(

‖𝑇 𝑛+1 − 𝑇𝑚‖2𝑑 − ‖𝑇 𝑛 − 𝑇𝑚‖2𝑑
)

= −𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
− 𝑘

4
‖

‖

‖

∇𝑑 (𝑇 𝑛+1 + 𝑇 𝑛 − 2𝑇𝑚)
‖

‖

‖

2

𝑑
. (34)
6



Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108239S. Lai et al.

w

T

T

b

w

4

s
e

After that, let us take the 𝐿2 inner product of Eq. (23c) with 𝑟̂𝑛+
1
2 as follows:

(

𝑟𝑛+1 − 𝑟𝑛
𝛥𝑡

, 𝑟̂𝑛+
1
2

)

𝑑
= 1

2

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
, (35)

hich can be rearranged as
2𝑀𝜙

𝛥𝑡
𝑟̂𝑛+

1
2
(

𝑟𝑛+1 − 𝑟𝑛
)

=𝑀𝜙

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
. (36)

By combining Eq. (30), (34) and (36), we have the following modified energy dissipation law:

𝐸𝑛+1 − 𝐸𝑛
𝛥𝑡

= 1
2𝛥𝑡

(

‖𝑇 𝑛+1 − 𝑇𝑚‖2𝑑 − ‖𝑇 𝑛 − 𝑇𝑚‖2𝑑
)

+
𝑀𝜙𝜉2𝜙
2𝛥𝑡

(

‖∇𝑑𝜙𝑛+1‖2𝑑 − ‖∇𝑑𝜙𝑛‖2𝑑
)

+
2𝑀𝜙

𝛥𝑡
𝑟̂𝑛+

1
2
(

𝑟𝑛+1 − 𝑟𝑛
)

= −𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
− 𝑘

4
‖

‖

‖

∇𝑑 (𝑇 𝑛+1 + 𝑇 𝑛 − 2𝑇𝑚)
‖

‖

‖

2

𝑑

−𝑀𝜙

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑
+𝑀𝜙𝐿𝑎

(

𝑝′(𝜙̂𝑛+
1
2 )
𝑇 𝑛+

1
2 − 𝑇𝑚

𝑇̂ 𝑛+
1
2 𝑇𝑚

,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑

−
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
+𝑀𝜙

(

𝑟̂𝑛+
1
2 𝑍̂

𝑛+ 1
2

𝜙 ,
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡

)

𝑑

= −𝑘
4
‖

‖

‖

∇𝑑 (𝑇 𝑛+1 + 𝑇 𝑛 − 2𝑇𝑚)
‖

‖

‖

2

𝑑
−
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
≤ 0.

his completes the proof. □

heorem 3. With the computed variables: 𝜙̂𝑛+
1
2 , 𝑇̂ 𝑛+

1
2 , there exist unique solutions 𝜙𝑛+1, 𝑇 𝑛+1 of Eq. (23).

Proof. According to Eq. (24), we can get the block coefficient matrix  of the linear system (23) as follows:

 =
⎛

⎜

⎜

⎝

2𝐼𝑑∕𝛥𝑡 −𝑀𝜙𝜉2𝜙𝛥𝑑 −𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )∕(𝑇̂ 𝑛+
1
2 𝑇𝑚)

𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )∕(𝑇̂ 𝑛+
1
2 𝑇𝑚) 𝐼𝑑 − 𝑘𝛥𝑡𝛥𝑑∕2

⎞

⎟

⎟

⎠

. (37)

Let us set 𝐴11 = 2𝐼𝑑∕𝛥𝑡 −𝑀𝜙𝜉2𝜙𝛥𝑑 , 𝐴22 = 𝐼𝑑 − 𝑘𝛥𝑡𝛥𝑑∕2, 𝐴12 = −𝐴21 = 𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )∕(𝑇̂ 𝑛+
1
2 𝑇𝑚). Given that 𝐼𝑑 is the identity

operator and 𝛥𝑑 is a semi-negative definite Laplacian operator, it follows that matrices 𝐴11 and 𝐴22 are positive definite. Inspired
y [54], the Schur complement 𝑆 for the block matrix  is given by

𝑆 = 𝐴22 − 𝐴21𝐴
−1
11𝐴12, (38)

here

𝐴21𝐴
−1
11𝐴12 = −

⎛

⎜

⎜

⎝

𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )

𝑇̂ 𝑛+
1
2 𝑇𝑚

⎞

⎟

⎟

⎠

𝐴−1
11

⎛

⎜

⎜

⎝

𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )

𝑇̂ 𝑛+
1
2 𝑇𝑚

⎞

⎟

⎟

⎠

. (39)

Let us denote 𝐵 =𝑀𝜙𝐿𝑎𝑝′(𝜙̂
𝑛+ 1

2 )∕(𝑇̂ 𝑛+
1
2 𝑇𝑚), then we have 𝑆 = 𝐴22 +𝐵𝐴−1

11𝐵, which is also positive definite. According to the Schur
complement property of the block matrix [55], it can be deduced that the block matrix  is positive definite. Consequently, the
coefficient matrix  of the linear system (23) is invertible. Therefore, the system (23) has a unique solution. □

4. Numerical experiments

In this section, we perform several numerical simulations in two and three-dimensions, such as energy dissipation experiments,
stability experiments, precision experiments, 3D layer-by-layer printing evolution experiments, and comparison experiments with
different layer thickness. Unless otherwise specified, we set the 3D domain 𝛺𝑑

𝑝 = [0, 1]×[0, 1]×[0, 1]. The following parameter settings
were chosen: 𝑇𝑚 = 50,𝑀𝜙 = 1, 𝐿𝑎 = 1, 𝜉𝜙 = 4ℎ∕(2

√

2atanh(0.9)), 𝑘 = 2, 𝐵 = 103, 𝜂 = 1, 𝜌 = 1, and 𝛥𝑡 = 0.1ℎ.

.1. Numerical stability

In this section, we numerically verify that the proposed system satisfies the energy dissipation law and validate the energy
tability of the system at four different time steps. We normalize both the corrected energy and the original energy by the initial
nergy, with the initial conditions set as follows:

𝜙(𝑥, 𝑦, 0) = −0.5 tanh
(

√

(𝑥 − 0.5)2 + (𝑦 − 0.5)2 − 0.16(0.9 + 0.36(cos(6𝜃) + sin(6𝜃)))
√

)

+ 0.5,
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Fig. 1. (a) is the evolution of the initial energy over time normalized by the original energy and the discrete corrected energy. (b) is a plot of the normalized
energy functional over time at four different time steps 𝛥𝑡 = 1, 0.5, 0.25, and 0.125. The two subgraphs are local curve enlargements at the two turning points.

Fig. 2. Simulation of the manufacturing process of a single-layer spiral model. From left to right, the simulated effects of the single-layer spiral at specific times
𝑡 = 1, 2, 2.5, and 3, respectively.

𝑇 (𝑥, 𝑦, 0) = 100𝜙(𝑥, 𝑦, 0) + 1.

As illustrated in Fig. 1(a), the corrected energy curve exhibits a decaying trend over time, consistent with the original energy curve.
Furthermore, we choose 𝜙(𝑥, 𝑦, 0) = rand(𝑥, 𝑦, 𝑧) to corroborate the energy dissipation and stability of the system at four distinct time
steps. To demonstrate the stability of the proposed scheme, we conduct numerical experiments at different time steps 𝛥𝑡 = 1, 0.5, 0.25,
and 0.125. As shown in Fig. 1(b), we compare the evolution of the total energy at different time steps 𝛥𝑡 = 1, 0.5, 0.25, and 0.125
over time until 𝑇 = 900. The consistent decline observed in all four energy curves signifies a robust numerical solution. This affirms
compliance of the system with energy dissipation laws and facilitates the application of larger investigative time steps. In addition,
Fig. 1(b) includes two enlarged subgraphs to clearly show the differences between the curves at the turning points. Obviously, the
result of 𝛥𝑡 = 0.125 aligns with that for 𝛥𝑡 = 0.25, but differs from results with larger time steps like 𝛥𝑡 = 1 and 𝛥𝑡 = 0.5. Although
the difference is less significant for large states, it is recommended to use smaller time steps to obtain more accurate numerical
solutions. The additional stability term plays an important role in the gradual stabilization process. We can easily conclude that our
numerical solution converges and that the proposed scheme exhibits validity even for large time steps.

4.2. Evolution of the metal powder melt pool on the substrate

In this section, we investigate a simulation of the fabrication process for monolayer printing, focusing specifically on spiral
modeling. We place a spotlight on the magnification of this single-layer process, which allows us to deeply explore the phase
transition outcomes that arise from the interaction between the powder and the substrate. This exploration unveils the fascinating
phenomena associated with the evolution of the melt pool. Our simulation effectively illustrates that when each line in a single-
layer printing undergoes fusion, the outcome is quite satisfactory. Furthermore, there is an impressive coupling of temperature
distribution. Fig. 2 sequentially showcases the printing effects of the single-layer spiral at specific time points 𝑡 = 1, 2, 2.5, and 3,
respectively.

After that, we shift our focus to the magnification of the single-layer manufacturing process. To conduct a deep investigation into
the phase transition outcomes triggered by the powder-substrate interaction, thereby further probing into the phenomena of melt
pool evolution. We first consider that the substrate is composed of the same material as the powder. Inspired by [10], we introduce
another state variable 0 ≤ 𝜓 ≤ 1 to track the degree of solidification of the metal, thereby distinguishing the powder from the fully
dense phase. The consolidation parameter, symbolized as 𝜓 , is set to 1 in areas of complete density and 0 in powdered zones. This
8
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Fig. 3. Schematic representation of the molten pool formed as a result of the phase transition of the powder-matrix interaction in the SLM process. (a) is a
two-dimensional schematic diagram of the SLM process. The dark blue area represents the metal powder and the light blue area represents the substrate. The
red solid line represents the Gaussian laser beam and the black solid line represents the contour. (b) is a schematic diagram of the melt pool formed in the SLM
process. The red area represents the melt pool, the dark blue area represents the metal powder, and the light blue area represents the substrate, the black solid
line represents the contour line.

parameter is closely linked with the trajectory and present state of phase parameters at each material point, preserving the peak
value of 𝜙. When the powder is completely melted (𝜙 = 1), the material at that location is considered to become completely dense.
Therefore, 𝜓 = 1 at this point and will remain completely dense. For materials that are only partially melted, where 0 < 𝜙 < 1,
the material is not deemed fully consolidated, and 𝜓 reflects the highest value of 𝜙. In general, 𝜓 takes the maximum value of the
current value 𝜓 or the peak value of 𝜙 at any time at a given position 𝑥 ∈ 𝛺, as shown below:

𝜓(𝑥, 𝑡) = max
0≤𝑡′≤𝑡

(

𝜙(𝑥, 𝑡′), 𝜓(𝑥, 𝑡)
)

. (40)

Specifically, we combine the two state variables to represent the matter state jointly. We use different combinations of 𝜙 and 𝜓
to describe non-dense solid metal powder(𝜙 = 0, 𝜓 = 0), dense solid substrate(𝜙 = 0, 𝜓 = 1), and dense melt pool(𝜙 = 1, 𝜓 = 1),
respectively. As shown in Fig. 3, according to the material state defined above, we divide the entire computational domain into
two regions, the dark blue region for the metallic powder and the light blue region for the substrate. A layer of metallic powder
is laid on the substrate surface to study its heat transfer and interface dynamics under vertical irradiation by a laser beam at a
fixed position. As a heat source, a pulsed Gaussian laser beam is vertically irradiated downward above the metallic powder layer,
providing intermittent high temperatures. In view of the heat source caused by the laser in the system, it is necessary to add a heat
source term 𝑄̇ in the heat conduction equation to ensure its applicability as follows:

𝜕𝑒
𝜕𝑡

= −∇ ⋅
(

𝑀𝑒∇
𝛿
𝛿𝑒

)

+ 𝑄̇. (41)

We give a comprehensive explanation of the existing control equations and make corresponding modifications. The heat source
term 𝑄̇ is composed of radiation loss 𝑄̇𝑟 and laser irradiation 𝑄̇𝑖𝑟, so Eq. (13b) can be rewritten as follows:

𝜕𝑇
𝜕𝑡

+𝑀𝜙
𝐿𝑎
𝑇𝑇𝑚

𝑝′(𝜙)
𝜕𝜙
𝜕𝑡

= 𝑘𝛥𝑇 + 𝑄̇𝑟 + 𝑄̇𝑖𝑟, (42)

where

𝑄̇𝑟 = −
𝛽𝜎(𝑇 4 − 𝑇 4

𝑚)
𝜖

, 𝑄̇𝑖𝑟 = −𝛼𝐻 ⋅ 𝑛
𝜖

, (43)

𝐻 = −

√

2∕𝜋𝑄
𝑟

𝑒𝑥𝑝
(−2(𝑥 − 𝑥𝑐 − 𝑈𝑟𝑡)2

𝑟2
)

𝑒𝑦. (44)

Here 𝛽 is the emissivity, 𝜎 is the Stefan–Boltzmann constant, 𝛼 is the powder absorption rate constant, 𝑛 is the surface normal vector,
𝐻 is the two-dimensional Gaussian laser irradiation flux, 𝑄̇ is the average laser power per unit length, 𝑥𝑐 is the laser focus projected
on the 𝑥-axis, 𝑒 is the unit vector parallel to the 𝑦-axis, and 𝑈 is the speed of the nozzle in the horizontal direction. It is worth
9
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Fig. 4. Temperature distribution diagram of molten pool formed by powder-substrate in SLM process. Solid black lines indicate the interface between molten
pool and substrate.

noting that after introducing the laser beam as a heat source, the system we mention earlier is no longer an isolated closed system,
which is likely to lead to the collapse of the energy dissipation theorem. In this section, we set the average power of the laser to
𝑄̇ = 1.9 × 105 W∕m and the scanning speed of the nozzle to 0.1 m∕s. As shown in Fig. 3(a), a fixed Gaussian laser beam is projected
vertically downward onto the metal powder layer, providing heat perpendicular to the substrate. Fig. 3(b) shows the melt pool
formed by the phase transition results of the powder-substrate interaction. We can clearly see that under the effect of a vertically
projected laser beam heat source, the powder-substrate interface undergoes a deformation due to the combined effect of thermal
and surface tension, which leads to the formation of a melt pool. By introducing phase and solidification parameters, we are enabled
to track the phase transition and variability in material density. This further allows us to ascertain the morphology of the melt pool
and the density distribution within the material. As shown in Fig. 4, we present the temperature distribution during the formation
of the melt pool. A fixed Gaussian laser irradiates downward onto the layer of metal powder, providing heat perpendicular to the
substrate. The energy is concentrated in a small area and diffuses outward. The temperature distribution aligns with the mechanism
in the SLM process where the laser transfers energy to the metal powder and then diffuses outward, which is consistent with the
processing scenario. The black solid line in Fig. 4 delineates the interface between the melt pool and the substrate.

4.3. Simulation manufacturing process for layer-by-layer printing modeling

In this section, we simulate the staged evolution effect of the rabbit model manufactured layer by layer under the guidance of
the algorithm through simulation experiments, as shown in Fig. 5. In real SLM manufacturing, the digital model of the STL file
of the prepared part is mathematically sliced into thin layers, and then the metal powder is deposited layer by layer, with each
layer corresponding to a slice of the model. Between two consecutive powder layers, the laser beam scans the layers based on STL
file design data and selectively melts the powder. Complex components are constructed layer by combining power layer deposition
and laser melting methods. Notably, our algorithm employs a layer-by-layer analysis strategy. It begins by interpreting the G-code
data of the 3D model. Subsequently, it generates a point cloud connection matrix. The motion trajectory of the laser beam is then
designed. This allows us to simulate the formation of liquid droplets, which result from the layer-by-layer melting of metal powder
under specific SLM process parameters. Our method is adaptable to various scanning strategies and process parameters, each yielding
distinct print effects. The algorithm effectively captures and displays the nuanced differences between them.

4.4. Influence of scan radius on layer-by-layer fabrication simulation

In this section, we compare the staged evolution simulation effects of the gear model under different scanning radii through
simulation experiments. Our model and algorithm are adaptable to varying scanning radii, with different radii yielding distinct
print effects for the model. To validate the impact of different scanning radii on the simulated printing effect, we conduct numerical
experiments at different scanning radii of 0.2, 0.1, and 0.05. As shown in Fig. 6, we compare the stage-by-stage printing results
of the gear model under different scanning radii of 0.2, 0.1 and 0.05. When employing a larger scanning radius, such as 0.2, it
becomes evident that the extended scanning radius facilitates effective heat dissipation. This results in a larger temperature gradient,
significantly impacting the non-physical deformation in the scanning vector direction. However, the simulation time required is
shorter, and the efficiency is higher. When a shorter scanning radius such as 0.05 is used, a uniform temperature field is often
generated, resulting in a finely compact model, but the simulation time is longer, and the efficiency is lower.

4.5. Evolutionary experiments simulating the layer-by-layer printing with different supports

In this section, we compare the simulation outcomes of the glasses model at various evolutionary stages, considering unsupported,
tree, and normal supported scenarios. Fig. 7(a) to (c) show the stage-by-stage display of the glasses model under flat without
10
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Fig. 5. The stage evolution simulation effect of layer-by-layer printing of the rabbit model. (a) in front view and (b) in top view.

Fig. 6. The stage effect of layer-by-layer printing of the gear model under different scanning radii. (a) to (c) are the stage effects of simulating the layer-by-layer
printing of the gear model when the scanning radius is 0.2, 0.1, and 0.05, respectively.

support, with tree-shaped support, and with normal support, respectively. In Fig. 7(a), the horizontally placed glasses model can
be formed by relying on its own supporting force without adding a support structure. In the realm of SLM fabrication, the strategic
placement of parts is paramount for achieving structural finesse and superior quality. Regions requiring high surface quality require
meticulous machining to maintain quality and limit overhangs. With optimal placement, we can reduce the volume of machined
material, limit superfluous supports, and guarantee the quality of the parts. Fig. 7(b) and (c) depict the sequential simulation of
a glasses model, tilted at 45 degrees, supported by tree-shaped and standard structures, respectively. The inherent layer-by-layer
principle of SLM gives rise to overhangs that mandate support. These supports are instrumental in not only enabling the formation of
overhang features, but also in shouldering the weight of the parts, mitigating horizontal deformation, and promoting heat dissipation.
Furthermore, they modulate the local temperature during the printing process by introducing additional heat conduction pathways.
The glasses model with support Fig. 7(b) and (c) can dissipate heat more effectively during the local forming process, and the
cooling rate is higher than that of the glasses model without support Fig. 7(a). Our algorithm is able to model the temperature
11
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Fig. 7. Simulation of the printing effect of the glasses model in different placement positions and with added support. (a) to (c) are the stage effects of evolution
and temperature distribution of the glasses model in the flat without support, with tree-like support, and with normal support, respectively. In (a), the horizontally
placed glasses model can be formed by relying on its own support force without adding a support structure. In (b) and (c), the stage simulation of the printing
evolution of the glasses model placed at a 45-degree tilt with tree-like support and normal support is shown.

profile and layer-by-layer formation effects in SLM fabrication wells for different models with different placement and different
types of supports.

4.6. Comparative simulations of layer-by-layer printing with different powder layer thickness

In this section, we compare the simulation effects of the vase model at different stages of evolution through simulations with
different powder layer thicknesses. Our model and algorithm can be adapted to different powder layer thicknesses, but different
powder layer thicknesses lead to different print effects of the model. To verify the effect of different powder layer thicknesses on
the printing effect of the digital model, we perform simulations with three different powder layer thicknesses of 0.4, 0.2, and 0.1.
As shown in Fig. 8, we compare the schematic results for the outer face and profile of the layer-by-layer printed vase model at
three different powder layer thicknesses of 0.4, 0.2, and 0.1. Fig. 8(a) to (c) are schematic diagrams of the printing effect of the
vase digital model when the powder layer thickness is 0.4, 0.2, and 0.1, respectively. In Fig. 8(a), the vase digital model is sliced
into 40 layers with a powder layer thickness of 0.4. In Fig. 8(b), the vase digital model is sliced into 79 layers with a powder layer
thickness of 0.2. In Fig. 8(c), the vase digital model is sliced into 158 layers with a powder layer thickness of 0.1.

The SLM manufacturing process directly melts metal powder layer by layer (the thickness of each layer of powder is the same
as the slicing thickness). On each layer, the scanning laser beam provides energy to locally melt a layer of deposited metal powder
and fuse it onto the previously melted layer. Clearly, when slicing a vase model of the same size, a greater slicing thickness results
in fewer required layers, while a smaller slicing thickness leads to more layers. The associated data storage space also varies, being
larger for smaller slicing thicknesses. In addition, we can see that under the condition of a larger layer thickness, after the powder
layer is melted, larger droplets are obtained, the internal structure is slightly unstable, defects and air entrainment are more likely
to occur, and there is a lack of fusion between the two required laser scans, and individual layers may be suspended. Under the
condition of a smaller layer thickness, the powder layer is melted and filled into the gaps between the powders to obtain smaller
droplets. The internal structure, enriched with particles, forms a stable configuration that minimizes the likelihood of voids or air
entrapment. Therefore, choosing a suitable powder layer thickness is crucial to the manufacturing effect. Our algorithm provides
an efficient way to choose the appropriate layer thickness. Further research helps optimize the printing parameters of the digital
model to achieve higher quality SLM manufacturing results.

5. Conclusion

In this study, we developed a numerical model based on phase-field theory, which accurately simulates key physical phenomena
such as solid–liquid phase changes and heat conduction during the SLM process. The establishment of the model was based on the
variational principle of minimizing the free energy functional, which formed a complete coupled system that could simultaneously
capture multiple physical quantities such as temperature fields and interface morphology. We discretized the model using the
12
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Fig. 8. Simulation of the external measurement and cross-sectional effects of layer-by-layer printing of the vase model under different layer thicknesses. (a)
to (c) are schematic diagrams of the printing effects when the layer thickness is 0.4, 0.2, and 0.1, respectively. The first and second columns are the outer
schematic diagram and the top view of the cross section when half of the layers are printed, and the third to fifth columns are the outer schematic diagram,
the front view of the vertical cross section, and the top view of the outer surface after all layers are printed.

semi-implicit Crank–Nicolson scheme. This ensured second-order accuracy and unconditional energy stability, which are crucial
for maintaining numerical stability and the physical rationality of the solution. Through numerical experiments, we demonstrated
the high-precision capture ability of the model for interface morphology and temperature fields, verifying the effectiveness and
superiority of the model. Furthermore, we developed a digital model that mirrors the actual manufacturing process. This model
is capable of effectively simulating the temperature distribution and morphological changes of the components fabricated during
the SLM process. It thereby provides a dependable basis for forecasting and enhancing the quality and performance of parts
produced through SLM additive manufacturing. The complexity of coupled systems, particularly when modeling large or long-
duration processes with complex geometries or substantial components, significantly increases the need for computational resources.
This need motivates us to seek more computationally efficient approaches to reduce resource usage and make extensive simulations
more feasible. In addition, the accuracy of the model depends on accurate physical parameter inputs, which can be difficult and
uncertain to obtain. To address this challenge, we must refine our parameter estimation and calibration techniques. By utilizing
experimental data and strengthening the bond between data and model, we can decrease our dependence on exact parameter inputs.
This is also an issue that we aim to address in our future work.
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