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ABSTRACT

This paper aims to simulate and analyze scenarios involving obstacles and parasitic organisms during the growth of biological structures. We
introduce an innovative model of biological transport networks in complex domains. By manipulating sources and sinks, we simulate two
distinct types of domains. One obstructs nutrient transport without absorbing energy. The other one obstructs transport and absorbs energy.
Our model adheres to the continuous functional energy dissipation law. Employing a Crank–Nicolson type method ensures second-order
time accuracy. The phase field-based discrete system is decoupled, linear, and unconditionally stable, facilitating straightforward implementa-
tion of the algorithm. Our scheme maintains stability in addressing the stiffness of the hybrid system. Our research demonstrates that effec-
tive mathematical modeling and numerical methods can accurately simulate and analyze the growth of biological transport networks in
complex domains.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0231079

I. INTRODUCTION

Biological transport networks are pervasive in nature,1 exempli-
fied by structures like leaf veins in plants,2 the circulatory systems of
mammals,3 and neural networks transmitting charges.4 They play piv-
otal roles across various domains, influencing traffic network design5

and significantly contributing to signal processing.6 Many natural and
engineered phenomena occur within intricate geometric frameworks,
spanning biological tissues,7 geological formations,8 and complex
materials.9 Employing partial differential equations within these
domains allows for more precise simulations of real-world scenarios,
enhancing our understanding and predictive capabilities for practical
challenges. In medicine, structures and processes within living organ-
isms often exhibit intricate geometric shapes, evident in human organs
and cell structures.10 Moreover, applying model solutions within com-
plex domains aids in simulating physical processes in natural settings,
such as atmospheric dynamics and hydrological models.11

The biological transport networks within complex organisms
navigate diverse domains, such as tumors,12 plaques, or scar tissues,13

which significantly influence transport pathways14 and fluid dynam-
ics.15 These obstacles alter fluid velocities, directions, and nutrient
absorption, impacting overall flow efficiency and structural integrity.
To maintain effective transport, networks optimize paths to minimize
transport time and energy consumption, ensuring robustness and

redundancy against obstructions.16 The vascular system can form new
vessels around blockages,17 while plant root systems navigate around
soil obstacles to absorb water and nutrients.18 Accurately modeling
these networks requires considering complex domains using high-
dimensional, nonlinear models19 involving fluid dynamics, material
transport, and energy consumption.20 These simulations demand effi-
cient numerical methods and significant computational resources to
ensure stability and accuracy.21,22 Research on biological transport net-
works in complex domains aids in designing better treatment methods
and agricultural practices, optimizing drug delivery in cancer treat-
ment, and improving crop yields.23

In recent years, significant advancements have been made in con-
structing and solving biological transport networks.24 Fang et al. devel-
oped implicit and semi-implicit time discretizations for the Cai–Hu
model, demonstrating unconditional energy decay and decay indepen-
dent of mesh size in their proposed discretizations, which are crucial
for biological transport network formation.25 Models designed for
complex domains have also seen notable developments.26,27 Anderson
et al. introduced a high-order accurate algorithm for determining par-
ticular solutions to complex partial differential equations, effectively
handling PDEs within intricate spatial contexts by convolving the vol-
umetric source function with Green’s function.28 Costabal et al. devel-
oped a positional encoding mechanism for physics-informed neural
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networks based on eigenfunctions of the Laplace–Beltrami operator,
facilitating simulation and modeling in complex spatial domains by
representing geometric shapes of objects in the input space.29 Many
models employ simplified assumptions to reduce computational com-
plexity, potentially leading to discrepancies with real-world results.30

Existing numerical methods may face stability and convergence
issues31 when dealing with nonlinear and high-dimensional prob-
lems,32 making them less suitable for complex scenarios.33,34 Biological
processes are influenced by multiple factors, and effectively integrating
these factors and coupling them within models remains a challenge.
While progress has been made in solving biological transport networks
in complex domains, it remains a significant challenge in current
research and applications, necessitating further study and technologi-
cal innovation to overcome these difficulties.

The phase field model plays a crucial role in fields such as materi-
als science,35,36 physics,37,38 triply periodic structures,39,40 and chemis-
try,41 with applications spanning topology optimization,42,43 and
porous media.44 This model serves as a powerful computational tool,
enabling the simulation of microstructural evolution and complex pat-
tern formations across various systems.45 It captures the evolution of
grain boundaries,46,47 offering insights into the mechanisms driving
growth and the resulting microstructural properties.48 For multicom-
ponent fluid flow, Xia et al.49 and Yang et al.50 illustrated its utility in
simulating the behavior of immiscible fluids. Additionally, the phase-
field equation is applied in modeling complex domains.51 In studying
ferroelectric perovskites, Dayal and Bhattacharya52 developed a phase-
field method to explore domain patterns and their evolution in intri-
cate geometries without assuming prior knowledge of geometry,
electrode configurations, or dielectric properties. Moreover, Yang
et al.53 introduced a novel diffuse-interface phase-field model to effec-
tively describe the dynamics of compound droplets in contact with
solid objects, demonstrating superior capability in handling complex
geometries. In the study of biological transport networks, understand-
ing network formation in complex domains is crucial. Complex
domains often introduce new pathways and branches that significantly
distinguish them from simpler domains, where such intricate growth
patterns do not emerge. Recent research54 modified the phase-field
model to incorporate auxin gradients, which are essential for regulat-
ing transport across phase boundaries and initiating branch develop-
ment from the main network structure. To capture the influence of
complex environments on biological transport networks, we will intro-
duce an indicator function G, representing two distinct types of envi-
ronmental complexity. This extension allows our model to simulate a
wider range of realistic biological scenarios, expanding its scope of
applications. In comparison to existing approaches, our method signif-
icantly advances the simulation of biological transport network growth
in complex domains.

In this paper, we introduce an innovative model of biological
transport networks designed to simulate and analyze scenarios involv-
ing obstacles and parasitic organisms during the growth of biological
structures. The model integrates phase field theory with the Cai–Hu
model, effectively simulating two complex environments. One
obstructs nutrient transport without energy consumption. The other
one behaves like a parasite, obstructing transport and absorbing
energy. Developed based on the physical principles of biological trans-
port processes, this novel model demonstrates adherence to the law of
continuous energy dissipation for continuous functions. To ensure

numerical accuracy, we will employ the Crank–Nicolson method for
temporal discretization. Despite using a semi-implicit time scheme,
our algorithm remains stable in addressing stiffness issues in mixed
systems. The discretization of the phase field-based system is
decoupled and linear, exhibiting unconditional stability, which facili-
tates straightforward implementation and practical application. Our
research highlights the feasibility of effective mathematical modeling
and efficient numerical methods for simulating and analyzing the
growth processes of biological transport networks in complex
domains. The proposed model is rigorously validated for their energy
dissipation characteristics and demonstrates excellent performance
through various numerical tests.

The remainder of this paper is organized as follows. In Sec. II, we
modify the total energy in complex domains and establish the govern-
ing equations for the phase-field-based biological transport network in
complex domains. In Sec. III, we describe the second-order time accu-
racy discretization scheme based on the Crank–Nicolson method and
rigorously prove the discrete energy dissipation. Section IV conducts
various numerical tests through benchmark examples. Finally, con-
cluding remarks are presented in Sec. V.

II. METHODOLOGY

In this section, we incorporate complex domains into the energy
function of the phase field-based biological transport network, result-
ing in a partial differential equation model for biological network gen-
eration that accounts for energy dissipation in complex domains. We
verify that the model conforms to the laws of energy dissipation.

A. Constructing a novel model for biological transport
networks on complex domains

We define the conductance vector as mðx; tÞ 2 X, where X rep-
resents a bounded domain. The direction of m indicates active trans-
port direction, while jmj measures transport intensity. We denote
hormone pressure as pðx; tÞ, and we signify background permeability
as rðxÞ. We represent diffusivity with K and drive network adaptation
using C. We define the metabolic constant as a and the metabolic rate
of the organism as c. We introduce G to denote the complex domain,
where G ranges between [0, 1]. G ¼ 0 indicates complete blockage,
halting substance transport entirely, isolating nutrients. This scenario
applies to domains lacking effective transport channels or occupied by
parasitic organisms. When G ¼ 1, it signifies maximum permeability
or flux within the biological network, indicating fully open channels
allowing unrestricted substance passage. The value of G reflects perme-
ability and activity levels within veins or vasculature, representing dif-
ferent physiological states and functional characteristics within the
biological system. According to Murray’s law,55 we consider the origi-
nal energy cost functional EM as follows:

EM ¼ 1
2

ð
X

KjGrmj2 þ a
c
Gjmj2c þ CGjm � rpj2 þ CrGjrpj2

� �
dx;

(1)

where the first term KjGrmj2 represents the entropy cost associated
with active transport. The second term a

cGjmj2c reflects the material
and metabolic energy cost of maintaining active transport or con-
structing the transport network edges. The last term CðGjm � rpj2
þ rGjrpj2Þ represents the average energy cost for all different states
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with fluctuating fluxes. This model drives canalization by coupling
hormone transport with the adaptation process. For modeling biologi-
cal transport networks in complex domains, we employ the phase-field
model. Drawing on mathematical insights from leaf vein distribu-
tion,56 the reaction–diffusion model, which incorporates auxin gradi-
ent properties, provides insights into network formation. The temporal
variation of auxin concentration depends on the balance between dif-
fusion and generation. We begin with the Ginzburg–Landau energy:

E / ¼
ð
X
G

F /ð Þ
e2

þ 1
2
jr/j2

� �
dx; (2)

where Fð/Þ ¼ 0:25/2ð1� /Þ2 and e > 0 represents the interface
thickness of vessel walls. The design variable / ranges between [0, 1],
not limited to binary values 0 or 1. An interface layer proportional to e
replaces the hypersurface between leaf veins and nutrients. To charac-
terize the topology of nutrient flow guided by conductance, we intro-
duce a convection term

E C ¼
ð
X
Gjm � r/j2dx: (3)

Combining the metabolic cost energy with the Ginzburg–Landau
energy, the modified total energy is

E ¼ EM þ E / þ E C ¼ 1
2

ð
X

�
KjGrmj2 þ a

c
Gjmj2c

þ CGjm�rpj2 þ CrGjrpj2
�
dx þ f

2

ð
X
Gjm � r/j2dx

þ
ð
X
G

F /ð Þ
e2

þ 1
2
jr/j2

� �
dx; (4)

where f > 0 is a parameter controlling the convective effect on con-
ductivity. From the constrained gradient flows of the energy functional
(4), we derive the equation as follows:

@/
@t

¼ � dE
d/

; (5)

whereby the variational derivative of the energy function with respect
to / gives us

dE
d/

;w

� �
L2

¼ d
dg

E ðp;m;/þ gwÞjg¼0

¼
ð
X
G

F0ð/Þ
e2

�D/

� �
wdxþ f

ð
X
Gðm�mÞr/ �rwdx

¼
ð
X
G

F0ð/Þ
e2

�D/

� �
w� fr� ðGðm�mÞ �r/Þwdx

þ f
ð
@X
ðn �Gðm�mÞ �r/Þwds

¼
ð
X
G

F0ð/Þ
e2

�D/

� �
� fr� ðGðm�mÞ �r/Þwdx

where the boundary condition n � Gðm�mÞ � r/ ¼ 0 is used.
Gradient-driven mechanisms regulating production, diffusion, and dif-
ferentiation gradients57 can pair with reaction–diffusion equations.
Constant parameters for diffusion transport and production

coordinate global information with vein formation. Thus, vein forma-
tion can be obtained through the proposed gradient flow model, pro-
viding opportunities for interaction between different biological tissue
sections. The modified parameter m can be obtained through the fol-
lowing gradient flow:

@m
@t

¼ � dE
dm

; (6)

whereby the variational derivative of the energy function with respect
tom yields vector-valued conductive functions

dE
dm

; g

� �
L2

¼ d
dg

E ðp;mþ gg;/Þjg¼0

¼
ð
X
ð�Kr � ðG2rmðx; tÞÞ þ aGjmðx; tÞj2ðc�1Þmðx; tÞ

� CðGmðx; tÞ � rpðx; tÞÞrpðx; tÞ
� fðGmðx; tÞ � r/ðx; tÞÞr/ðx; tÞÞ � g dx:

Thus, we can modify the original governing system as follows:

@/
@t

ðx; tÞ ¼ r � ðGr/ðx; tÞÞ � G
F0ð/ðx; tÞÞ

e2

þ fr � ðGðmðx; tÞ �mðx; tÞÞr/ðx; tÞÞ; (7a)

�r � ðGðrðxÞI þmðx; tÞ �mðx; tÞÞrpðx; tÞÞ ¼ SðxÞ; (7b)

@m
@t

ðx; tÞ ¼ CðGmðx; tÞ � rpðx; tÞÞrpðx; tÞ

þ fðGmðx; tÞ � r/ðx; tÞÞr/ðx; tÞ
� aGjmðx; tÞj2ðc�1Þmðx; tÞ
þ Kr � ðG2rmðx; tÞÞ: (7c)

Here, I is the identity matrix. We use SðxÞ to represent the distri-
bution of sources and sinks in tissue, which is specified as a datum.
Moreover, we observe that the homogeneous Neumann boundary
condition imposes the global mass balanceð

X
SðxÞdx ¼ 0; (8)

as a necessary condition to ensure the solvability of Eq. (7b). In our
study, we develop two distinct types of source terms SðxÞ to simulate
various scenarios impacting biological transport networks and ensure
they satisfy condition (8) For partial damage to plant leaves or interac-
tions between plant roots and rocks, energy transfer within the com-
plex region is hindered by physical or environmental constraints.58

Energy cannot be transferred within the complex region; however, bio-
logical energy in the growth areas outside the complex region can be
transferred normally, and the energy absorption capability of the entire
region remains consistent. Therefore, we designed the first type of
source term, which addresses scenarios involving local damage or
external environmental influences, expressed as follows:

SðxÞ ¼ EðxÞ � �E; (9)

where EðxÞ � 0 is a transition function used to generate SðxÞ, and �E
represents the average value of EðxÞ. This captures the phenomenon
of energy transfer being obstructed due to local disturbances or
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environmental influences. For biological transport network growth in
complex domains where parasitic organisms invade the host and
extract energy, involving interactions between biological growth and
energy absorption in such environments, energy cannot be effectively
transferred within the complex region and is also absorbed by these
areas. The growth of the biological transport network is influenced by
the presence of complex domains. Thus, we designed the expression
for the second type of source term as follows:

SðxÞ ¼ EðxÞ �
�E

1� �G
ð1� GðxÞÞ; (10)

where �G represents the average value of GðxÞ. In Eq. (10), when
GðxÞ ¼ 1, SðxÞ ¼ EðxÞ, whereas when GðxÞ ¼ 0, SðxÞ ¼ EðxÞ
� �E=ð1� �GÞ. This configuration simulates a scenario where energy is
absorbed by the complex region, impacting the growth of the biologi-
cal transport network. By introducing these two source terms, our
model aims to more comprehensively capture the interactions between
biological systems and their environment. The first source term reflects
how local damage or obstacles hinder energy transfer, while the second
source term simulates how energy absorption by complex entities
influences biological growth. This detailed approach facilitates the sim-
ulation of interactions between biological systems and their environ-
ment. We will discuss the impact of these source terms on the growth
of the biological transport network in complex domains in subsequent
evaluations. Based on the modified system Eqs. (7), we can obtain the
following energy dissipation law. The governing equations (7) preserve
the energy production rate as follows:

@E

@t
¼
ð
X
� jmt j2dx þ

ð
X
� j/t j2dx � 0: (11)

By taking the derivative formulation of the modified energy Eq. (4)
with respect to time and taking the L2 inner product of Eq. (7a) with
/t , of Eq. (7c) with mt , and substituting Eq. (7b) into the derivation
functional, the following energy dissipation law can be obtained:

@E

@t
¼
ð
X

�
KðGrmÞ � ðGrmtÞþaGjmj2c�1 m

jmj �mt

þCGðm �rpÞ � ðmt �rpÞþCGðm �rpÞ � ðm �rptÞ

þCrGrp �rpt
�
dxþ

ð
X
GðF

0ð/Þ
e2

�/t þr/ �r/tÞdx

þ
ð
X

�
fGðm �r/Þ � ðmt �r/Þþ fGðm �r/Þ � ðm �r/tÞ

�
dx

¼
ð
X
�Kr� ðG2rmÞ �mt þaGjmj2ðc�1Þm �mt � fGðm �r/Þ

�r/ �mt �CðGm �rpÞrp �mt þCðGðrIþm�mÞrpÞ �rpt

þG
F0ð/Þ
e2

�/t � fr� ðGðm�mÞr/Þ �/t �r� ðGr/Þ �/tdx

þ
ð
@X
KG2nm :rmt þCn �GðrIþm�mÞ �rppt

þ fn �Gðm�mÞ �r//tds;

where the following boundary conditions have been applied as:
n �rmt ¼ 0; n �GðrIþm�mÞ �rp¼ 0, and n �Gðm�mÞ �r/¼ 0.
Therefore, we are able to obtain

@E

@t
¼
ð
X
� jmtj2dx þ

ð
X
� j/tj2dx � 0:

The proof is completed.

III. NUMERICAL SOLUTIONS

The numerical solution of our model for biological transport net-
works in complex domains employs second-order accurate spatial dis-
cretization and Crank–Nicolson time discretization. We discretize the
bounded domain X ¼ ½0; Lx� � ½0; Ly� 	 R2 into a grid Xd

¼ fðxi; yiÞ : 1 � i � Nx; 1 � j � Nyg, where both Nx and Ny are
even integers. The grid points ðxi; yiÞ are positioned at xi ¼ ði� 0:5Þh
and yj ¼ ðj� 0:5Þh, with a uniform grid spacing h given by
h ¼ Lx=Nx ¼ Ly=Ny . Let mn

ij represent the numerical approximation
of mðxi; yj; nDtÞ, where Dt is the time step. Similarly, the discrete
forms of /ðxi; yj; nDtÞ and pðxi; yj; nDtÞ are defined in the same man-
ner. The cell vertices are located at xiþ1

2
; yjþ1

2ð Þ ¼ ðih; jhÞ. The discrete
gradient operator rd/i;j is expressed as Dx/iþ1

2;j
;Dy/i;jþ1

2

� �
, where

Dx/iþ1
2;j
¼ ð/iþ1;j � /i;jÞ=h and Dy/i;jþ1

2
¼ ð/i;jþ1 � /i;jÞ=h. The

discrete Laplacian operator Dd/i;j is given by ð/i�1;j þ /iþ1;j þ /i;j�1

þ/i;jþ1 � 4/i;jÞ=h2. Additionally, we define discrete inner products

and norms as follows: ð/;wÞd ¼ h2
PNx

i¼1

PNy

j¼1 /i;jwi;j, ðrd/;rdwÞd
¼ h2

PNx
i¼1

PNy

j¼1 Dx/iþ1
2;j
Dxwiþ1

2;j
þ Dy/i;jþ1

2
Dywi;jþ1

2

� �
, jj/jj2d ¼ ð/;/Þd ,

jjrd/jj2d ¼ ðrd/;rd/Þd , jjrdmjj2d ¼ jjDxm1jj2d þ jjDym1jj2d þjjDxm2jj2d
þjjDym2jj2d . To achieve second-order accuracy in both time and space,
we utilize standard central difference discretization and the Crank–
Nicolson scheme for the governing equations

/nþ1 � /n

Dt
¼ �nnþ

1
2
G
e2
dF ~/

nþ1
2

� �
d/

þrd � Grd/
nþ1

2

� �

þ frd � G mnþ1
2 � ~mnþ1

2

� �
rd/

nþ1
2

� �
; (12a)

ðFð/nþ1Þ � Fð/nÞ; 1Þd ¼ nnþ
1
2

dFð~/nþ1
2Þ

d/
;/nþ1 � /n

 !
d

; (12b)

�rd � G rIþmnþ1
2 � ~mnþ1

2

� �
rdp

nþ1
2

� �
¼ S; (12c)

mnþ1 �mn

Dt
¼ C Gmnþ1

2 � rdp
nþ1

2

� �
rd~p

nþ1
2

þ Krd � G2rdm
nþ1

2

� �
� akmnþ1

2k2ðc�1Þ
d Gmnþ1

2

þ f Gmnþ1
2 � rd/

nþ1
2

� �
rd

~/
nþ1

2; (12d)

where ð�Þnþ1
2 ¼ 0:5ð�Þnþ1 þ 0:5ð�Þn; ~ð�Þnþ

1
2 ¼ 1:5ð�Þn � 0:5ð�Þn�1.

Remark 1. The system of Eqs. (12) employs a semi-implicit time
discretization, with certain nonlinear terms in Eqs. (12c) and (12d)
being treated implicitly. The application of the Lagrange multiplier
approach in Eq. (12b) conforms to the framework of the Ginzburg–
Landau gradient flow model, for which unique solvability has been dem-
onstrated in prior studies.59 The current system introduces additional
complexities, making a straightforward proof of unique solvability chal-
lenging. The nonlinearity and coupling between variables introduce sig-
nificant challenges in decoupling the equations to obtain a linearized
system. This is further complicated by the semi-implicit nature of the
time discretization, which may impact the solvability of the scheme.
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Numerous research studies60,61 have explored the issue of unique solv-
ability in biological transport systems, with a focus on the complex inter-
actions between variables, including their coupling and nonlinear terms.
Li et al. demonstrated the unique solvability in transport networks,62

and the methods they employed could potentially be extended to prove
the unique solvability of our model. Due to space limitations, we will
not provide the detailed proof here.

Remark 2. Let us define the discrete energy E dð/n;mn; pnÞ is
defined as follows:

E dð/n;mn; pnÞ ¼ aG
2c

; jjmnjj2cd
� �

d

þ CG
2

; jjmn � rdp
njj2d

� �
d

þ K
2
jjGrdm

njj2d þ
CrG
2

; jjrdp
njj2d

� �
d

þ fG
2
; jjmn � rd/

njj2d
� �

d
þ G

e2
; F /nð Þ

� �
d

þ G
2
; jjrd/

njj2d
� �

d
: (13)

The discrete system given in Eqs. (12) preserves the energy dissipation
law as follows:

E dð/nþ1;mnþ1; pnþ1Þ � E dð/n;mn; pnÞ
Dt

¼ � mnþ1 �mn

Dt

����
����
2

d

� /nþ1 � /n

Dt

����
����
2

d

� 0:

To ensure the fluency of the text, the proof process will be placed in
Appendix. Readers can refer to the detailed derivation in Appendix.

Remark 3. In the model Eqs. (12), the nonlinear terms may cause
high sensitivity of the solutions, potentially leading to instability. The
Crank–Nicolson time discretization introduces a semi-implicit scheme,
making the stability analysis more complex. Furthermore, different vari-
ables in the equations interact closely through coupling terms, requiring
simultaneous consideration of the interactions among all variables dur-
ing stability analysis. Therefore, conducting a theoretical analysis for
convergence and error estimation is challenging. However, existing
numerical studies have advanced the Crank–Nicolson approximation
for phase-field equations, particularly in the context of solving the
Ginzburg–Landau equation.63 These studies have established a solid
foundation for applying the Crank–Nicolson method to such equations,
demonstrating the energy stability and convergence of the Crank–
Nicolson scheme and providing valuable insights for further algorithm
optimization and application.64,65 Additionally, there are articles related
to biological transport networks that have conducted similar conver-
gence and error estimation analyses based on energy dissipation.66 The
theoretical convergence and error analysis of our proposed scheme can
be inspired by these approaches. Our algorithm demonstrates second-
order convergence both spatially and temporally, as confirmed by our
numerical validation.

IV. NUMERICAL TESTS

Numerical tests have been conducted, including a non-increasing
discrete energy test, stability test, convergence testing, comparison of
the effects of two types of sources in complex domain biological trans-
port networks, multiple circular complex domain analysis, and exami-
nation of the impact of complex domain density and source shape on

biological structure growth. In this study, we select the computational
domain as X ¼ ½0; 2� � ½0; 2�, employing a 512� 512 grid, and utiliz-
ing the following parameters for numerical simulations:
e ¼ 5h=ð4 ffiffiffi

2
p

tanhð0:9ÞÞ, r ¼ 0:1, C ¼ 502, K ¼ 0:0052, a ¼ 1,
c ¼ 0:75, f ¼ 0:05, and t ¼ 0:8h, where h ¼ 1=256. Before proceed-
ing with the tests, let us introduce another crucial aspect into our
model of biological transport networks in complex domains: the volu-
metric flux, denoted by v. This variable correlates with the flow veloc-
ity within biological tissues and can be mathematically represented as
v ¼ �GðrIþm�mÞrp.

A. Impact of complex domains on biological network
growth

In this section, we compare the effects of complex domains that
affect the growth of the biological transport network, evaluating the
effectiveness of our proposed new model. The initial conditions are
specified as follows:

Gðx; yÞ ¼ 0:5tanh
jy � 1:156j þ jx � 0:5j � 0:2

2
ffiffiffi
2

p
e

� �

þ 0:5tanh
jy � 1:156j þ jx � 1:5j � 0:2

2
ffiffiffi
2

p
e

� �

þ 0:5tanh
jy � 0:734j þ jx � 1j � 0:2

2
ffiffiffi
2

p
e

� �
� 0:5;

/ðx; y; 0Þ ¼ 0:5� 0:5tanh
jx � 1j � 0:075

2
ffiffiffi
2

p
e

� �
;

mðx; y; 0Þ ¼ ð/ðx; y; 0Þjyj; 0:4/ðx; y; 0ÞjyjÞ;

Eðx; yÞ ¼ 1� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy � 1:85Þ2 þ ðx � 1Þ2

q
� 0:15

2
ffiffiffi
2

p
e

0
@

1
A
;

Sðx; y; 0Þ ¼ Eðx; yÞ � �E; pðx; y; 0Þ ¼ 0; (14)

where �E ¼PNx
i¼1

PNy

j¼1 Eðxi; yjÞ=ðNx � NyÞ. In the absence of com-
plex domains, branches exhibit uniform growth, gradually developing
finer branches as fluid diffusion progresses. Figures 1(a) and 1(b) dem-
onstrate that the presence of complex domains forces branches to navi-
gate around them, significantly influencing the direction and pace of
network expansion and delaying the development of finer branches,
particularly in the bottom domain.

Without complex domains, pressure gradient values are uni-
formly distributed, with higher values at the ends of the main branches
and lower values within the branches due to direct suppression of per-
pendicular transport across phase boundaries. This results in minimal
internal transport effects, illustrated in Fig. 1(c). The inability of the
main phase to grow into complex domains leads to noticeable shape
changes. Increased pressure gradients around complex domains indi-
cate their substantial influence on pressure distribution. The velocity of
the main phase exceeds that of the tissue phase due to permeation
pressure effects on phase boundaries, as depicted in Fig. 1(d). In the
presence of complex domains, the main phase navigates around them
during growth. These findings underscore the significant impact of
complex domains on branch growth direction and speed, validating
the efficacy of our proposed model in complex environments.
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B. Non-increasing discrete energy test

We study the temporal evolution of the normalized discrete
energy E dð/n;mn; pnÞ/E d ð/0; m0; p0Þ. The initial conditions are
chosen as follows:

Gðx;yÞ ¼ 0:5þ 0:5tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy� 1Þ2þðx� 1Þ2

q
� 0:2

2
ffiffiffi
2

p
e

0
@

1
A
;

/ðx;y;0Þ ¼ 0:5� 0:5tanh
jx� yj � 0:075

2
ffiffiffi
2

p
e

� �
;

m x;y;0ð Þ ¼ ð0:5/ðx;y;0Þ 4�jxj � jyjð Þ;0:2/ðx;y;0Þ 4� jxj� jyjð ÞÞ;

Eðx;yÞ ¼ 1� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy� 0:15Þ2þðx� 0:15Þ2

q
� 0:15

2
ffiffiffi
2

p
e

0
@

1
A
;

Sðx;y;0Þ ¼ Eðx;yÞ��E; pðx;y;0Þ ¼ 0; (15)

where �E ¼PNx
i¼1

PNy

j¼1 Eðxi; yjÞ=ðNx � NyÞ. The analysis of the evolu-
tionary process reveals that the structure grows outward under the
influence of conductivity diffusion. Due to the inability to transport
nutrients through complex domains, growth cannot penetrate these
areas but instead bypasses them, continuing to transport nutrients.
Throughout the growth process in the entire domain, the structure
gradually converges, forming branches. Overly large branches begin to
shrink, gradually developing into more refined biological transport
branches. These refined branches effectively transmit energy to the
required locations, thereby reducing energy waste. The subplots in
Fig. 2 show the stable state of the biological network, where the struc-
ture remains unchanged during subsequent evolution. Using the same
initial conditions specified in Eq. (15), we plot contour maps in Fig. 3

to illustrate the L2 norms of the conductivity vector m andrp at spe-
cific times t ¼ 0, 15, 30, 60, and 100, respectively. These time points
correspond to the specific times t ¼ 15, 30, 60, and 100. The coupling
term ðGm � r/Þr/ directly inhibits transport in the direction per-
pendicular to the phase interface while reducing the impact on internal
transport, thereby enhancing the stability of the numerical scheme. As
shown in Fig. 3(a), the main trunk forms and gradually shrinks, with
the structure growing around the complex domain as fluid diffuses.

FIG. 1. The comparative results for scenarios without complex domains (top row) and with complex domains (bottom row). From (a) to (d), the results show the phase field /,
the L2 norm of the conductance vectorm, the L2 norm ofrp, and the L2 norm of fluid velocity v in the log scale at specific time t ¼ 100, respectively.

FIG. 2. Temporal evolution of the non-increasing energy of the proposed model.
Note that the modified energy has been normalized by the initial energy. The inset
figures are the morphology of phase field / at specific times t ¼ 0, 15, 30, 60, and
100, respectively.
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In Fig. 3(b), it can be seen that the shrinkage of the main trunk is
caused by osmotic pressure, with the osmotic pressure around the
complex domain limiting the direction of growth while promoting rel-
atively stable energy transmission paths within other domains. Under
the influence of osmotic pressure at the phase interface, branches grad-
ually form over time. The presence of such complex domains signifi-
cantly affects the structural evolution of the biological network, forcing
nutrients to bypass the complex domains and form branches around
them. The evolutionary process demonstrates the adaptability of the
biological network in different domains and its ability to optimize
energy distribution.

C. Stability test

Our model incorporates both the convention term and the chem-
ical potential term, thereby encompassing strong nonlinearities and
high-order spatial derivatives. Explicit time integration schemes
impose stringent time step limitations for stability. To validate the sta-
bility of our proposed method, we conducted numerical tests using
time steps Dt ¼ 1, 0.1, 0.01, and 0.001. The initial conditions are set as
follows:

Gðx;yÞ¼ 1
2
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2
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e
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e
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/ðx;y;0Þ¼ 0:5�0:5tanh
jx� yj�0:075
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e
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;

m x;y;0ð Þ¼ ð0:5/ðx;y;0Þ 4�jxj� jyjð Þ;0:2/ðx;y;0Þ 4�jxj� jyjð ÞÞ;

Eðx;yÞ ¼ 1� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy� 0:15Þ2þðx� 0:15Þ2
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2
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e
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A
;

Sðx;y;0Þ ¼ Eðx;yÞ��E;pðx;y;0Þ ¼ 0; (16)

where �E ¼PNx
i¼1

PNy

j¼1 Eðxi; yjÞ=ðNx � NyÞ. In this test, we define the
complex domain as two large circles. Figure 4 compares the evolution
of total energy over time, up to t ¼ 100, for four different time steps.

FIG. 3. The evolution results of the biological transport network in complex domains. (a) is the L2 norm of the conductance vectorm and (b) is the L2 norm of rp.

FIG. 4. Temporal evolution of the energy functional of the proposed model with four
time step sizes of Dt ¼ 1, 0.1, 0.01, and 0.001 until T ¼ 100, respectively. Note
that the modified energy has been normalized by the initial energy. The inset figures
are the morphology of the phase field / at specific times t ¼ 0, 20, 40, 60, 80, and
100, respectively. The subfigures are obtained with Dt ¼ 1.
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All energy curves exhibit consistent decay without numerical solution
divergence, indicating that our method supports the use of larger time
steps. Although smaller time steps reduce truncation errors and yield
more accurate results, particularly at Dt ¼ 0:001, higher accuracy in
numerical solutions can be achieved with these smaller steps. The inset
of Fig. 4 illustrates the morphology of the phase field at times 0, 20, 40,
60, 80, and 100 with Dt ¼ 1. In the initial growth phase, influenced by
osmotic pressure, energy transport pathways are not fully formed,
leading to a wide diffusion range. From the perspective of biological
tissue generation and evolution, diffusion effects dominate in the early
stages of the process. The first row of Fig. 5 shows significant pressure
differentials around the complex domain, which impede the system’s
growth into this area. Subsequently, cross terms dominate during the
stabilization process, ensuring network connectivity through the disso-
lution of nutrients between branches. The second row of Fig. 5 indi-
cates that fluid velocity v demonstrates nutrient transport from the
main branch to the surroundings. However, this transport halts when
encountering the complex domain due to the inability to transfer
energy. The evolution and generation of the biological transport net-
work over the complex domain confirm the convergence of the
numerical solution and validate the applicability of larger time steps.

D. Convergence test

To assess the numerical accuracy of our method, we employ the
Euler method within the domain X ¼ ½0; 2� � ½0; 2�. Given the
absence of an analytical solution, we establish reference solutions /ref ,
mref

1 ,mref
2 , and pref using fine time steps or grid sizes to evaluate spatial

and temporal accuracies. The initial conditions are specified as follows:

Gðx;yÞ ¼ 0:5þ 0:5tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy� 1Þ2 þðx� 1Þ2

q
� 0:15

2
ffiffiffi
2
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e
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1
A
;

/ðx;y;0Þ ¼ sinðpxÞ sinðpyÞ;pðx;y;0Þ ¼ cosðpxÞcosðpyÞ;
m1ðx;y;0Þ ¼ cosðpxÞ sinðpyÞ;m2ðx;y;0Þ ¼ sinðpxÞcosðpyÞ;

Eðx;yÞ ¼ 1� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy� 0:15Þ2 þðx� 0:15Þ2
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Sðx;y;0Þ ¼ Eðx;yÞ��E;

(17)

where �E ¼PNx
i¼1

PNy

j¼1 Eðxi; yjÞ=ðNx � NyÞ. Homogeneous Neumann
boundary conditions are applied for convergence testing. We
employed decreasing temporal steps of Dt ¼ 1:6� 10�4,
Dt ¼ 8� 10�5, and Dt ¼ 4� 10�5, along with a fine spatial size of
h ¼ 1=512, to verify second-order temporal accuracy. Reference solu-
tions were computed with Dt ¼ 1� 10�5, defining the numerical
error as ei;Dt :¼ /i;Dt � /ref

i . The convergence rate was evaluated using
log2ðjjei;Dtjj2=jjei;Dt=2jj2Þ. The results, summarized in Table I, confirm
the second-order temporal accuracy based on system Eqs. (12).
Subsequently, we used a fixed temporal step size of Dt ¼ 1� 10�5 to
investigate spatial convergence up to T ¼ 0:1. Spatial steps varied as
h ¼ 1=128, h ¼ 1=256, and h ¼ 1=512. The spatial error was defined
as ei;h :¼ /i;h � /ref

i , and the spatial convergence rate was computed
as log2ðjjei;hjj2=jjei;h=2jj2Þ, relative to a reference solution obtained
using h ¼ 1=1024. Detailed numerical errors and spatial convergence
results, presented in Table II, confirm the second-order spatial accu-
racy of our method.

FIG. 5. The first and second rows show the L2 norm of rp, and the L2 norm of the fluid velocity v on a logarithmic scale, respectively. From (a) to (c) display these results at
specific times 20, 60 and 100, respectively.
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E. Comparing the results by two different sources and
sinks

This test compares and analyzes energy transfer and the growth
of biological structures in complex domains utilizing two types of sour-
ces and sinks initialized by Eqs. (9) and (10). Previous studies in this
paper employed sources and sinks defined by Eq. (9). Initialization
with Eq. (10) leads to energy absorption in complex domains, influenc-
ing the growth of biological transport networks. The evolution of

biological transport networks in these complex domains is simulated
using the initial condition from Eq. (10) and additional conditions
described in Eq. (15). During the initial stages of biological network
growth, depicted in Fig. 6, energy diffuses outward, stimulating the
growth of adjacent biological tissues. Energy absorption in complex
domains redirects the predominant energy flow toward these areas,
prompting the main biological structure to encircle them and imped-
ing the formation of branches on the main stem. To illustrate the

FIG. 6. The phase field variable / and the L2 norm of the conductance vector m are depicted at specific times (a) t ¼ 15, (b) t ¼ 30, (c) t ¼ 50, and (d) t ¼ 100,
respectively.

TABLE I. Errors and convergence rates with different time steps for the conductance m1 and m2, pressure p, and phase field /.

Error Order

Dt m1 m2 p / m1 m2 p /

1:6� 10�4 8:625� 10�4 6:986� 10�4 6:032� 10�4 9:862� 10�4 � � � �
8:0� 10�5 2:178� 10�4 1:679� 10�4 1:493� 10�4 2:258� 10�4 1.99 2.04 2.01 2.09
4:0� 10�5 5:612� 10�5 4:115� 10�5 3:808� 10�5 5:533� 10�5 1.97 2.01 1.98 2.02

TABLE II. Errors and convergence rates with different spatial steps for the conductance m1 and m2, pressure p, and phase field /.

Error Order

N m1 m2 p / m1 m2 p /

128 9:979� 10�3 8:496� 10�3 7:662� 10�3 8:219� 10�3 � � � �
256 2:398� 10�3 2:189� 10�3 1:859� 10�3 2:076� 10�3 2.01 1.97 2.03 1.99
512 5:935� 10�4 5:365� 10�4 4:695� 10�4 4:891� 10�4 2.04 2.02 1.99 2.06
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growth of biological networks in complex domains, simulations were
conducted using sources and sinks generated by Eq. (10), alongside
maintaining other initial conditions consistent with Eq. (16). As shown
in Fig. 7, the evolution of the L2 norm of the conductive vector m in
biological transport networks under two types of SðxÞ. These simula-
tions were conducted in large circular complex domains, revealing sub-
stantial differences in network growth patterns. The first type results in
the development of numerous and finer branches of biological tissues
in multiple directions. The second type promotes the gradual forma-
tion of voids near complex domains as biological tissues evolve,
enhancing the stability of crucial energy transfer branches while gradu-
ally dissipating unnecessary domains.

F. Multiple circular complex domain

We set the complex domain as a circle uniformly surrounding
the center of the growth domain. We compare the formation of biolog-
ical transport networks within this complex domain under two types
of sources. The initial conditions are specified as follows:

Gðx; yÞ ¼
Xk
i¼1

1
2
tanh

 
1

2
ffiffiffi
2

p
e

 
y � 1� 0:58 cos

2pi
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!
þ 1� k
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� �
;

pðx; y; 0Þ ¼ 0; mðx; y; 0Þ ¼ ð/ðx; y; 0Þ; 0:5/ðx; y; 0ÞÞ;

/ðx; y; 0Þ ¼ 1� tanh
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ffiffiffi
2

p
e

0
@

1
A
: (18)

Here, k denotes the number of small circles, as shown in Fig. 8 the first
row. Subplots (a)–(e) correspond to k values of 4, 6, 8, 12, and 16 in
the complex domain G. The two types of sources are described by
Eqs. (19) and (20).

S1ðx; y; 0Þ ¼ 1:5 /ðx; y; 0Þ �
�/

1� �G
ð1� Gðx; yÞÞ

� �
; (19)

S2ðx; y; 0Þ ¼ 1:5 /ðx; y; 0Þ � �/
� �

; (20)

where �/ ¼PNx
i¼1

PNy

j¼1 /ðxi; yj; 0Þ=ðNx � NyÞ and �G ¼PNx
i¼1

PNy

j¼1

Gðxi; yjÞ=ðNx � NyÞ. Regarding Eq. (19), the complex domain demon-
strates characteristics of energy absorption.

Energy transfer within the complex domain is constrained, pre-
dominantly occurring in the larger surrounding space. As depicted in
Fig. 8, during the initial stage, the outward diffusion of energy appears
nearly uniform but undergoes gradual changes due to the influence of
the complex domain. Energy absorption by the complex domain pro-
foundly impacts the growth of biological structures. The diffusion
effect in the initial stages is prominent during the formation of the
main trunk, which subsequently strengthens as coupling effects inten-
sify. Energy continues to be absorbed by the complex domains, ulti-
mately forming biological structures that extend from energy sources
toward small circles around each complex domain. Increasing the
number of complex domains within the same evolution time compli-
cates the formation of the main trunk. As depicted in Figs. 8(a)–8(c),
individual channels form around each small circle, posing challenges
to the formation of the main trunk. In Figs. 8(d)–8(e), some circles
share a main trunk and develop branches near the complex domains
to transport nutrients. These observations illustrate the substantial
impact of increasing the number of complex domain circles on the
structure of biological transport networks. To visually compare the
impact of k complex domain circles on the biological transport net-
work, we present the L2 norm of fluid velocity v and its components
v1 and v2 on a logarithmic scale, as shown in Fig. 9. The first and sec-
ond rows display numerical values of the respective components,
where colors closer to blue indicate values closer to zero. This observa-
tion reveals a pattern of thin blue lines experimentally. As the number
of complex domain circles k increases, the growth of biological struc-
tures becomes more intricate, leading to a relatively slower evolution
rate. Within the same evolution time, the fluid velocity throughout the
domain has not yet fully stabilized, appearing complex as shown in
Figs. 9(d) and 9(e).

Figure 10 illustrates the energy decay in the formation of a biolog-
ical transportation network influenced by two types of sources. To pro-
vide a clearer understanding of these processes, the figure includes
snapshots of the phase field variable / at specific time t ¼ 0, 12.5, 25,
50, and 100. These selected time points highlight key stages in the
growth process, thereby elucidating the dynamic changes throughout
the evolution. For both types of sources, the subfigures depict the stable
state of the biological network, where the structure remains unchanged
during subsequent evolution. Specifically, Fig. 10(a) shows the growth
scenario influenced by a complex domain. Due to the presence of this
complex domain, the final phase field variable / connects the center
with small circles in the complex domain. Nutrients are continuously
transported to the complex domain, without spreading to other areas.
Consequently, the biological tissue lacks nutrients and does not con-
tinue to grow outward. In contrast, Fig. 10(b) illustrates the growth
scenario after passing through a complex domain. The growth process
continues to expand outward, ultimately forming numerous branches
at the tips of the main stems. During evolution, these stems initially
grow thicker, then begin to thin out, resulting in finer branches. These
finer branches efficiently distribute nutrients throughout the domain,
facilitating more effective energy transfer. These observations enhance

FIG. 7. The L2 norm of the conductance vector m for biological transport networks
in a complex domain, initialized by sources and sinks from Eqs. (9) and (10), from
(a) to (c) is shown at t ¼ 20, 60, and 100, respectively.
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our understanding of the evolutionary characteristics and stable states
of biological networks under different source types.

We examined the L2 norms of both the conductivity vector m
andrp across a range of complex domains. Our emphasis was on the
impact of small circular domains on biological transport networks,
particularly those highlighted in red boxes in Fig. 11. In domains with
four small circles, the influence in the top-right corner is minimal; the
conductivity vectorm forms a main stem structure branching near the
domain’s center, as shown in Fig. 11(a). Increasing the number of
small circles to 8 and 12 results in new growth points emerging after
the main stem bypasses the area, leading to branching. Complex
domains with 16 small circles exhibit multiple main stems, forming a
more intricate branching structure. Reduced nutrient availability to
each main stem, however, results in fewer and thinner branches. The
formation of biological transport networks is closely correlated with
rp. In domains with 4 small circles, the pressure gradient directs
nutrient distribution away from the center. Increasing the number of
small circles to 8 and 12 leads to main stem branching after bypassing

the complex domain, thereby facilitating a more balanced nutrient dis-
tribution. Despite the presence of three small circles in the bottom-
right corner, domains with 16 small circles develop only two main
stems, as depicted in Fig. 11(e), where one main stem bypasses the
complex domain, passing between two small circles within. In sum-
mary, the quantity of small circular domains within complex areas
profoundly influences the formation and branching structure of main
stems.

G. Impact of complex domain density and source
shape on biological structure growth

This section compares the growth dynamics of biological trans-
port networks with two shapes of sources and sinks under sparse and
dense conditions in complex domains. Dense complex domains con-
sist of 20 small circles with a radius of 0.035, while sparse conditions
involve 12 circular domains. The shapes of sources and sinks are gen-
erated by an elliptical transition function Eðx; yÞ following the form

FIG. 8. The first row illustrates the complex domain G. The subsequent rows show the L2 norm of the conductance vector m for biological transport networks with sources
defined by Eq. (19) at specific times t ¼ 1, 10, and 100. From (a) to (e), we use k ¼ 4, 6, 8, 12, and 16, respectively.
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Sðx; y; 0Þ ¼ Eðx; yÞ � ð�E=ð1� �GÞÞð1� Gðx; yÞÞ, facilitating energy

absorption by the complex domains. Here, �E ¼PNx
i¼1

PNy

j¼1 Eðxi; yjÞ
=ðNx � NyÞ and �G ¼PNx

i¼1

PNy

j¼1 Gðxi; yjÞ= ðNx � NyÞ. The ellipses
Eðx; yÞ of the two shapes have major axes of 0.46 and 0.92 with minor
axes of 0.030 and 0.015, respectively. As depicted in Fig. 12(a), it visu-
ally illustrates the initial configuration of sources and sinks along with

the distribution of complex domains. Additional initial conditions are
set as follows:

/ðx; y; 0Þ ¼ 1� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy � 1Þ2 þ ðx � 1Þ2

q
� 0:08

2
ffiffiffi
2

p
e

0
@

1
A
;

mðx; y; 0Þ ¼ ð/ðx; y; 0Þ; 0:5/ðx; y; 0ÞÞ; pðx; y; 0Þ ¼ 0: (21)

FIG. 9. Logarithmic scale representation of L2 norms for fluid velocity components v1 and v2, and the overall L2 norm of fluid velocity v, across k ¼ 4, 6, 8, 12, and 16 in the
complex domain G at time t ¼ 100, respectively.

FIG. 10. The temporal evolution of the non-increasing energy of the proposed model under two different sources. Note that the modified energy has been normalized by the
initial energy. The inset figures show the morphology of the phase field / at specific times t ¼ 0, 12.5, 25, 50, and 100, respectively.
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The growth dynamics of biological transport networks under varying
conditions exhibit notable differences. Initial growth from centrally
located sources, as depicted in Fig. 12, shows similarity in the first and
second rows until encountering complex domains. However, distinct

developmental outcomes arise due to the varying densities of small cir-
cular areas within these domains, highlighted in the red boxes of
Fig. 12 that illustrate differences in branch formations during network
development. In densely packed complex domains, a primary branch

FIG. 11. The plots in the first and second rows represent the L2 norm of the conductance vector m and the L2 norm of the pressure gradient rp, respectively. From (a) to
(e) correspond to k ¼ 4, 6, 8, 12, and 16 in the complex domain G at time t ¼ 100, respectively.

FIG. 12. The L2 norm of the conductance vector m evolves. (a) comprises three configurations: two setups with identical sources and sinks but varying regional complexities,
and two setups with identical regional complexities but different sources and sinks. From (b) to (e) represent the L2 norm ofm at t ¼ 1; 20; 50; and 100 for the three configura-
tions, respectively.
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must distribute nutrients to multiple areas, promoting early branching
and sustained outward growth. Conversely, in sparsely populated com-
plex domains, a primary branch tends to supply nutrients to a single
area, restricting further expansion once the main structure forms.
Figure 12 also includes red dashed boxes demonstrating how various
source shapes influence the growth of biological structures, especially
in the top-right complex domain. The proximity of the central source
to this area facilitates nutrient diffusion, promoting the formation of
branching structures.

Figure 13(a) shows the initial condition at t ¼ 1, where osmotic
pressure in the biological transport network diffuses uniformly outward.
As the biological structures form, osmotic pressure becomes influenced
by the complex domains, with high-pressure differences gradually con-
centrating around these areas. The first row of the figure demonstrates
that in densely packed complex domains, one area can quickly affect its
surroundings. As the network forms, the number of complex domains
with significant pressure differences increases. Conversely, in sparsely
complex domains, a primary branch supplies nutrients to only one
area. In this case, domains with higher osmotic pressure emerge only
after the preceding area has accumulated sufficient pressure, as shown
in the second row of Fig. 13. This phenomenon indicates that once cer-
tain domains accumulate enough nutrients, the excess nutrients redis-
tribute to neighboring areas, leading to pressure differences.

V. CONCLUSION

In this study, we introduce a novel biological transport network
model tailored to simulate and analyze scenarios involving obstacles
and parasitic organisms encountered during the growth of biological
structures in complex environments. Our model integrates phase field
theory with the Cai–Hu model and incorporates two types of source
terms: one simulates domains obstructing nutrient transport without
energy absorption, while the other models domain obstructing and
absorbing energy. Rooted in the physical principles governing biologi-
cal transport networks, our study rigorously validates the model’s

adherence to the law of continuous energy dissipation for continuous
functions. We achieve second-order temporal accuracy by employing
a Crank–Nicolson type method to control the system dynamics.
Despite using a semi-implicit time integration scheme, our algorithm
ensures stability, effectively addressing stiffness issues inherent in
mixed systems. The discrete system derived from the phase field model
is decoupled, linear, and unconditionally stable, facilitating straightfor-
ward implementation of our proposed algorithm. We conducted com-
prehensive numerical tests, evaluating the influence of complex
domains on biological network growth, non-decreasing discrete
energy, stability, convergence, and the effects of complex domain den-
sity and source shape on biological structure growth. These tests vali-
date the efficiency, stability, and robustness of our approach. In
summary, our research not only demonstrates the adherence of our
biological transport network model to physical principles but also
showcases its excellent performance in practical numerical tests. This
study establishes a theoretical foundation and analytical framework for
further investigations into the growth of biological transport networks
in complex environments.
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APPENDIX: UNCONDITIONAL STABILITY

We demonstrate the unconditional stability of the proposed scheme Eqs. (12). Let us define the discrete energy E dð/n;mn; pnÞ is defined
as Eq. (13) The discrete system given in Eqs. (12) preserves the energy dissipation law as follows:

E dð/nþ1;mnþ1; pnþ1Þ � E dð/n;mn; pnÞ
Dt

¼ �









mnþ1 �mn

Dt











2

d

�









/nþ1 � /n

Dt











2

d

� 0:

We substitute the discrete energy Eq. (13) into the left side of the equation to be proven, and after rearranging, we obtain the following:

E dð/nþ1;mnþ1; pnþ1Þ � E dð/n;mn; pnÞ
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Note that we can consider the reformulation as the following parts:
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We compute the discrete inner product of Eq. (12a) with dþt /
n ¼ ð/nþ1 � /nÞ=Dt, Eq. (12c) with dþt p

n ¼ ðpnþ1 � pnÞ=Dt, and Eq. (12d)
with dþt m

n ¼ ðmnþ1 �mnÞ=Dt. Therefore, Eq. (A1) can be rewritten as follows:
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Here, the proof is completed.
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