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A B S T R A C T

In this paper, we propose a novel model for the discrimination of complex three-dimensional connected regions.
The modified model is grounded on the Allen–Cahn equation. The modified equation not only maintains the
original interface dynamics, but also avoids the unbounded diffusion behavior of the original Allen–Cahn
equation. This advantage enables us to accurately populate and extract the complex connectivity region of the
target part. The model is discretized employing a semi-implicit Crank–Nicolson scheme, ensuring second-order
accuracy in both time and space. This paper provides a rigorous proof of the unconditional energy stability of
our method, thereby affirming the numerical stability and the physical rationality of the solution. We validate
the discriminative ability of the proposed model for 3D complex connected regions.
1. Introduction

As automation and intelligence continue to advance in modern
industrial design and manufacturing, the task of extracting internal fea-
tures from complex systems becomes increasingly vital and challenging.
This process is critical for analyzing mechanical flow channels [1],
segmenting biomedical images [2], and identifying defects in non-
destructive testing [3]. The shape of the internal cooling cavity sig-
nificantly influences airflow performance and blades longevity [4]. In
thermal fluid analysis, accurately identifying connected regions within
blades cooling cavities is crucial [5]. This process is analogous to
medical imaging, where delineating connected organ shapes via Com-
puted Tomography (CT) or Magnetic Resonance Imaging is vital for
diagnosis [6,7].

To address these challenges more effectively, certain commercial
Computer-Aided Design software integrates specialized modules for
extracting connected regions. These modules utilize either mesh-based
or voxel-based algorithms to spatially partition the target entity model
and identify internal voids by analyzing connected elements. However,
their efficacy remains confined to topologically simple flow regions.
When confronted with highly complex industrial components, tradi-
tional algorithms encounter difficulties due to the exponential growth
in meshing precision and data scale. Zhu et al. [8] applied deep
learning techniques to semantic segmentation in orbital CT scans. Their
approach accurately measured extraocular muscle and optic nerve
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volumes. However, it is essential to acknowledge that subjective factors
and anatomical complexities may influence the results. Lee et al. [9]
focused on liver segmentation using a level set method. Their ap-
proach achieved precise extraction through seed region growth and
shape propagation. Nevertheless, changes in liver morphology and the
presence of similar structures pose challenges in liver segmentation.
Yang et al. [10] introduced a novel topological graph-based method
for skeleton extraction from binary medical images. By preserving
topological relationships, their approach enhanced skeletal structure
extraction. However, it fell short in handling curved skeletons, which
remained an area for further investigation. Bowden et al. [11] explored
active contours and the Poisson equation to address connected region
issues in medical images. Their method improved boundary detection
and reduces noise. However, it come with high computational demands
and requires user-dependent parameter tuning. Consequently, these
methods encounter significant challenges when addressing complex
geometries marked by pronounced curvature and extensive branching.
The modeling approach based on the Allen–Cahn (AC) equation has
been widely applied in the field of materials science and engineering,
encompassing important physical processes and phenomena such as
phase transitions [12–14], average curvature motion [15–17], image
analysis [18,19], crystal growth [20–22] and fluid flow [23–25]. The
AC equation is capable of describing and tracking highly complex
interface shapes and topological changes [26,27]. It exhibits good
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Fig. 1. The diffusion and evolution process of 𝜙, initiated from a circular seed, within the 𝛺𝐷 region of 𝜓 . The green area represents the region within the tangent circle, denoted
as 𝛺𝐷 , and the yellow area illustrates the diffusion evolution of the circular seed within the tangent circle.
stability [28,29] and high accuracy [30,31], making it particularly
effective in handling phase interface problems with intricate structures
and dynamic variations. Furthermore, it excels in identifying highly
curved and complex connected regions.

This study proposes a new model based on the AC equation. This
model aims to identify connected regions efficiently through mathe-
matical and physical methodologies. In this study, the modified AC
equation preserves the original features of the interface dynamics and
avoids the unbounded diffusion of the original equation. This allows
for accurate filling and extraction of complex connected regions in
the target component. The model is discretized using a semi-implicit
Crank–Nicolson scheme, ensuring second-order accuracy in both time
and space. This paper rigorously proves the unconditional energy stabil-
ity of the phase-field model. This model effortlessly manages complex
3D shapes, delivering both high-speed computation and stable results.

The paper is organized as follows: Section 2 describes the govern-
ing equations and numerical solution algorithms. Section 3 presents
numerical schemes. Section 4 conducts various numerical experiments.
Finally, Section 5 provides a conclusion.

2. Methodology

We define the discrete function 𝜓(𝐱) to represent the areas inside
and outside the surface of a three-dimensional model within the region
𝛺 = (0, 𝐿𝑥)×(0, 𝐿𝑦)×(0, 𝐿𝑧) ⊂ 𝑅3, where 𝐱 = (𝑥, 𝑦, 𝑧) ∈ 𝛺. Assuming that
the phase field function 𝜙(𝐱, 𝑡) propagates under the influence of mean
curvature flow, where the normal velocity of the moving hypersurface
is equal to the negative mean curvature, we establish the initial values
of the phase field within the surface of the three-dimensional model.
The phase field function begins to diffuse from its initial state and
stops when it encounters resistance from the surface of the 3D model.
This process effectively distinguishes between connected regions and
obstructed areas, thereby identifying the connected regions within the
model’s surface. In this paper, we propose a modified Allen–Cahn
equation for identifying connected regions as follows:

𝜕𝜙
𝜕𝑡

=𝑀
(

∇ ⋅ (𝜓∇𝜙) − 𝜓
𝐹 ′(𝜙)
𝜖2

)

with 𝜓(𝐱) =
{

1 if 𝐱 ∈ 𝛺𝐷,
0 otherwise. (1)

where 𝑀 represents the diffusion rate, 𝜙 is the phase field, 𝜖 is a
parameter related to the interfacial transition layer, 𝛺𝐷 refers to the
region inside the surface of the 3D model, and 𝐹 (𝜙) = 𝜙2(𝜙−1)2∕4 is a
double-well potential. We briefly describe the fundamental mechanisms
of the proposed model within the two-dimensional domain 𝛺 = [−1, 1]×
[−1, 1]. Let 𝜓(𝑥, 𝑦) be a discrete function representing the surfaces of
two tangent circles, with centers at (0.3, 0.5) and (−0.3, 0.5) and radii of
0.3, respectively. 𝛺𝐷 represents the region inside the surfaces of these
tangent circles. 𝜙(𝑥, 𝑦, 0) represents a circular seed inside one of the
tangent circles.

As shown in Fig. 1, the green area represents the region 𝛺𝐷 inside
the tangent circles, while the yellow area demonstrates the evolution
process of circular seeds spreading and filling 𝛺𝐷 inside the tangent
circles. The fundamental principles of the proposed phase field model
can be summarized as follows: Due to the diffusion effect of the Allen–
Cahn equation [32,33], 𝜙 diffuses within the connected region 𝛺𝐷
inside the tangent circles. When 𝜙 reaches the circular boundary,
the constraints imposed by 𝜓(𝑥, 𝑦) cause the diffusion to encounter
2

resistance and cease, ultimately filling the entire region of the tangent
circles without spilling over the boundary.

The Allen–Cahn equation describes a geometric evolution law [34,
35], asserting that the normal velocity of an evolving hypersurface is
directly proportional to the negative of its mean curvature:

𝑉𝑛 = −𝑀𝜅. (2)

Here, 𝑉𝑛 represents the normal velocity of the geometry, and 𝜅 denotes
the mean curvature of the surface. The flow ceases when the mean
curvature of the volume reaches zero, indicating a smooth boundary
and identifying the connected regions within the entire domain. We can
also obtain Eq. (1) by applying the 𝐿2 gradient flow of the Lyapunov
energy functional:

 = ∫𝛺
𝑀𝜓

( 1
2
|∇𝜙|2 +

𝐹 (𝜙)
𝜖2

)

𝑑𝐱, (3)

By calculating the variational derivative of Eq. (3) using the 𝐿2 norm,
we derive Eq. (1) as 𝜕𝜙∕𝜕𝑡 = −𝛿∕𝛿𝜙. Additionally, differentiating the
total energy  yields

𝑑
𝑑𝑡

= ∫𝛺
𝛿
𝛿𝜙

𝜕𝜙
𝜕𝑡
𝑑𝐱 = ∫𝛺

(

−
𝜕𝜙
𝜕𝑡

)

𝜕𝜙
𝜕𝑡
𝑑𝐱 = −∫𝛺

(

𝜕𝜙
𝜕𝑡

)2

𝑑𝐱 ≤ 0, (4)

which indicates a reduction in the total energy as a function of time.
To effectively handle the nonlinear terms in the energy functional

and achieve a fully decoupled linear system. Let us define the auxiliary
variable 𝜂(𝑡), and rewrite the system (1) as the following equivalent
system:
𝜕𝜙
𝜕𝑡

=𝑀
(

∇ ⋅ (𝜓∇𝜙) − 𝜓𝜂(𝑡)
𝐹 ′(𝜙)
𝜖2

)

, (5a)

𝑑
𝑑𝑡 ∫𝛺

𝐹 (𝜙)𝑑𝐱 = 𝜂(𝑡)∫𝛺
𝐹 ′(𝜙)

𝜕𝜙
𝜕𝑡
𝑑𝐱. (5b)

with the Neumann boundaries conditions 𝐧 ⋅ ∇𝜙 = 0. By assigning the
initial condition of 𝜂(𝑡) as 𝜂(0) = 1, it becomes apparent that the new
system (5) corresponds to the original system (1), implying that 𝜂(𝑡) = 1
remains valid in Eq. (5).

Remark 1. We modified the classic Allen–Cahn equation to fa-
cilitate the identification of connected regions in complex models.
Both the Allen–Cahn and Cahn–Hilliard (CH) equations incorporate
mean curvature effects, they fundamentally differ in their properties,
particularly regarding mass conservation. This distinction significantly
influences their applicability in identifying connected regions. The AC
equation is notably characterized by its lack of mass conservation.
This non-conserving nature allows the total mass of the system to
change during evolution. In the context of identifying connected re-
gions, this characteristic enables interfaces to freely expand throughout
the computational domain, unrestricted by the initial mass distribution.
Such flexibility allows the AC equation to more effectively explore the
entire domain, facilitating the discovery and identification of potential
connected regions within the entire area. In contrast, the CH equation
is distinguished by its strict mass conservation property [36–38]. This
conservativeness arises from the inclusion of a squared Laplacian term
in the CH equation, ensuring that the total mass of the system remains
constant over time. When applied to the identification of connected
regions, this mass conservation means that interface movement is
heavily constrained by the initial mass distribution, limiting its ability
to explore the entire computational domain.
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3. Discrete schemes and energy dissipation

Let us introduce the discrete operators and formulation with the
second-order central difference method. The discrete system is illus-
trated by considering the 3D domain 𝛺𝑑

𝑝 = [0, 𝐿𝑥] × [0, 𝐿𝑦] × [0, 𝐿𝑧].
We discretize the computational domain with a uniform mesh grid,
whose mesh size is computed as ℎ = 𝐿𝑥∕𝑁𝑥 = 𝐿𝑦∕𝑁𝑦 = 𝐿𝑧∕𝑁𝑧
with the positive even integers 𝑁𝑥, 𝑁𝑦 and 𝑁𝑧 on the 𝑥−, 𝑦− and 𝑧−
directions, respectively. Let us denote 𝑖, 𝑗 and 𝑘 as the directional index,
thus we can define 𝜙𝑛𝑖,𝑗,𝑘 as the approximation to 𝜙(𝑥𝑖, 𝑦𝑗 , 𝑧𝑗 , 𝑛𝛥𝑡), where
𝑥𝑖 = (𝑖 − 0.5)ℎ, 𝑦𝑗 = (𝑗 − 0.5)ℎ, 𝑧𝑗 = (𝑘 − 0.5)ℎ, 𝛥𝑡 = 𝑇 ∕𝑁 , 𝑇 is the final
time, and 𝑁 is the total time step. Therefore, the cell vertices can be
denoted as (𝑥𝑖+ 1

2
, 𝑦𝑗+ 1

2
) ∶= (𝑖ℎ, 𝑗ℎ). Let us define the discrete gradient

operator as

∇𝑑𝜙𝑖,𝑗,𝑘 =
(

𝐷𝑥𝜙𝑖+ 1
2 ,𝑗,𝑘

, 𝐷𝑦𝜙𝑖,𝑗+ 1
2 ,𝑘
, 𝐷𝑧𝜙𝑖,𝑗,𝑘+ 1

2

)

, (6)

where 𝐷𝑥𝜙𝑖+ 1
2 ,𝑗,𝑘

= (𝜙𝑖+1,𝑗,𝑘 − 𝜙𝑖,𝑗,𝑘)∕ℎ, 𝐷𝑦𝜙𝑖,𝑗+ 1
2 ,𝑘

= (𝜙𝑖,𝑗+1,𝑘 − 𝜙𝑖,𝑗,𝑘)∕ℎ
and 𝐷𝑧𝜙𝑖,𝑗,𝑘+ 1

2
= (𝜙𝑖,𝑗,𝑘+1−𝜙𝑖,𝑗,𝑘)∕ℎ. Furthermore, we define the discrete

inner products and discrete norms as:

(𝜙, 𝜓)𝑑 = ℎ3
𝑁𝑥
∑

𝑖=1

𝑁𝑦
∑

𝑗=1

𝑁𝑧
∑

𝑘=1
𝜙𝑖,𝑗,𝑘𝜓𝑖,𝑗,𝑘, (7)

(

∇𝑑𝜙,∇𝑑𝜓
)

𝑑 = ℎ3
𝑁𝑥
∑

𝑖=1

𝑁𝑦
∑

𝑗=1

𝑁𝑧
∑

𝑘=1

(

𝐷𝑥𝜙𝑖+ 1
2 ,𝑗,𝑘

𝐷𝑥𝜓𝑖+ 1
2 ,𝑗,𝑘

+𝐷𝑦𝜙𝑖,𝑗+ 1
2 ,𝑘
𝐷𝑦𝜓𝑖,𝑗+ 1

2 ,𝑘

+𝐷𝑧𝜙𝑖,𝑗,𝑘+ 1
2
𝐷𝑧𝜓𝑖,𝑗,𝑘+ 1

2

)

, (8)

‖𝜙‖2𝑑 = (𝜙, 𝜙)𝑑 , ‖

‖

∇𝑑𝜙‖‖
2
𝑑 =

(

∇𝑑𝜙,∇𝑑𝜙
)

𝑑 . (9)

e develop the following numerical scheme based on the Crank–
icolson temporal discretization:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
=𝑀

(

∇𝑑 ⋅ (𝜓∇𝑑𝜙
𝑛+ 1

2 ) − 𝜓𝜂𝑛+
1
2
𝐹 ′(𝜙̂𝑛+

1
2 )

𝜖2
)

, (10a)

𝐹 (𝜙𝑛+1) − 𝐹 (𝜙𝑛), 1
)

𝑑
= 𝜂𝑛+

1
2
(

𝐹 ′(𝜙̂𝑛+
1
2 ), 𝜙𝑛+1 − 𝜙𝑛

)

𝑑
, (10b)

ith the Neumann boundaries conditions ∇𝑑𝜙𝑛+1 ⋅ 𝐧|𝜕𝛺 = 0. Here, we
enote 𝜙𝑛+

1
2 = (𝜙𝑛+1 + 𝜙𝑛)∕2, 𝜙̂𝑛+

1
2 = (3𝜙𝑛 − 𝜙𝑛−1)∕2. We consider

∇𝑑 ⋅ (𝜓∇𝑑𝜙
𝑛+ 1

2 ) as

𝑑 ⋅ (𝜓∇𝑑𝜙
𝑛+ 1

2 )𝑖,𝑗,𝑘

= 1
ℎ2

(

𝜓𝑖+ 1
2 ,𝑗,𝑘

(𝜙
𝑛+ 1

2
𝑖+1,𝑗,𝑘 − 𝜙

𝑛+ 1
2

𝑖,𝑗,𝑘 ) − 𝜓𝑖− 1
2 ,𝑗,𝑘

(𝜙
𝑛+ 1

2
𝑖,𝑗,𝑘 − 𝜙

𝑛+ 1
2

𝑖−1,𝑗,𝑘)
)

+ 1
ℎ2

(

𝜓𝑖,𝑗+ 1
2 ,𝑘

(𝜙
𝑛+ 1

2
𝑖,𝑗+1,𝑘 − 𝜙

𝑛+ 1
2

𝑖,𝑗,𝑘 ) − 𝜓𝑖,𝑗− 1
2 ,𝑘

(𝜙
𝑛+ 1

2
𝑖,𝑗,𝑘 − 𝜙

𝑛+ 1
2

𝑖,𝑗−1,𝑘)
)

(11)

+ 1
ℎ2

(

𝜓𝑖,𝑗,𝑘+ 1
2
(𝜙
𝑛+ 1

2
𝑖,𝑗,𝑘+1 − 𝜙

𝑛+ 1
2

𝑖,𝑗,𝑘 ) − 𝜓𝑖,𝑗,𝑘− 1
2
(𝜙
𝑛+ 1

2
𝑖,𝑗,𝑘 − 𝜙

𝑛+ 1
2

𝑖,𝑗,𝑘−1)
)

.

We employ the Picard iteration method to solve Eq. (10a), updating
𝜂𝑛+

1
2 and 𝜙𝑛+1 as follows:

𝜙𝑛+1,𝑚+1 − 𝜙𝑛

𝛥𝑡
=𝑀∇𝑑 ⋅ (𝜓∇𝑑𝜙

𝑛+ 1
2 ,𝑚) −𝑀𝜂𝑛+

1
2
𝜓
𝜖2
𝐹 ′(𝜙̂𝑛+

1
2 ), (12a)

(

𝐹 (𝜙𝑛+1,𝑚) − 𝐹 (𝜙𝑛), 1
)

𝑑
= 𝜂𝑛+

1
2
(

𝐹 ′(𝜙̂𝑛+
1
2 ), 𝜙𝑛+1,𝑚 − 𝜙𝑛

)

𝑑
, (12b)

where 𝜙𝑛+
1
2 ,𝑚 = (𝜙𝑛 + 𝜙𝑛+1,𝑚)∕2, 𝑚 is the index of Picard iteration.

The initial condition are chosen as 𝜙𝑛+1,0 = 2𝜙𝑛 − 𝜙𝑛−1, 𝜂0 = 1.
he computation is performed until the error is smaller than a given
olerance as

𝜙𝑛+1,𝑚+1 − 𝜙𝑛+1,𝑚‖2𝑑 < 𝑡𝑜𝑙. (13)

hen we set 𝜙𝑛+1 = 𝜙𝑛+1,𝑚+1, obtaining the updated 𝜙𝑛+1. It should
e pointed out that our purpose is to find the approximate solutions
round 𝜂𝑛+

1
2 = 1, which is simple with lower computation cost if we

use 𝜂0 = 1 as the initial condition.
Herein, we can drive the unconditional energy stability of the

umerical scheme Eq. (10) as follows.
3

n

Theorem 1. The CN schemes (10) are unconditionally energy stable
satisfying the following discrete energy dissipation law

𝐸𝑛+1 − 𝐸𝑛
𝛥𝑡

= −
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
≤ 0 with

𝐸𝑛 = 𝑀
2

(

𝜓, ‖∇𝑑𝜙𝑛‖2𝑑
)

𝑑
+ 𝑀
𝜖2

(

𝜓, 𝐹 (𝜙𝑛)
)

𝑑
. (14)

roof. Let us take the 𝐿2 inner product of Eq. (10a) with (𝜙𝑛+1−𝜙𝑛)∕𝛥𝑡
s follows:
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
= −𝑀

2

(

𝜓, ‖∇𝑑𝜙𝑛+1‖2𝑑 − ‖∇𝑑𝜙𝑛‖2𝑑
)

𝑑

− 𝑀
𝜖2

(

𝜓, 𝐹 (𝜙𝑛+1) − 𝐹 (𝜙𝑛)
)

𝑑
. (15)

Thus, we have the following energy dissipation law:

𝐸𝑛+1 − 𝐸𝑛
𝛥𝑡

= 𝑀
2

(

𝜓, ‖∇𝑑𝜙𝑛+1‖2𝑑
)

𝑑
+ 𝑀
𝜖2

(

𝜓, 𝐹 (𝜙𝑛+1)
)

𝑑
− 𝑀

2

(

𝜓, ‖∇𝑑𝜙𝑛‖2𝑑
)

𝑑

− 𝑀
𝜖2

(

𝜓, 𝐹 (𝜙𝑛)
)

𝑑

= 𝑀
2

(

𝜓, ‖∇𝑑𝜙𝑛+1‖2𝑑 − ‖∇𝑑𝜙𝑛‖2𝑑
)

𝑑
+ 𝑀
𝜖2

(

𝜓, 𝐹 (𝜙𝑛+1) − 𝐹 (𝜙𝑛)
)

𝑑

= −
‖

‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
‖

‖

‖

‖

2

𝑑
≤ 0.

This completes the proof.

Remark 2. Our developed model (10) employs the central difference
scheme for spatial discretization and the Crank–Nicolson scheme for
time integration. The central difference scheme is renowned for its
second-order accuracy in space, as it approximates derivatives using
the average rate of change between adjacent grid points. This method
minimizes truncation errors, ensuring a high level of accuracy in spatial
discretization. For time discretization, the Crank–Nicolson scheme is
adopted, which results in the trapezoidal rule for integration, achieving
second-order accuracy in time. Our discretization of the model is based
on the Lagrange multiplier method, employing the semi-implicit Crank–
Nicolson scheme and central difference, thus endowing our scheme
with second-order accuracy.

4. Numerical experiments

In this section, we perform several numerical simulations in two-
and three-dimensional domains. Unless otherwise specified, we choose
Neumann boundary conditions for the numerical simulations. The pa-
rameter settings were as follows: 𝜖 = 6ℎ∕(2

√

2atanh(0.9)),𝑀 = 1, and
𝛥𝑡 = 0.1ℎ.

.1. Numerical stability

In this section, we numerically check the energy dissipation and
tability of the proposed system at four different time steps. The initial
onditions are set as follows:

(𝑥, 𝑦, 0) = 0.75 − 0.25 tanh
(

√

(𝑥 − 0.3)2 + (𝑦 − 0.5)2 − 0.1
√

2𝜖

)

, (16)

𝜓(𝑥, 𝑦) =
{

1 if (𝑥, 𝑦) ∈ 𝛺𝐷,
0 otherwise. (17)

ere, 𝜓(𝑥, 𝑦) represents the discrete surface function of two tangent
ircles with centers at (0.3, 0.5) and (0.7, 0.5), both having a radius of
.2. The region 𝛺𝐷 denotes the area enclosed by this surface. As shown
n Fig. 2, we compare the evolution of the total energy at different
ime steps 𝛥𝑡 = 10, 1, 0.1, and 0.01 over time until 𝑇 = 100. The
onsistent decline observed in all four energy curves signifies a robust
umerical solution. This affirms compliance of the system with energy
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Fig. 2. Curve graph of the normalized energy functional evolving over time with four
different time steps 𝛥𝑡 = 10, 1, 0.1, and 0.01. The subgraph is local curve enlargements
t the turning points.

issipation laws and facilitates the application of larger investigative
ime steps. Additionally, Fig. 2 includes a magnified subplot that clearly
isplays the differences in the curves at the turning points. Clearly, the
urve obtained with 𝛥𝑡 = 0.1 aligns closely with the one obtained with
𝑡 = 0.01. However, when larger time steps are chosen, such as 𝛥𝑡 = 10

and 𝛥𝑡 = 1, the energy curves differ more significantly. Although the
difference is not very noticeable for large states, it is recommended to
use smaller time steps to obtain more accurate numerical solutions.
We can easily conclude that our numerical solutions are convergent,
and the proposed scheme shows effectiveness even for large time steps.
Therefore, to maintain the accuracy of our proposed scheme while
reducing computational costs, an appropriate value for 𝛥𝑡 is 𝛥𝑡 = 0.1.

.2. Convergence test

In this section, we present two numerical experiments to validate
he convergence of our second-order numerical schemes in both space
nd time. The initial conditions are set as follows:

(𝑥, 𝑦, 0) = 0.75 − 0.25 tanh
(

√

(|𝑥| − 0.3)2 + (𝑦 − 0.5)2 − 0.1
√

2𝜖

)

, (18)

(𝑥, 𝑦) =
{

1 if (𝑥, 𝑦) ∈ 𝛺𝐷,
0 otherwise. (19)

ere, 𝜓(𝑥, 𝑦) represents the discrete surface function of two tangent
ircles with centers at (0.3, 0.5) and (0.7, 0.5), both having a radius of
.2, where 𝛺𝐷 denotes the area enclosed by this surface. Since an
nalytic solution is unavailable, we derive a reference solution denoted
s 𝜙𝑟𝑒𝑓 using extremely fine temporal steps and grid sizes. For temporal
onvergence assessment, we employ a sequence of diminishing time
teps: 𝛥𝑡 = 1, 0.5, 0.25, and 0.125, respectively. The spatial dimension
emains fixed at ℎ = 1∕256. The reference solution is computed with a
ine time step of 𝛥𝑡 = 0.0625. We define the error as 𝑒𝑖,𝛥𝑡 = 𝜙𝑖,𝛥𝑡 − 𝜙

𝑟𝑒𝑓
𝑖 ,

nd the convergence rate is expressed as log2(‖𝑒𝑖,𝛥𝑡‖2∕‖𝑒𝑖,𝛥𝑡∕2‖2). These
esults are summarized in Table 1, confirming the second-order time
ccuracy of our scheme. For spatial convergence analysis, we maintain
fixed temporal step size of 𝛥𝑡 = 0.1 and systematically decrease the

spatial step sizes: ℎ = 1∕32, 1∕64, 1∕128, and 1∕256, respectively. The
reference solution corresponds to a very fine spatial mesh with ℎ =
∕512. The grid error is defined as 𝑒𝑖,ℎ = 𝜙𝑖,ℎ−𝜙

𝑟𝑒𝑓
𝑖 , and the convergence

ate is calculated as log2(‖𝑒𝑖,ℎ‖2∕‖𝑒𝑖,ℎ∕2‖2). These results are presented
n Table 2, demonstrating the second-order spatial accuracy of our
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cheme.
able 1
umerical error and convergence rate by using different time steps for the phase field
ariable 𝜙.
𝛥𝑡 1 0.5 0.25 0.125

𝑙2 𝑒𝑟𝑟𝑜𝑟 1.600e−2 3.800e−3 9.646e−4 2.575e−4
𝑅𝑎𝑡𝑒 2.06 1.99 1.91

Table 2
Numerical error and convergence rate by using different spacial steps for the phase
field variable 𝜙.
ℎ 1 0.5 0.25 0.125

𝑙2 𝑒𝑟𝑟𝑜𝑟 1.090e−2 2.700e−3 6.708e−4 1.648e−4
𝑅𝑎𝑡𝑒 2.00 2.01 2.02

4.3. Comparison and verification of various numerical methods

In this section, we employ the Invariant Energy Quadratization
(IEQ) method, the Scalar Auxiliary Variable (SAV) method, and the
proposed Lagrange multiplier method to study and compare their ef-
fectiveness. The IEQ method requires solving linear equations with
complex variable coefficients and imposes constraints on the bound-
edness of the free energy density. The SAV method [39,40] improves
upon the IEQ method [41] by relaxing the requirements on the energy
density function. However, it still demands that the integral of the
nonlinear functional in the free energy be bounded from below. It is
noteworthy that both the SAV and IEQ methods operate on modified
energy rather than the original energy. The Lagrange multiplier method
inherits most of the advantages of the SAV and IEQ methods while
avoiding the boundedness requirement of the energy density functional.
We first present the discrete system established based on the IEQ
method as follows:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
=𝑀

(

∇𝑑 ⋅ (𝜓∇𝑑𝜙
𝑛+ 1

2 ) −
𝜓𝐹 ′(𝜙̂𝑛+

1
2 )

𝜖2
√

𝐹 (𝜙𝑛+
1
2 ) + 𝐵𝐼𝐸𝑄

𝑢𝑛+
1
2
)

, (20a)

𝑢𝑛+1 − 𝑢𝑛
𝛥𝑡

=
𝐹 ′(𝜙̂𝑛+

1
2 )(𝜙𝑛+1 − 𝜙𝑛)

2𝛥𝑡
√

𝐹 (𝜙𝑛+
1
2 ) + 𝐵𝐼𝐸𝑄

. (20b)

Here, 𝑢(𝑡, 𝜙) =
√

𝐹 (𝜙) + 𝐵𝐼𝐸𝑄 is the auxiliary variable, where 𝐵𝐼𝐸𝑄 is
positive constant that ensures 𝐵𝐼𝐸𝑄 > −𝐹 (𝜙). The discrete system

stablished based on the SAV method is given as:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
=𝑀

(

∇𝑑 ⋅ (𝜓∇𝑑𝜙
𝑛+ 1

2 ) −
𝜓𝐹 ′(𝜙̂𝑛+

1
2 )

𝜖2
√

∫𝛺 𝐹 (𝜙
𝑛+ 1

2 )𝑑𝐱 + 𝐵𝑆𝐴𝑉

𝑣𝑛+
1
2
)

,

(21a)

𝑣𝑛+1 − 𝑣𝑛
𝛥𝑡

=
∫𝛺 𝐹

′(𝜙̂𝑛+
1
2 )(𝜙𝑛+1 − 𝜙𝑛)𝑑𝐱

2𝛥𝑡
√

∫𝛺 𝐹 (𝜙
𝑛+ 1

2 )𝑑𝐱 + 𝐵𝑆𝐴𝑉

. (21b)

ere, 𝑣(𝑡) =
√

∫𝛺 𝐹 (𝜙)𝑑𝐱 + 𝐵𝑆𝐴𝑉 is the auxiliary variable, where 𝐵𝑆𝐴𝑉
s a positive constant that satisfies 𝐵𝑆𝐴𝑉 > − ∫𝛺 𝐹 (𝜙)𝑑𝐱.

To conduct a rigorous comparative analysis of the effectiveness of
hese three numerical algorithms, we performed instantiated simula-
ions under the same initial conditions:

(𝑥, 𝑦, 0) = 0.75

− 0.25 tanh
(

|𝑥 − 0.16| + |𝑥 − 0.36| + |𝑦 − 0.4| + |𝑦 − 0.6| − 0.49

2
√

2𝜖

)

,

(22)

(𝑥, 𝑦) =
{

1 if (𝑥, 𝑦) ∈ 𝛺𝐷,
0 otherwise. (23)
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Fig. 3. Comparison of the normalized energy dissipation curves and the evolution of the phase field variable under the same initial conditions for the SAV, IEQ, and our Lagrange
multiplier methods. The three rows of subfigures, from top to bottom, respectively show the evolution of the phase field variable 𝜙 at times 𝑇 = 0, 𝑇 = 30, and 𝑇 = 60 for the
three numerical methods. In each subfigure, the three smaller plots from left to right correspond to the SAV, IEQ, and our method, respectively.
Fig. 4. The evolution process of distinguishing connected regions on the surface of the maze model. The green represents the maze model, and the yellow shows the evolution
process of 𝜙 diffusing and filling 𝛺𝐷 on the surface of the maze model.
Here, 𝜓(𝑥, 𝑦) denotes the discrete surface function of an octagon, where
𝛺𝐷 represents the region within that surface. This is done to deter-
mine the energy stability during diffusion. As illustrated in Fig. 3,
the normalized energy dissipation characteristics of three numerical
methods under identical conditions are displayed. The three rows of
subfigures in Fig. 3 show the evolution of the phase field variable 𝜙
at moments T = 0, T = 30, and 𝑇 = 60 for SAV, IEQ, and our method,
respectively. It can be observed that there are no significant differences
in the evolution of the phase field variable 𝜙 among the three numerical
methods. Moreover, the numerical evolution curves shown in Fig. 3
indicate that the energy dissipation trends are consistent across the
three methods, with no significant differences. However, the energy dis-
sipation obtained by our Lagrange multiplier method tends to stabilize
more quickly. It is imperative to acknowledge that the incorporation
of auxiliary variables in the SAV and IEQ methods necessitates the
establishment of a lower bound for the free energy functional integral,
thereby endowing the auxiliary structure with effectiveness. In contrast,
when applying the Lagrange multiplier method, the objective of the
solution is to find an approximate solution near 𝜂𝑛+

1
2 = 1. If we use

𝜂0 = 1 as the initial condition, a rapid and efficient solution can be
achieved.

4.4. Evolution of distinguishing connected regions

In this section, we simulate the visually distinguishable evolution
process of connected regions within a grass maze within the domain
𝛺 = [0, 1] × [0, 1] × [0, 1]. Let 𝜓(𝑥, 𝑦, 𝑧) be a discrete function composed
of point set data from the three-dimensional maze, and 𝛺𝐷 be the
region inside the maze boundary. We set an initial seed 𝜙 at the
5

entrance of the maze. Due to the diffusion effect of the AC equation,
𝜙 grows by diffusion in the region 𝛺𝐷 on the surface of the maze
model. However, the growth is constrained by 𝜓(𝑥, 𝑦, 𝑧), causing 𝜙 to
encounter resistance upon reaching the boundary of the maze surface.
This halts the diffusion growth, leading to the eventual filling of all
connected regions within the maze surface. As shown in Fig. 4, the
green represents the maze model, and the yellow shows the diffusion
growth of 𝜙 on the surface of the maze model, thereby filling 𝛺𝐷 in the
evolution process. This demonstrates that our method can effectively
discern a complete and smooth connected region.

4.5. Point cloud reconstruction of a target model

In this section, we consider a sphere with center (0.4, 0.4, 0.4) and
radius 0.2 within the domain 𝛺 = [0, 1] × [0, 1] × [0, 1] as the ini-
tial value 𝜙(𝑥, 𝑦, 𝑧, 0) of the phase field. The point cloud data on a
three-dimensional Stanford bunny model serves as the discrete func-
tion 𝜓(𝑥, 𝑦, 𝑧), and 𝛺𝐷 represents the region inside the surface of the
three-dimensional Stanford bunny model:

𝜙(𝑥, 𝑦, 𝑧, 0) = 0.75 − 0.25 tanh
(

√

(𝑥 − 0.4)2 + (𝑦 − 0.4)2 + (𝑧 − 0.4)2 − 0.2
√

2𝜖

)

,

(24)

𝜓(𝑥, 𝑦, 𝑧) =

{

1 if (𝑥, 𝑦, 𝑧) ∈ 𝛺𝐷 ,
0 otherwise.

(25)

As shown in Fig. 5, the evolution of the phase field function 𝜙 from
the initial sphere to the three-dimensional Stanford bunny model is
displayed. The green area represents the target Stanford bunny model,
while the yellow area illustrates the diffusion growth of the phase field
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Fig. 5. The phase field function 𝜙 grows outward from an initial sphere, reconstructing the evolution process of the three-dimensional Stanford bunny model.
Fig. 6. (a) represents the schematic of the surface of the cube model, (b) is the internal perspective view of the cube model, (c) is the connected region within the surface
extracted from the experiment, and (d) is the matching diagram of the extracted connected region within the surface and the internal connecting channels of the cube model:
yellow area represents the experimentally extracted internal connected region, and green area represents the cube model.
𝜙 within 𝛺𝐷 starting from the initial sphere until it fills the entire
Stanford bunny model. Due to the diffusion effect of the Allen–Cahn
equation, the phase field function 𝜙 diffuses and grows outward from
the initial spherical state within the surface of the Stanford bunny
model. Upon reaching the surface of the Stanford bunny model, it
encounters resistance and halts its diffusion. Consequently, it fills the
region within the surface of the model, thereby accomplishing the
reconstruction of the Stanford bunny model from the point cloud.

4.6. Discrimination of invisible complex connected regions inside objects

In this section, we consider a complex three-dimensional Cube maze
model, which does not allow the interior to be seen from the surface,
as shown in Fig. 6(a) and (b). An initial seed 𝜙(𝑥, 𝑦, 𝑧, 0) is placed at the
entrance of the maze, and the point cloud data on the three-dimensional
Cube model is treated as a discrete function 𝜓(𝑥, 𝑦, 𝑧). Due to the diffu-
sion effect of the AC equation and the regional constraints of 𝜓(𝑥, 𝑦, 𝑧),
𝜙 spreads and grows within the surface area of the Cube model. This
diffusion continues until it encounters an obstruction at the surface of
the model, eventually filling the connected region within the model
surface. Consequently, we can effectively discern the connected regions
inside the Cube. As illustrated in Fig. 6(c), by identifying the connected
regions within the surface, we have determined the pathways of the
Cube maze. Fig. 6(d) presents a comparison between the connected
regions extracted from the experiment and the internal conduits of the
Cube model: the yellow area represents the experimentally extracted
internal connected regions, and the green area represents the Cube
model. It is evident from Fig. 6(d) that the connected regions extracted
from the surface of the Cube correspond precisely with the internal
conduits of the model, indicating that our method can successfully
identify complete and smooth connected regions.

5. Conclusion

In this paper, a novel model based on phase field theory was
proposed to efficiently and accurately discriminate complex three-
dimensional connected regions. The proposed phase-field model was
6

based on the AC equation, which is a partial differential equation
describing the dynamics of interfaces. The diffusion term in the AC
equation facilitates changes within the phase field inside the mate-
rial, forming a diffusive interface, thereby achieving the separation of
phases. Our improved AC equation not only maintained the original
interface dynamics, but also avoided the unbounded diffusion behavior
of the original AC equation, which enabled us to accurately populate
and extract the complex connectivity region of the target part. The
model was discretized employing the semi-implicit Crank–Nicolson
scheme, which guarantees second-order accuracy. This approach is
crucial for ensuring the unconditional energy stability of the model,
thereby maintaining the physical integrity of the numerical stability
and solution.
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