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A B S T R A C T

In this paper, we introduce an efficient numerical algorithm for solving the Lifshitz–Petrich
equation on closed surfaces. The algorithm involves discretizing the surface with a triangular
mesh, allowing for an explicit definition of the Laplace–Beltrami operator based on the
neighborhood information of the mesh elements. To achieve second-order temporal accuracy,
the backward differentiation formula scheme and the scalar auxiliary variable method are
employed for Lifshitz–Petrich equation. The discrete system is subsequently solved using the
biconjugate gradient stabilized method, with incomplete LU decomposition of the coefficient
matrix serving as a preprocessor. The proposed algorithm is characterized by its simplicity in
implementation and second-order precision in both spatial and temporal domains. Numerical
experiments are conducted to validate the unconditional energy stability and efficacy of the
algorithm.

1. Introduction

Crystals are essential in many processes that occur in nature as well as in industry [1,2]. There is a growing concentration
of interest on the processes of growth [3,4] and transition [5] of varied crystalline formations, in addition to their interface
dynamics [6]. Many numerical methods have been studied for crystal models, such as convex splitting method [7], multigrid
method [8,9] and adaptive time step method [10], method without artificial curvature effect [11]. Shechtmann and Blech [12]
discovered quasicrystals in a rapidly cooled aluminum-manganese alloy. The unique properties of crystals and quasicrystals have
a broad spectrum of applications, such as thermal insulation [13], optical materials [14] and additive manufacturing [15].
Therefore, research on the formation of micro-patterns is crucial for forecasting material characteristics and lowering experimental
expenses [16,17]. The energy proposed by the Lifshitz–Petrich (LP) model has the following form:

(𝜙) = ∫𝛺
𝜙
2
𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙 + 𝐹 (𝜙)d𝐱, (1)

where 𝐿1 = 𝛥+ 𝐼 , 𝐿2 = 𝛥+ 𝜂2𝐼 , 𝐼 is the identity operator. 𝐹 (𝜙) = 𝜙4

4 − 𝛼 𝜙3
3 − 𝜖 𝜙2

2 , and 𝜉 , 𝜂 , 𝛼 , 𝜖 are physical parameters. Utilizing the
variational method on Eq. (1) yields the expression for chemical potential: 𝛿(𝜙)

𝛿 𝜙 = 𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙+𝐹 ′(𝜙). Employing the 𝐿2-gradient
flow, the principal governing equation is formulated as follows:

𝜕 𝜙
𝜕 𝑡 = − 𝛿(𝜙)

𝛿 𝜙 = −𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙 − 𝐹 ′(𝜙) = −(𝛥 + 1)2
(

(𝛥 + 𝜂2)2 + 𝜉2
)

𝜙 − 𝐹 ′(𝜙). (2)
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Fig. 1. The right: a closed surface triangular mesh; The left: a grid vertex with the adjacent vertices.

In the case of flat surfaces, many related numerical algorithms have been studied, such as finite difference method [18,19],
finite element method [20,21], Galerkin method [22], Fourier spectrum method [23,24], operator splitting method [25,26],
threshold dynamics method [27], adaptive refinement mesh method [28], data assimilation method [29,30]. For curved surfaces,
Kim et al. [31] introduced an efficient numerical approach for solving the conservative Allen–Cahn equation on various surfaces,
incorporating a space–time-dependent Lagrange multiplier to ensure the conservation of the total quantity. Li et al. [32] proposed
a computational framework for the multi-component Cahn–Hilliard system on surfaces, which is proved to be unconditional energy
stability and mass conservation. Xia et al. [33] proposed an efficient surface computational system for solving thermal fluids
problems, which exhibited second-order spatial and temporal accuracy. Yang et al. [34] proposed a practical numerical method
for solving the two-component phase-field crystal model on curved surfaces, which incorporated a vacancy effect. Xia et al. [35]
proposed a framework for calculating the Swift–Hohenberg equation over arbitrarily curved surfaces, which has second-order
temporal accuracy and is unconditionally energy stable. However, for the LP equation depicting various crystal or quasicrystal
types, there are few research studies on curved surfaces. It is necessary to modify the numerical algorithm for LP equation on
curved surfaces.

This paper aims to construct a discretization method for the LP equation to model crystal or quasicrystal formation on closed
surfaces. The equation, derived from the LP energy model via variational principles, employs the backward differentiation formula
scheme (BDF) and the scalar auxiliary variable method (SAV) [36,37] for temporal discretization, ensuring second-order accuracy
and unconditional energy stability. For spatial discretization, we employ triangular elements to mesh the closed surface and derive
a discrete Laplace–Beltrami operator, ensuring second-order spatial accuracy. The biconjugate gradient stabilized method enhances
efficiency for solving sparse linear systems. Numerical tests validate the method’s correctness in simulating crystal or quasicrystal
formation.

The structure of this paper is arranged as follows. In Section 2, we derive the second-order numerical scheme of the LP equation
on a surface, and then prove its unconditional energy stability. In Section 3, we demonstrate the correctness of the algorithm through
numerical experiments. In Section 4, we give the conclusion.

2. Numerical scheme

2.1. Discreted Laplace–Beltrami operators on curved surfaces

For any regular closed surface , it can be discretized by triangular elements. We can define 𝐹 ∶= {𝑇𝑖|1 ≤ 𝑖 ≤ 𝑁𝑇 } as the set of
all triangles and 𝑉 ∶= {𝐯𝑖|1 ≤ 𝑖 ≤ 𝑁𝑣} as the set of all vertices. Fig. 1 illustrates that for any given vertex 𝐯 ∈ 𝑉 , there are 𝑝 vertices
surrounding it. These vertices are sequentially labeled in a counterclockwise direction, with the vertex 𝐯𝑗 being one of them, 𝐯0 = 𝐯𝑝.
Let 𝐆𝑗 ∶=

𝐯+𝐯𝑗+𝐯𝑗+1
3 be the centroid of a triangle 𝑇𝑗 composed of vertices 𝐯, 𝐯𝑗 , and 𝐯𝑗+1. For any function 𝜙 on a surface, we can

define ∇ℎ𝜙(𝐆𝑗 ) as follows:

∇ℎ𝜙(𝐆𝑗 ) ∶= 𝛼𝑗 (𝐯𝑗 −𝐆𝑗 ) + 𝛽𝑗 (𝐯𝑗+1 −𝐆𝑗 ), (3)

where 𝛼𝑗 and 𝛽𝑗 meet the following conditions:
⎛

⎜

⎜

⎜

⎝

⟨

𝐯𝑗 −𝐆𝑗 , 𝐯 −𝐆𝑗
⟩ ⟨

𝐯𝑗+1 −𝐆𝑗 , 𝐯 −𝐆𝑗
⟩

‖𝐯 −𝐆𝑗‖
2

⟨

𝐯𝑗 −𝐆𝑗 , 𝐯𝑗 −𝐆𝑗
⟩ ⟨

𝐯𝑗+1 −𝐆𝑗 , 𝐯𝑗 −𝐆𝑗
⟩

‖𝐯𝑗 −𝐆𝑗‖
2

⟨

𝐯𝑗 −𝐆𝑗 , 𝐯𝑗+1 −𝐆𝑗
⟩ ⟨

𝐯𝑗+1 −𝐆𝑗 , 𝐯𝑗+1 −𝐆𝑗
⟩

‖𝐯𝑗+1 −𝐆𝑗‖
2

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝛼𝑗
𝛽𝑗
𝛾𝑗

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝜙(𝐯) − 𝜙(𝐆𝑗 )
𝜙(𝐯𝑗 ) − 𝜙(𝐆𝑗 )
𝜙(𝐯𝑗+1) − 𝜙(𝐆𝑗 )

⎞

⎟

⎟

⎠

. (4)

Using Green’s formula and Eq. (4), Laplace–Beltrami operator can be approximated as:

𝛥ℎ𝜙(𝐯) = 1
𝐴(𝐯)

𝑝−1
∑

𝑗=0

‖𝐆𝑗+1 −𝐆𝑗‖

6
(

2
⟨

∇ℎ𝜙(𝐆𝑗 ),𝐧𝐯(𝐆𝑗 , 𝑇𝑗 )
⟩

+ 2⟨∇ℎ𝜙(𝐆𝑗+1),𝐧𝐯(𝐆𝑗+1, 𝑇𝑗 )
⟩

⟨ ⟩ ⟨ ⟩ )
(5)
+ ∇ℎ𝜙(𝐆𝑗 ),𝐧𝐯(𝐆𝑗+1, 𝑇𝑗 ) + ∇ℎ𝜙(𝐆𝑗+1),𝐧𝐯(𝐆𝑗 , 𝑇𝑗 ) .
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The area at vertex 𝐯 is defined as 𝐴(𝐯) ∶= ∑𝑝−1
𝑗=0

|

|

|

𝑇̃𝑗
|

|

|

, where |

|

|

𝑇̃𝑗
|

|

|

represents the area of a triangle 𝑇̃𝑗 consisting of three vertices 𝐯, 𝐆𝑗 ,
nd 𝐆𝑗+1. The external normal vectors 𝐧𝐯(𝐆𝑗 , 𝑇𝑗 ) and 𝐧𝐯(𝐆𝑗+1, 𝑇𝑗 ) are defined as follows:

𝐧𝐯(𝐆𝑗 , 𝑇𝑗 ) ∶=
(𝐆𝑗+1 −𝐆𝑗 ) × 𝐍𝑗
‖𝐆𝑗+1 −𝐆𝑗) × 𝐍𝑗‖

and 𝐧𝐯(𝐆𝑗+1, 𝑇𝑗 ) ∶=
(𝐆𝑗+1 −𝐆𝑗 ) × 𝐍𝑗+1
‖𝐆𝑗+1 −𝐆𝑗) × 𝐍𝑗+1‖

, (6)

where 𝐍𝑗 denotes the unit normal vector corresponding to 𝑇𝑗 .

2.2. Numerical method of LP equation on curved surfaces

In the framework, Eq. (2) can be equivalent to the following form:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜙𝑡 = −𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙 −
𝑟(𝑡)

√

𝐸1(𝜙) + 𝐶0
𝐹 ′(𝜙),

𝑟𝑡 =
1

2
√

𝐸1(𝜙) + 𝐶0
∫𝛺

𝐹 ′(𝜙)𝜙𝑡d𝐱,
(7)

Here, −𝐶0 is the lower bound of 𝐸1(𝜙) ∶= ∫𝛺 𝐹 (𝜙)d𝐱, 𝑟(𝑡) = √

𝐸1(𝜙) + 𝐶0 is the introduced scalar auxiliary variable. In this paper,
we discretize LP equation using BDF and SAV scheme:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1
2𝛥𝑡

= −𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙𝑛+1 − 𝑟𝑛+1
√

𝐸1(𝜙̃𝑛+1) + 𝐶0

𝐹 ′(𝜙̃𝑛+1),

3𝑟𝑛+1 − 4𝑟𝑛 + 𝑟𝑛−1
2𝛥𝑡

=
( 𝐹 ′(𝜙̃𝑛+1)

2
√

𝐸1(𝜙̃𝑛+1) + 𝐶0

,
3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1

2𝛥𝑡

)

ℎ
,

(8)

where 𝜙𝑛+1, 𝜙𝑛, 𝜙𝑛−1 and 𝜙̃𝑛+1 are 𝑁𝑣 × 1 column vectors. 𝜙̃𝑛+1 = 2𝜙𝑛 − 𝜙𝑛−1, 𝐸1(𝜙̃𝑛+1) = (𝐹 (𝜙̃𝑛+1), 1)ℎ, the discrete inner product
n a surface can be defined as (𝜙, 𝜓)ℎ ∶=

∑𝑁𝑣
𝑖=1 𝜙𝑖𝜓𝑖𝐴(𝐯𝑖). Further, we discretize Eq. (8) and we write it as the following matrix

representation:

⎛

⎜

⎜

⎜

⎝

3
2 + 𝛥𝑡 𝛥𝑡𝐹 ′(𝜙̃𝑛+1)

√

𝐸1+𝐶0
−3(𝐴◦𝐹 ′(𝜙̃𝑛+1))T

2
√

𝐸1+𝐶0
3

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜙𝑛+11

⋮

𝜙𝑛+1𝑁𝑣

𝑟𝑛+1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2𝜙𝑛1 −
𝜙𝑛−11
2

⋮

2𝜙𝑛𝑁𝑣 −
𝜙𝑛−1𝑁𝑣
2

4𝑟𝑛 − 𝑟𝑛−1 + ( 𝐹 ′(𝜙̃𝑛+1)
2
√

𝐸1+𝐶0
,−4𝜙𝑛 + 𝜙𝑛−1)ℎ

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (9)

Here,  is the 𝑁𝑣 ×𝑁𝑣 identity matrix. According to Eqs. (2) and (9), The matrix  corresponding to operator 𝐿2
1(𝐿

2
2 + 𝜉

2) is defined
as  ∶= ( + )2

(

( + 𝜂2)2 + 𝜉2
)

, where  is a 𝑁𝑣 × 𝑁𝑣 matrix obtained by (5) corresponding to the discrete Laplace–Beltrami
operator on a surface mesh. 𝐴 and 𝐹 ′(𝜙̃𝑛+1) are 𝑁𝑣 × 1 column vectors with elements 𝐴(𝐯𝑖) and 𝐹 ′(𝜙̃𝑛+1𝑖 ), 𝑖 = 1,… , 𝑁𝑣, respectively.
The operation 𝐚◦𝐛 represents Hadamard product of column vectors 𝐚 and 𝐛. In order to speed up the calculation, we adopt the
biconjugate gradient stabilized method [38], and use the incomplete LU decomposition of the coefficient matrix as the preprocessor.

2.3. Discrete unconditional energy stability

Theorem. The solution of Eq. (9) satisfy the energy dissipation property

𝑑 (𝜙𝑛+1) − 𝑑 (𝜙𝑛) ≤ 0, (10)

where 𝑑 (𝜙𝑛+1) is the discrete energy, which is defined as

𝑑 (𝜙𝑛+1) ∶= 1
4𝛥𝑡

(‖𝜙𝑛+1‖2𝐿 + ‖2𝜙𝑛+1 − 𝜙𝑛‖2𝐿) +
1
2𝛥𝑡

((𝑟𝑛+1)2 + (2𝑟𝑛+1 − 𝑟𝑛)2). (11)

Here, the discrete norm is defined as ‖𝜙‖2 ∶= (𝜙, 𝜙)ℎ, ‖𝜙‖2𝐿 ∶= (𝜙, 𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙)ℎ.

Proof. By introducing the intermediate variable 𝜈𝑛+1, Eq. (8) can be turned into the following discrete form:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1
2𝛥𝑡

= 𝜈𝑛+1,

𝜈𝑛+1 = −𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙𝑛+1 − 𝑟𝑛+1
√

𝐸1 + 𝐶0
𝐹 ′(𝜙̃𝑛+1),

3𝑟𝑛+1 − 4𝑟𝑛 + 𝑟𝑛−1 =
( 𝐹 ′(𝜙̃𝑛+1)

√
,
3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1 )

.

(12)
⎩

2𝛥𝑡 2 𝐸1 + 𝐶0 2𝛥𝑡 ℎ

3 
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Fig. 2. Time evolution of non-increasing discrete energy.

By taking the discrete inner products of first two equations in Eq. (12) with 𝜈𝑛+1 and 3𝜙𝑛+1−4𝜙𝑛+𝜙𝑛−1
2𝛥𝑡 in turn, respectively, both sides

of the third equation in Eq. (12) are multiplied by 2𝑟𝑛+1, the following formula can be obtained:
( 3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1

2𝛥𝑡
, 𝜈𝑛+1

)

ℎ
= ‖𝜈𝑛+1‖2ℎ, (13)

( 3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1
2𝛥𝑡

, 𝜈𝑛+1
)

ℎ
=
(

−𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙𝑛+1 − 𝑟𝑛+1
√

𝐸1 + 𝐶0
𝐹 ′(𝜙̃𝑛+1),

3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1
2𝛥𝑡

)

ℎ
, (14)

2𝑟𝑛+1 3𝑟
𝑛+1 − 4𝑟𝑛 + 𝑟𝑛−1

2𝛥𝑡
= 2𝑟𝑛+1

( 𝐹 ′(𝜙̃𝑛+1)
2
√

𝐸1 + 𝐶0
,
3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1

2𝛥𝑡

)

ℎ
. (15)

By substituting Eq. (15) into Eq. (14), we obtain:

−‖𝜈𝑛+1‖2ℎ =
(

𝐿2
1(𝐿

2
2 + 𝜉

2)𝜙𝑛+1,
3𝜙𝑛+1 − 4𝜙𝑛 + 𝜙𝑛−1

2𝛥𝑡

)

ℎ
+ 2𝑟𝑛+1 3𝑟

𝑛+1 − 4𝑟𝑛 + 𝑟𝑛−1
2𝛥𝑡

= 1
4𝛥𝑡

(‖𝜙𝑛+1‖2𝐿 + ‖2𝜙𝑛+1 − 𝜙𝑛‖2𝐿 − ‖𝜙𝑛‖2𝐿 − ‖2𝜙𝑛 − 𝜙𝑛−1‖2𝐿 + ‖𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1‖2𝐿)

+ 1
2𝛥𝑡

((𝑟𝑛+1)2 + (2𝑟𝑛+1 − 𝑟𝑛)2 − (𝑟𝑛)2 − (2𝑟𝑛 − 𝑟𝑛−1)2 + (𝑟𝑛+1 − 2𝑟𝑛 + 𝑟𝑛−1)2)

= 𝑑 (𝜙𝑛+1) − 𝑑 (𝜙𝑛) + 1
4𝛥𝑡

‖𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1‖2𝐿 + 1
2𝛥𝑡

(𝑟𝑛+1 − 2𝑟𝑛 + 𝑟𝑛−1)2.

(16)

Eq. (16) implies that 𝑑 (𝜙𝑛+1) − 𝑑 (𝜙𝑛) ≤ 0.

3. Numerical experiments

3.1. Energy dissipation test

In this section, we verify the unconditional energy stability of the algorithm by numerical experiments. In this article, 𝜉 and 𝜂
are set to 0.01 and 2 cos( 𝜋12 ), respectively. The study is conducted on a torus with 4500 vertices, where adjacent vertex distances
range from 1 to 2.4358. The initial conditions are set as 𝜙(𝐯, 0) = −0.25 + 0.01rand(𝐯), where rand(𝐯) represents a random number
ranging from −1 to 1. We set the parameters needed for the equation as 𝛥𝑡 = 0.1, 𝛼 = 0.077, 𝜖 = 0.063, 𝐶0 = 100. Fig. 2 shows the
energy evolution during crystallization on a torus, with 𝜙(𝐯, 𝑡) transitioning from a chaotic to a lamellar form.

3.2. Contrast test between curved and flat surfaces

In this section, we simulate the formation process of three kinds of crystals on the torus and the flat surface, respectively. Since
periodic boundary conditions are used for the rectangular region of the flat surface, which is equivalent to the torus in R3, we
use torus for numerical calculations. The 6-fold body centered cubic (BCC), transformed 6-fold crystalline state (T6), and Lamella
state are studied in this section. For the simulation on curved surfaces, we adopt the BDF-SAV method proposed in this paper,
and for the simulation on flat surfaces, the method proposed in [5] is adopted. To simulate the evolution process of different
crystal types on the torus, different parameters (𝛼 , 𝜖) need to be set respectively: BCC (0.6871,0.001), T6 (0.75,0.016), Lamella
(0.005,0.016). In addition, the torus in this section has 60,000 vertices, the minimum and maximum distance between adjacent
vertices are 1 and 1.8437, respectively, and the time steps taken are 𝛥𝑡 = 0.1 and 𝐶0 = 400. The initial conditions are established
as 𝜙(𝐯, 0) = 𝜙̄ + 0.01rand(𝐯), for Lamella state, 𝜙̄ is set to −0.25, while for BCC and T6, 𝜙̄ is set to 0. Fig. 3 illustrates a pronounced
local resemblance between the crystal on the torus and the flat surface. Moreover, it demonstrates the method’s efficacy in mapping
crystal evolution from a flat surface onto arbitrary closed surfaces.
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Fig. 3. Crystal forms on the torus and flat surfaces. The left detail magnifies red-outlined area and crystals marked in white.

Fig. 4. Crystal formation and boundary evolution on a sphere surface. The red line marks the boundary between the two crystals..

3.3. Grain boundaries change test on a curved surface

In this section, we conduct numerical tests on a sphere of radius 115.6134, utilizing a triangular mesh of 163,824 vertices,
where the vertex spacing ranges from 1 to 1.1951. We take the time step 𝛥𝑡 = 0.1, 𝛼 = 1.007, 𝜖 = 0.001, 𝐶0 = 400. The initial state is
𝜙(𝐯, 0) = 0.01rand(𝐯), Fig. 4 delineates the outcomes of the computational experiments, wherein the temporal progression is denoted
below each illustration. It can be seen that with the passage of time, the pattern on the sphere gradually evolved from a chaotic state
to a crystalline state. At 𝑡 = 3000, the sphere exhibits two predominant crystalline states, identified as BCC and T6. The boundary
between the phases is indicated by a red line, showing that the crystal state boundary evolves with increasing 𝑡 before stabilizing.

3.4. Test of crystal formation on sharp surfaces

In this section, we perform a numerical test on a cube surface with a side length of 64, utilizing a triangular mesh of 24,578
vertices, where the vertex spacing ranges from 1 to 1.414. We set 𝛥𝑡 = 0.1, 𝛼 = 0.707, 𝜖 = 0.005, 𝐶0 = 400. The initial state is
𝜙(𝐯, 0) = 0.01rand(𝐯), Fig. 5 shows the formation process of BCC type crystals on the surface of the cube. It can be seen that our
algorithm performs better at sharp edges and corners, and the texture of BCC crystals is also clear near the edges and corners of the
cube.

4. Conclusion

In this work, we developed an efficient numerical method aimed at solving LP equation on closed surfaces. The method involves
using triangular mesh on a surface for discretization of differential operators. Our proposed algorithm is based on BDF and SAV,
and exhibits second-order accuracy in both time and space dimensions. We conducted a series of simulation experiments to verify
the algorithm’s performance, including a discrete energy dissipation test, a comparison test between torus and flat surfaces, and a
crystal interface evolution test. Results confirmed the proposed algorithm’s unconditional energy stability, suitable for simulating
surface crystallization.
5 
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Fig. 5. Crystal formation process on the surface of the cube.
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