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A B S T R A C T

This study presents an end-to-end deep learning framework for nonlinear reduced-order modeling and
prediction, combining Variational Autoencoders (VAE) for feature extraction and Long Short-Term Memory
(LSTM) networks for temporal prediction. The framework simplifies the modeling process by integrating
multiple steps into a unified architecture, improving both design and training efficiency. The VAE compresses
input data into a low-dimensional latent space while using a progressive channel reduction strategy to retain
key features and minimize redundancy. The LSTM network captures temporal dependencies, ensuring accurate
predictions based on historical data. The framework is validated through applications to the Cahn–Hilliard (CH)
equation, demonstrating superior performance over traditional dimensionality reduction and prediction models.
A comprehensive hyperparameter analysis identifies optimal configurations, and the model’s extrapolation
capabilities and computational efficiency are thoroughly assessed. Results highlight the framework’s potential
as an effective tool for modeling and predicting complex dynamic systems governed by partial differential
equations.
1. Introduction

High-fidelity simulations of nonlinear partial differential equations
often require substantial computational costs, posing challenges for
real-time decision-making applications that demand rapid responses.
In response to this challenge, researchers have concentrated on inves-
tigating reduced-order modeling for such systems, aiming to address
the pressing need for swift predictive simulations while mitigating
costs [1,2]. This researchers garnered widespread interest, striving to
devise more efficient and practical methods to adeptly handle the
simulation demands of complex systems, thereby offering viable and
effective solutions for practical decision-making [3]. Recently, owing to
the rapid improvement in computational power, reduced-order models
have made significant strides across various domains. A reduced-order
model is a modeling approach utilizing an approximate simplified
system to substitute complex dynamic models in numerical simulations,
which has proven successful in computational fluid dynamics [4],
aeroelasticity [5,6], and environmental science [7,8]. Wang et al. in-
troduced a non-intrusive deep learning-based reduced order modeling
approach for stochastic underground flow in highly heterogeneous me-
dia, enabling rapid simulations decoupled from input parameters [9].
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E-mail address: yibaoli@xjtu.edu.cn (Y. Li).
URL: http://gr.xjtu.edu.cn/web/yibaoli (Y. Li).

This reduced-order modeling introduces a fresh perspective for com-
prehending and applying the phase-field equation and its dynamic
evolution.

The phase-field equation holds a pivotal role across diverse scientific
domains, with successful applications spanning physics [10], materials
science [11,12], biology [13,14], topology optimization [15,16], data
assimilation [17,18], and chemistry [19–21], providing a significant
framework for comprehending the spatiotemporal evolution of matter.
Its applications in additive manufacturing [22,23], thermo-mechanical
fracture [24], crystal growth [25–27], particle interactions [28,29], and
porous media [30] within complex systems have profound implications
for advancing basic science and engineering applications. Despite these
achievements, modeling phase-field equations encounters considerable
challenges, particularly in high-dimensional and rapidly evolving sce-
narios. Traditional modeling methods seem inadequate in addressing
such complexities. Phase-field models, employed to depict spatiotem-
poral evolution in physical systems, often involve high-dimensional and
intricate data. Microscopic structures in these models are described by
continuous field variables evolving in space and time, necessitating
precise spatiotemporal discretization and an accurate representation
of free energy. These factors contribute to the computational expense
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data mining, AI training, and similar technologies. 
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associated with these models.
To enhance the efficiency of phase-field model simulations and

reduce computational costs, researchers have primarily concentrated
on leveraging high-performance computing architectures [31–33] and
mplementing advanced numerical schemes [34–36]. Liao et al. pro-

posed an adaptive time-stepping strategy for efficiently capturing multi-
scale behaviors and accelerating numerical simulations [37,38]. De-
spite these endeavors, the computational cost for simulating phase-field
equations remains high, particularly when real-time predictions are
necessary, resulting in slow computation speeds. Due to the prohibitive
cost of predicting the entire phase-field model, researchers have dedi-
cated substantial efforts to developing data-driven [39,40] and machine
earning (ML) surrogate models [41–43]. Kiyani et al. introduced data-
riven architectures utilizing a multilayer perceptron, a convolutional
eural network, and a combination of a CNN and LSTM structures to
iscover the nonlinear equations of motion for phase-field models with
onconserved and conserved order parameters [44]. Hernandez et al.
eveloped a technique to learn the latent dimensionality of a physical

system from data and obtain a thermodynamics-aware time integrator,
ensuring compliance with the laws of thermodynamics [45]. Wang
t al. explored 3D feature extraction using 3D MF-DFA [46], and also
eveloped a hybrid MF-DFA-phase-field MRI classification system [47].

In recent years, researchers have actively explored efficient and
eliable ROM techniques for simulating nonlinear systems with mul-
iscale complexity in both spatial and temporal domains. ROM con-

sists primarily of two key components: the process of transforming
a high-dimensional space into a low-dimensional latent space and
modeling the temporal evolution within that latent space. Common
dimensionality reduction methods include Proper Orthogonal Decom-
position(POD) [48], Principal Component Analysis(PCA), and Singular

alue Decomposition(SVD)-based techniques [49], all of which are
used for feature extraction in ROMs. Fu et al. proposed a physics-
informed machine learning method suitable for non-intrusive paramet-
ric ROM in low-data environments [50]. In addition to linear dimen-
sionality reduction methods, various machine-learning-based nonlinear
approaches have also been explored, as machine learning techniques
show strong capabilities in handling nonlinear flow phenomena [51].
Cheng et al. developed a system integrating reduced-order surrogate
models with an innovative data assimilation technique, significantly
enhancing the accuracy and speed of deep learning surrogate models
compared to computational fluid dynamics simulations by incorporat-
ing real-time observations from different physical spaces [52]. Maulik
et al. proposed a ROM for advection-dominated systems using convo-
lutional autoencoders and recurrent neural networks, extending it into
 parametric ROM by directly embedding parametric information into
he latent space, thus enhancing the model’s ability to capture system

evolution trends [53]. However, these models’ performance may be
ubstantially influenced by input data characteristics and distribution,
hich can affect their generalization capability. Variational autoen-

oders as probabilistic generative models, learn the latent distribution
f data, thereby modeling the data generation process. This approach
llows VAEs to flexibly generate new samples and perform sample
econstructions, with enhanced expressive capabilities for handling
omplex, high-dimensional data. The latent space generated by VAEs
aptures the diversity and complexity of the data [54].

This paper introduces an end-to-end deep learning framework for
reduced-order modeling that seamlessly integrates the feature extrac-
tion capabilities of VAE with the prediction strengths of LSTM. By
consolidating complex multi-step processes, this unified framework
minimizes the intricacies associated with data transfer and interface
management between independent modules, thereby streamlining both
design and training. The proposed model employs VAE feature extrac-
tion to effectively map input data into a low-dimensional latent space.
Initially, it utilizes fewer channels to represent low-level features,
progressively increasing the number of channels to enhance feature

extraction across multiple levels. In the deeper layers, a reduction in

2 
channel numbers directs focus towards more representative high-level
features. During the prediction phase, LSTM captures the temporal de-
pendencies inherent in the input data, elucidating how current outputs
are influenced by preceding time steps. Moreover, the reduced-order
model framework showcases remarkable scalability and adaptability,
allowing for flexible adjustments to inputs and outputs to accommodate
a variety of problem scenarios. This study first validates the application
of the proposed reduced-order prediction model using the CH equation
and conducts a comprehensive comparative analysis of hyperparam-
eters to ascertain the optimal model configuration. Subsequently, we
compare both the dimensionality reduction and prediction modules
with alternative models, highlighting the superiority of our approach.
Finally, we evaluate the model’s extrapolation capabilities and analyze
its computational efficiency, thereby providing a thorough assessment
of its performance.

The remainder of this paper is organized as follows: Section 2 details
the generation of data for the CH equation and introduces the reduced-
order model and its configurations; Section 3 validates the feasibility of
the reduced-order predictive model, compares the advantages of VAE
and LSTM, analyzes parameter settings, and assesses model efficiency.
Finally, Section 4 summarizes the main contributions of this research.

2. Data preparation and model construction

2.1. Solving CH equation to prepare data

Phase field models employ a set of field variables to characterize
icroscopic structures. It is assumed that these field variables exhibit

continuity in the interface region, in stark contrast to their discontinuity
in the sharp interface model. The temporal evolution of conserved field
variables is dictated by the CH equation:
𝜕 𝑢(𝐱, 𝑡)

𝜕 𝑡 = 𝛥𝜇(𝐱, 𝑡), 𝑥 ∈ 𝛺 ⊆ R2, 0 < 𝑡, (1a)

𝜇(𝐱, 𝑡) = −𝜖2𝛥𝑢(𝐱, 𝑡) + 𝐹 ′(𝑢(𝐱, 𝑡)). (1b)

The boundary conditions are periodic for 𝑢(𝐱, 𝑡) and 𝜇(𝐱, 𝑡). The above
free energy density in the CH equation can be represented as:

 (𝑢(𝐱, 𝑡)) = ∫𝛺
[𝐹 (𝑢(𝐱, 𝑡)) + 𝜖2

2
|∇𝑢(𝐱, 𝑡)|2]𝑑𝐱, (2)

where 𝐹 (𝑢) = 1
4 (𝑢

2 − 1)2, and 𝜖 is the gradient energy coefficient.
This expression captures the energy contribution associated with the
hase field 𝑢, including the chemical free energy density 𝐹 (𝑢) and a
radient term |∇𝑢|2 that penalizes sharp variations. Our computational
omain consists of 𝑁𝑥 × 𝑁𝑦 pixels on the 2D space 𝛺 = (0, 𝐿𝑥) ×
0, 𝐿𝑦). Unless otherwise specified, we set 𝐿𝑥 = 𝐿𝑦 and 𝑁𝑥 = 𝑁𝑦.

Unless otherwise specified, 𝜖 is defined as 𝜖 = 4ℎ∕(2
√

2 t anh−1(0.9))
55], where ℎ = 𝐿𝑥∕𝑁𝑥 is the spatial step size. Furthermore, let
𝑢𝑛𝑝,𝑞 be an approximation of 𝑢(𝑝, 𝑞 , 𝑛𝛥𝑡), where 𝛥𝑡 is the time step. For
solving Eq. (1), we employ a Fast Fourier Transform (FFT) method

ith a computational complexity of 𝑂(𝑁 log𝑁) [56]. The fast fourier
transform 𝑢̂𝑛𝑎,𝑏 for 𝑎 = 1 −𝑁𝑥∕2,… , 𝑁𝑥∕2, and 𝑏 = 1 −𝑁𝑦∕2,… , 𝑁𝑦∕2 is
efined as:

̂𝑛𝑎,𝑏 =
𝑁𝑥
∑

𝑝=1

𝑁𝑦
∑

𝑞=1
𝑢𝑛𝑝,𝑞𝑒

−2𝜋 𝑖(𝜉𝑎𝑥𝑝+𝜂𝑏𝑦𝑞 ), (3)

The variables 𝑥𝑝, 𝑦𝑞 , 𝜉𝑎 and 𝜂𝑏 are defined as 𝑥𝑝 = 𝑝𝐿𝑥∕𝑁𝑥, 𝑦𝑞 =
𝑞 𝐿𝑦∕𝑁𝑦, 𝜉𝑎 = 𝑎∕𝐿𝑥 and 𝜂𝑏 = 𝑏∕𝐿𝑦 respectively. The inverse fast fourier
transform is:

𝑢𝑛𝑝,𝑞 =
1

𝑁𝑥𝑁𝑦

𝑁𝑥∕2
∑

𝑝=1−𝑁𝑥∕2

𝑁𝑦∕2
∑

𝑞=1−𝑁𝑦∕2
𝑢̂𝑛𝑎,𝑏𝑒

2𝜋 𝑖(𝜉𝑎𝑥𝑝+𝜂𝑏𝑦𝑞 ). (4)

We have employed the fast fourier transform for the Laplacian operator,
which is defined as

𝑛 2 2 𝑛
𝛥𝑑 𝑢̂𝑎,𝑏 = −((2𝜋 𝜉𝑎) + (2𝜋 𝜂𝑏) )𝑢̂𝑎,𝑏. (5)
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Fig. 1. Panels (a), (b), and (c) depict the phase-field evolution results of the high-fidelity model for three separate cases at four discrete time frames (𝑛 = 1, 10, 50, and 100),
respectively.
𝑢̂𝑛+1𝑎,𝑏 =
(2 − 𝜖2((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)2𝛥𝑡 − 𝜆((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)𝛥𝑡)𝑢̂𝑛𝑎,𝑏 − 2((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)ℎ̂

𝑛+ 1
2

𝑎,𝑏 𝛥𝑡

2 + 𝜖2((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)2𝛥𝑡 + 𝜆((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)𝛥𝑡
. (8)

Box I.
In order to achieve second-order accuracy in both temporal and spa-
tial domains, we employ Crank–Nicolson method to formulate the
discretization of Eq. (1) as follows:
𝑢𝑛+1 − 𝑢𝑛

𝛥𝑡
= 𝛥𝑑𝜇

𝑛+ 1
2 , (6a)

𝜇𝑛+ 1
2 =

−𝜖2(𝛥𝑑𝑢𝑛+1 + 𝛥𝑑𝑢𝑛) + 3(𝐹 ′(𝑢𝑛) − 𝜆𝑢𝑛) − (𝐹 ′(𝑢𝑛−1) − 𝜆𝑢𝑛−1) + 𝜆(𝑢𝑛+1 + 𝑢𝑛)
2

. (6b)

Thus, Eq. (6) can be transformed into the fourier space as follows:
𝑢̂𝑛+1𝑎,𝑏 − 𝑢̂𝑛𝑎,𝑏

𝛥𝑡
= −((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)𝜇̂

𝑛+ 1
2

𝑎,𝑏 , (7a)

̂
𝑛+ 1

2
𝑎,𝑏 = 𝜖2

2
(((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)𝑢̂𝑛+1𝑎,𝑏 + ((2𝜋 𝜉𝑎)2 + (2𝜋 𝜂𝑏)2)𝑢̂𝑛𝑎,𝑏)

+ ℎ̂
𝑛+ 1

2
𝑎,𝑏 + 𝜆

2
(𝑢̂𝑛+1𝑎,𝑏 + 𝑢̂𝑛𝑎,𝑏). (7b)

Here, ℎ̂𝑛+
1
2 = 3∕2(𝐹 ′(𝑢𝑛) − 𝜆 ̂𝑢𝑛) − 1∕2(𝐹 ′(𝑢𝑛−1) − 𝜆 ̂𝑢𝑛−1). Therefore, we

obtain the following fast fourier transform (see Box I):
The corresponding function 𝑢𝑛+1𝑝,𝑞 can be computed using Eq. (4). The

initial condition is given as:

𝑢0𝑝,𝑞 =
1
4
(𝜌𝑐 𝑜𝑠(2𝜋 𝑝)𝑐 𝑜𝑠(2𝜋 𝑞) + 𝜏 𝑐 𝑜𝑠((2𝜋 𝑝)2)𝑐 𝑜𝑠(2𝜋 𝑞) + 𝑐 𝑜𝑠(2𝜋 𝑝)𝑐 𝑜𝑠((2𝜋 𝑞)2)).

(9)

In this study, we generate 100 sets of initial conditions for phase-field
simulations, with 𝜌 and 𝜏 being random variables each ranging from 0
3 
to 1. Each simulation evolves for 10,000 time steps with a time step
size of 𝛥𝑡 = 1 × 10−4. The structural state is recorded every 100 time
steps, yielding 100 time frames per simulation. These simulations are
performed on a domain 𝛺 = [0, 1] × [0, 1], discretized with a mesh size of
128 × 128. As a result, we obtain phase-field data for 100 cases across
100 time frames. Fig. 1 illustrates the evolution of the phase-field for
three representative cases at four time frames (𝑛 = 1, 10, 50, 100). For
model training, the 𝑛th and (𝑛+ 1)th frames are used as input and label
pairs. The 100 phase-field cases are randomly split into 80% training
data and 20% testing data. Consequently, we have training data for
80 cases, each with a dimension of 128 × 128 across 100 frames, and
testing data for 20 cases with the same dimensions.

Remark 1. Extensive research has been conducted on the energy
stability [57,58] and convergence [59] of the Cahn–Hilliard equation.
In this study, we employ the FFT method to solve the equation. Nu-
merous studies demonstrate that the FFT method not only provides
significant computational efficiency but also effectively satisfies the
energy stability and convergence requirements of the equation [60,61].
Following the approach outlined in [62,63], unconditional energy sta-
bility and convergence analysis of this numerical scheme can be directly
established. Therefore, a detailed discussion of the energy stability and
convergence of the FFT method is omitted in this paper.
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Fig. 2. The structure of the VAE-LSTM Reduce order model.
2.2. Combining VAE and LSTM to construct ROM

This section outlines the details of the proposed method. We devise
a end-to-end reduced-order prediction model by amalgamating the
variational autoencoder with Long LSTM. The structural schematic of
the model is illustrated in Fig. 2, delineating the encoder, decoder,
and LSTM prediction module. For the encoder module, as illustrated
in Fig. 2(a), feature extraction is performed employing convolutional
modules. Each convolutional block comprises two convolutional layers,
followed by a batch normalization layer and Rectified Linear Unit
(ReLU) activation function. The convolutional kernel size is 3 × 3, with
a stride of 1 and padding of 1. The specific computational process is
detailed as follows:

Conv block(ch_in, ch_out)(𝑋) =
ReLU(BN(Conv2d(ReLU(BN(Conv2d(𝑋 , ch_in, ch_out))), ch_out, ch_out))).

(10)

Here, 𝑋 represents the input data, Conv2d denotes the two-dimensional
convolution operation, and ch_in and ch_out denote the input and
output channel counts, respectively. Then, max-pooling layers are em-
ployed to reduce the spatial dimensions of the feature maps while
retaining the most salient features, thereby reducing the parameter
count and computational load in subsequent layers. This aids in mitigat-
ing overfitting and enhancing the model’s generalization capability. We
employ a max-pooling layer with a kernel size of 2 × 2 and a stride of
2. The input 𝑢𝑛 represents phase field model data at the 𝑛th time frame,
with dimensions (1, 128, 128). We utilize Conv block1, Conv block2,
and Conv block3 to progressively increase channel numbers, iteratively
extracting features. Subsequently, Conv block4 and Conv block5 are
employed to decrease the feature channel dimensions, achieving dimen-
sionality reduction. Incrementally increasing channel numbers, allows
the model to gradually adapt to the complexity of the input data.
Initiating with fewer channels assists the model in focusing on learning
simpler features. As the channel numbers increase, the model can better
capture more complex patterns and details within the data. When
reducing the channel numbers in higher-level feature representations,
irrelevant features are filtered out, rendering the model more robust
and less susceptible to noise interference. Moreover, fewer channels
imply fewer multiplication operations and parameter counts, thereby
making the model more lightweight and computationally efficient.
Detailed channel variations and data dimension changes are illustrated
in Table 1. Subsequently, to enhance the model’s ability to learn the
data distribution and facilitate gradient propagation, we apply repa-
rameterization to the mean and log variance of the encoder output. The
4 
features obtained from the Flatten layer are input into the Reparam-
eterize layer, enabling us to sample from a Gaussian distribution and
generate samples in the latent space rather than directly sampling from
a fixed distribution. The reparameterized latent variable 𝑍𝑛 is defined
as follows:

𝑍𝑛 = 𝜇𝑛 + eps ⋅ exp
( 1
2
⋅ 𝜎𝑛

)

, (11)

where 𝜇𝑛 represents the mean, 𝜎𝑛 is the standard deviation, and eps ∼
 (0, 1). After passing through the encoder module, the input data 𝑢𝑛

undergoes dimensionality reduction, resulting in a latent space repre-
sentation 𝑍𝑛 with a dimensionality of (1, L). In our study, 𝐿 is set to
2. Detailed experimental results are discussed in Section 3.2.

The LSTM module, depicted in Fig. 2(c), comprises two layers with
hidden states configured to 32 units. The output from the hidden states
of the first layer serves as the input for the second layer, enabling
the generation of predictions for the latent space. With 𝑍𝑛 as input
to the LSTM module, the model extrapolates the latent space value
for the (𝑛 + 1)th time frame based on the 𝑛th time frame, resulting in
𝑍̃𝑛+1. In contrast to feedforward networks, LSTM architectures provide
a more efficient parameterization. Their design promotes parameter
reuse across different temporal instances, which can help reduce over-
fitting and enhance generalization capabilities. When necessary, this
model should be applied flexibly, requiring minimal adjustments for
multi-timepoint data prediction tasks. While our proposed reduced-
order model processes the phase field data for individual time frames
𝑢𝑛, the LSTM module inherently captures the temporal dependencies
within each frame. Despite the seemingly isolated treatment of phase
field data, LSTM enables the implicit integration and utilization of
underlying temporal correlations present in the dataset.

The decoder section reconstructs the latent space into the original
data size using 𝑍̃𝑛+1 as input, as illustrated in Fig. 2(b). Starting with
an input data size of (1, L), linear layers and size adjustment operations
produce an intermediate output of size (8, 4, 4). The model further re-
fines the features through UpConv and Convolutional blocks, ultimately
generating an output of size (1, 128, 128). The operations executed by
the convolutional blocks are detailed in Eq. (10). The UpConv module
is designed to upsample the input feature maps. Within this module,
the convolution operation preserves the number of channels, followed
by batch normalization and ReLU activation, which together enhance
the resolution and enrich feature representation. The formulation for
this operation is as follows:

UpConv(𝑋) = ReLU(BN(Conv2d(Upsample(𝑋)))), (12)

where 𝑋 represents the input to this module, and Upsample denotes
the upsampling operation. The specific parameter configurations of the
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Table 1
Structure of the VAE model.
Encoder Decoder

Layer Data size Layer Data size

Input (1,128,128) Input (1,L)
Conv block1 (1, 32) (32,128,128) Linear (L,128) (1,128)
Max pooling1 (2, 2) (32,64,64) Resize (8,4,4)
Conv block2 (32, 64) (64,64,64) UpConv1 (2, 2) (8,8,8)
Max pooling2 (2, 2) (64,32,32) Conv block1 (8, 32) (32,8,8)
Conv block3 (64, 128) (128,32,32) UpConv2 (2, 2) (32,16,16)
Max pooling3 (2, 2) (128,16,16) Conv block2 (32, 128) (128,16,16)
Conv block4 (128, 32) (32,16,16) UpConv3 (2, 2) (128,32,32)
Max pooling4 (2, 2) (32,8,8) Conv block3 (128, 64) (64,32,32)
Conv block5 (32, 8) (8,8,8) UpConv4 (2, 2) (64,64,64)
Max pooling5 (2, 2) (8,4,4) Conv block4 (64, 32) (32,64,64)
Flatten (1,128) UpConv5 (2, 2) (32,128,128)
Reparameterize (128,L) (1,L) Conv block4(32, 1) (1,128,128)
d
t
c
s
p

c
s
t
o
C
p

W

decoder are detailed in Table 1.

2.3. Evaluation metrics and model configuration

In this research, the Mean Squared Error (MSE) is employed to
quantify the average square difference between the model’s output
and the actual labels. Notably, MSE exhibits robustness to outliers
during the training process, as the squared errors of outliers contribute
disproportionately to the overall loss, facilitating a faster convergence
of the model to optimal parameters. The computational formula is
expressed as follows:

𝑀 𝑆 𝐸(𝑢𝑚, ̃𝑢𝑚) = 1
𝑁𝑥𝑁𝑦

𝑁𝑥
∑

𝑖=1

𝑁𝑦
∑

𝑗=1
(𝑢𝑚𝑖,𝑗 − 𝑢̃𝑚𝑖,𝑗 )

2, (13)

where 𝑢𝑚𝑖,𝑗 is the true label for the 𝑚th sample, and 𝑢̃𝑚𝑖,𝑗 is the predicted
value for the 𝑚th sample. In contrast to the MSE scalar error metric,

hich fails to provide insights into the accuracy of our surrogate model
cross various prediction intervals, the autocorrelation function serves
s a more informative indicator [64]. To achieve this, a component

indicator function 𝑓 (𝑢𝑛𝑖,𝑗 ) is utilized to ascertain the dominant phase
at position (𝑖, 𝑗) for a given microstructure. This function is spatially
mapped at each time frame to partition the domain based on the
distribution of the dominant phase:

𝑓 (𝑢𝑛𝑖,𝑗 ) =
{

1, 𝑢𝑛𝑖,𝑗 > 0,
0, 𝑢𝑛𝑖,𝑗 ≤ 0.

(14)

The autocorrelation function of the phase field variable 𝑓 (𝑢𝑛𝑖,𝑗 ) is em-
ployed to statistically characterize the microstructure’s evolution :

𝐴(𝑢𝑛𝑖,𝑗 ) = 𝑓 (𝑢𝑛𝑖,𝑗 )⊗ 𝑓 (𝑢𝑛𝑖,𝑗 ) =
F−1(|F(𝑓 (𝑢𝑛𝑖,𝑗 ))|

2)

𝑁2
, (15)

where F is the Fourier transform and F−1 is the inverse Fourier trans-
form. It denotes the conditional probability that two points at positions
𝑖, 𝑗) have a phase field variable 𝑢 = 1. Both the autocorrelation and its
adial average Eq. (16) encapsulate information akin to high-fidelity

simulations, providing a quantitative measure for the representative
volution of the microstructure.

̄(𝑟, 𝑛) =
∑𝑁𝑟

𝑘 𝐴(𝑢𝑛𝑘)
𝑁𝑟

, (16)

where 𝑁𝑟 denotes the number of points at a distance 𝑟 from the center.
We employ the Adam optimizer, a gradient-based optimization

lgorithm. Adam facilitates swift convergence to local optima while
voiding entrapment in saddle points. The learning rate parameter, ini-
ialized at 0.001, defining the step size for updating parameters in each
teration. Additionally, the study employs the cosine annealing warm
estarts learning rate scheduler. This scheduler dynamically adjusts the

learning rate following a cosine function, aiming for improved training
outcomes. Specifically, it decreases the learning rate to a smaller value
 s

5 
at the end of each cycle, restarts training in the next cycle, and grad-
ually increases the learning rate. This approach facilitates achieving
comparable or even superior results with fewer training epochs [65].

3. Result and comparison

This section first validates the application of the proposed reduced-
order prediction model in the CH equation and conducts a detailed
comparative analysis of the hyperparameters to identify the optimal
model configuration. Then, we compare both the dimensionality re-
uction and prediction modules with other models, demonstrating
he superiority of our model. Finally, we evaluate the extrapolation
apability of the model and analyze its computational efficiency. In this
tudy, we focused on the 2D case as it effectively demonstrates the core
rinciples of our deep learning framework.

3.1. Prediction evolution of CH equation

This subsection presents the predictive evolution of the CH equation
and introduces a novel metric to validate the efficacy of our model.
The results of a randomly selected case from the test set at three
distinct time frames (𝑛=10, 𝑛=50, and 𝑛=100) are illustrated in Figs. 3.
Specifically, Fig. 3(a) shows the ground truth evolution of the CH
equation, Fig. 3(b) displays the predictions generated by the reduced-
order prediction model, and Fig. 3(c) presents the absolute values of
the point-wise errors between the ground truth and the predictions.
By comparing the point-wise errors between the predicted and ground
truth values, we can clearly identify the distribution of model errors.
The majority of point-wise errors are less than 0.1, with regions ex-
eeding 0.4 primarily located at the phase interfaces, attributed to
ignificant numerical discrepancies at the phase boundaries. Moreover,
he reduced-order prediction model achieves a Mean Squared Error
f just 0.022. Overall, the predictive evolution of our model for the
H equation demonstrates its effectiveness through the comparison of
oint-wise errors between the true data and the predictions.

The autocorrelation representation of the ROM predictions and the
corresponding error analysis, as shown in Fig. 4, spans three different
time points (𝑛=10, 𝑛=50, and 𝑛=100), corresponding to the analyses in
Fig. 3. The autocorrelation profiles derived from the ROM predictions
are showcased in Fig. 4(a). The point-wise absolute errors between the
autocorrelation profiles of the observed data and the model predictions
are delineated in Fig. 4(b). Notably, the errors initially exhibit consid-
erable dispersion during the early stages of case evolution, gradually
converging as the process advances, leading to a more concentrated
distribution of errors. In Fig. 4(c), the solid and dashed curves denote
the radial averages of the autocorrelation for the observed data and
ROM predictions, respectively, exhibiting almost complete alignment.

hile minor discrepancies are present in the autocorrelation repre-
entation, they are notably small (maximum error is only 8 × 10−3),
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Fig. 3. The test set outcomes at three time frames (𝑛=10, 𝑛=50, and 𝑛=100) are shown: (a) depicts the actual evolution of the CH equation, (b) shows predictions by reduced-order
prediction model, and (c) displays the absolute value of point-wise errors between the ground truth and the predictions.
affirming the close correspondence between the predictions of our
ROM model and the ground truth. This indicates that the ROM model
effectively captures the dynamics of the CH equation, maintaining a
reliable performance throughout the evolution process.

In this study, we adopt a polynomial approximation of the double-
well potential. By substituting the free energy functional 𝐹 (𝑢) = (1 +
𝑢) ln(1 + 𝑢) + (1 − 𝑢) ln(1 − 𝑢) − 0.5𝜃0𝑢2 into Eq. (2), we derive the
CH equation with a Flory–Huggins logarithmic energy potential [66],
where 𝜃0 is a physical parameter. This equation has been widely studied
and is well-known to satisfy the positivity-preserving property [67,68].
Specifically, when solved using FFT, the numerical solution avoids
reaching the singular values ±1, ensuring that 0 < (1 −𝑢) and 0 < (1 +𝑢)
at all times [69,70]. Although the Flory–Huggins CH equation intro-
duces more complex logarithmic terms, it shares significant similarities
with the polynomial approximation used in this study, particularly
in describing phase separation and interface evolution. Both models
rely on the gradient flow framework, where the system evolves by
minimizing the energy functional. Through fine-tuning and transfer
learning, our reduced-order model can efficiently adapt to the CH
equation with a Flory–Huggins logarithmic potential, maintaining high
accuracy on new tasks. Fig. 5 illustrates a comparison between the high-
fidelity simulation and the reduced-order model predictions for the CH
equation with a Flory–Huggins logarithmic potential at 𝑛 = 100. The
point-wise absolute error distribution between the two indicates that
the reduced-order model effectively captures the main features of phase
evolution.

3.2. Optimal model parameters

In this subsection, we conduct a comprehensive analysis of the
proposed reduced-order predictive model, focusing primarily on the
6 
performance of the VAE framework across different latent space dimen-
sions. We also explore the impact of hyperparameter configurations in
the LSTM prediction module on model accuracy.

Firstly, regarding the VAE framework analysis, we examine the
effect of latent space dimensions on the test set loss function during
the training of the phase field model. Fig. 6 illustrates the variations in
test set loss values throughout the training period, with the horizontal
axis representing training epochs and the vertical axis indicating the
loss function values. Each curve corresponds to a different latent space
dimension 𝐿. The results indicate that the VAE demonstrates significant
dimensionality reduction, particularly during the initial 50 epochs of
training, where the loss values decrease markedly, stabilizing after ap-
proximately 150 epochs. Further subfigures reveal that the model with
a dimension of 2 achieves the lowest loss function value throughout the
training process. The mean squared error (MSE) results for latent space
dimensions 𝐿 = 2, 4, 8, 16, and 32 are 0.022, 0.052, 0.042, 0.043, and
0.045, respectively, suggesting that 𝐿 = 2 is a reasonable choice for the
CH equation data.

To further elucidate the influence of latent space dimensions, we
visualize the evolution results of the first two latent dimensions. Fig. 7
presents the dimensionality reduction results for different latent space
dimensions (𝐿 = 2, 4, 8, 16, 32). The trajectory for 𝐿 = 2 exhibits a
highly ordered and regular structure, with smooth, well-separated lines,
indicating a more linear and stable evolution of the latent space that
effectively captures the main features of the model. As the dimension
increases, the trajectories become more complex and intertwined, with
significant overlaps and distortions among the lines, suggesting that the
evolution of the latent space loses its order at higher dimensions. This
may result in the model losing some linear characteristics and poten-
tially overfitting to the complexity of the data, introducing unnecessary
noise and complexity.

Next, we provide a detailed comparison of the LSTM prediction
module’s hyperparameter configurations, with particular attention to
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Fig. 4. The autocorrelation representation of the ROM predictions and the corresponding error analysis. (a) Illustrates the autocorrelation profiles derived from the ROM prediction
results. (b) Depicts the point-wise absolute errors between the autocorrelation profiles of the ground truth and the predictions. (c) Shows the radial averages of the autocorrelation
for both the ground truth (solid line) and the ROM predictions (dashed line).
Fig. 5. Comparison of the predicted results from the reduced-order model and high-fidelity simulations for the CH equation with the Flory–Huggins logarithmic potential at 𝑛 = 100:
(a) High-fidelity phase field simulation results; (b) Reduced-order model predictions; (c) Absolute point-wise errors between the predicted and high-fidelity results.
Table 2
The hyperparameters and corresponding mean squared error for various LSTM models
used in the comparison. The parameters include hidden size, number of layers, and
MSE values for each configuration.

a b c d e f(ours)

Hidden size 16 128 256 32 32 32
Num layers 2 2 2 4 8 2
MSE 0.028 0.031 0.047 0.039 0.050 0.022

the effects of hidden layer size and depth on model performance. We
compare six different hyperparameter configurations (Table 2), during
which the parameters of the VAE framework remain consistent, using
7 
the same learning rate and learning rate scheduler for training. Our
model, with a hidden layer size of 32 and a depth of 2 layers, demon-
strates the lowest MSE (0.022), outperforming other configurations.
This indicates superior feature extraction and generalization capabili-
ties. Other models with larger hidden layers and greater depth suffered
from overfitting, leading to higher MSE and greater error. Through the
comprehensive comparison of the VAE latent space dimensions and
LSTM hyperparameters, we conclude that for reduced-order prediction
of the CH equation, setting the latent space dimension to 2 and selecting
LSTM parameters of a hidden layer size of 32 and a depth of 2 layers
represents the most suitable configuration. This combination effectively
enhances predictive accuracy while maintaining model simplicity.
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Fig. 6. Variation of the test set loss function during training across different latent space dimensions. Each curve represents a distinct latent space dimension (𝐿 = 2, 4, 8, 16, and
2). The subgraph emphasizes the trends in loss function changes between epochs 100 and 150.
Fig. 7. Visualization of latent space evolution for the first two dimensions (dim0 and dim1) across different latent space dimensions: (a) L=2, (b) L=4, (c) L=8, (d) L=16, and (e)
=32.
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3.3. Comparative analysis of dimensionality reduction and prediction mod-
ls

This subsection primarily compares the performance of different
dimensionality reduction and prediction models in the evolution of
hase field equations. By analyzing the latent space characteristics of
AE, PCA, and CAE, we highlight the superiority of VAE in feature
xtraction and data representation. Simultaneously, we evaluate the

relative errors of LSTM, GRU, and RNN in their prediction results,
urther demonstrating the advantages of LSTM in prediction accuracy.

hen comparing different dimensionality reduction methods (such as
CA, CAE, and VAE), we used a prediction module with the same
onfiguration. Fig. 8 illustrates the comparison of the first two di-

mensions of the latent space for different dimensionality reduction
techniques applied to the CH equation. The key advantage of VAE in the
latent space is its smooth trajectories, enabling it to learn continuous
latent space representations and better model complex data distribu-
tions. Compared to traditional PCA methods, VAE is more effective
in handling nonlinear relationships, avoiding the limitations of linear
transformations. In Fig. 8(a), the data variation in PCA is constrained,

hile VAE’s nonlinear transformations preserve the complex nonlinear
tructure, resulting in more diverse and information-rich trajectories.
nlike CAE, which learns deterministic mappings, VAE models the

atent space probabilistically. This allows VAE to not only reduce
imensionality but also generate new samples by sampling from the

latent space, which is beneficial for generative tasks or exploring data
manifolds. Although CAE can also perform nonlinear dimensionality
reduction, its lack of a probabilistic framework results in less clarity in
he organization of the latent space compared to VAE, making it more

susceptible to overfitting.
Additionally, we used the radial average absolute error of the

autocorrelation function 𝐸 𝑟𝑟𝑜𝑟 (𝑟) to compare these models. The error
𝐴̄

8 
is defined as 𝐸 𝑟𝑟𝑜𝑟𝐴̄(𝑟) = |𝐴̄𝑡𝑟𝑢𝑒(𝑟) − 𝐴̄𝑝𝑟𝑒𝑑 𝑖𝑐 𝑡(𝑟)|, where 𝐴̄𝑡𝑟𝑢𝑒(𝑟) and
̄𝑝𝑟𝑒𝑑 𝑖𝑐 𝑡(𝑟) are the radial averages of the true and predicted phase field
odel autocorrelation functions, respectively. By randomly selecting a

est set, we evaluated the prediction results of these three dimension-
lity reduction models. Figs. 9(a), (b), and (c) show the radial average

errors of autocorrelation representations at times 𝑛 = 10, 𝑛 = 50, and
𝑛 = 100. There are significant differences in performance among the
dimensionality reduction methods at different time steps, with VAE
consistently outperforming the others at all time steps, particularly
in the larger radius regions. This indicates that VAE has exceptional
capabilities in capturing the autocorrelation of the phase field model. In
contrast, while PCA shows reasonable performance in short time steps,
it exhibits substantial fluctuations in error during long-term predictions
and lacks adaptability. CAE performs stably at moderate time steps
but also displays significant error fluctuations in long-term predictions.
Overall, VAE’s latent space effectively captures the complex patterns of
microstructural evolution, and its consistently low error demonstrates
stability and robustness in long-term predictions, making it an ideal
choice for addressing microstructural evolution problems. In evaluating
the predictive performance of different models, we further validated
the effectiveness of LSTM, GRU, and RNN in phase field evolution
tasks. In this experiment, we utilized the same VAE dimensionality
reduction module, only replacing the prediction modules to assess the
predictive accuracy of the phase field evolution. Fig. 10 displays the
rediction error distributions of different models at time steps 𝑛 = 10
nd 𝑛 = 50 for two randomly selected test cases. The red areas in
he figure represent the magnitude of the errors, with darker colors
ndicating larger errors. The error distribution for the LSTM model is
learly shallower at both time steps, indicating that its predictions have
inimal errors compared to the true phase field evolution. In contrast,

he GRU and RNN models exhibit relatively larger errors, particularly
n regions of complex phase field evolution, where their errors are
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Fig. 8. Different dimensionality reduction methods were applied to study the evolution of microstructures in the low-dimensional representations of phase field simulations across
all cases. This analysis includes using (a) the first two principal components obtained via PCA, (b) the two-dimensional reductions from CAE, and (c) the two-dimensional reductions
from VAE. The top two rows show the latent spaces derived from each method, while the bottom row illustrates the two-dimensional evolution trajectories of microstructures
within the latent spaces.
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significantly higher than those of the other two models. These results
indicate that LSTM has a stronger capability in capturing the complex
dynamics of phase field evolution. Its lower error suggests that LSTM
an predict phase field behavior more accurately. Although GRU also
ossesses some memory capacity, its performance is slightly inferior to
hat of LSTM, while the traditional RNN model shows noticeable error
ccumulation due to the vanishing gradient problem. Furthermore, the

variation of loss function values for different prediction models (LSTM,
RU, RNN) in the test set is illustrated in Fig. 11. Throughout the

training process, the loss function consistently decreases, indicating
that the models are continually learning and optimizing. From Fig. 11,
it is evident that the LSTM module trains the fastest and achieves the
lowest mean squared error (MSE) within the same number of training
epochs. On the test set, the MSE loss function values for LSTM, GRU,
and RNN are 0.022, 0.031, and 0.049, respectively. Thus, in the predic-
ive tasks of the phase field model, LSTM’s performance significantly
urpasses that of GRU and RNN. By comparing the dimensionality
eduction effects of VAE, PCA, and CAE, as well as the prediction
erformance of LSTM, GRU, and RNN, we find that VAE demonstrates
 clear advantage in capturing complex data distributions and feature
xtraction. This is particularly evident when dealing with the evolution
f phase field equations, where VAE exhibits lower errors and better
 a

9 
stability. Meanwhile, LSTM outperforms GRU and RNN in prediction
ccuracy, effectively modeling the dynamics of phase field evolution.

3.4. Extrapolation capabilities

We explore the extrapolation capability of the reduced-order model
to assess its predictive power beyond the training data range. The initial
onditions, as defined in Eq. (9), vary with 𝜌 and 𝜏 for the phase

field model. The model’s training data is generated within the ranges
𝜌 ∈ [0, 1] and 𝜏 ∈ [0, 1]. To demonstrate the extrapolation capability,
we compare the MSE for interpolation and extrapolation segments, as
depicted in Fig. 12(a). Interpolation corresponds to 𝜌 > 0.0 and 𝜏 < 1.0,

hile extrapolation corresponds to 𝜌 < 0.0 and 𝜏 > 1.0. The MSE
or interpolation is over 10 times smaller than that for extrapolation.
isually, Fig. 13 shows high-fidelity phase field simulations and model

predictions for interpolation (𝜌 = 0.5, 𝜏 = 0.5) and extrapolation
𝜌 = −0.1, 𝜏 = 1.1 and 𝜌 = −0.2, 𝜏 = 1.2) at the 𝑛 = 100 time frame. The
mages for 𝜌 = 0.5, 𝜏 = 0.5 are nearly identical, indicating precise pre-
iction. However, discrepancies are observed for extrapolation cases,
hough they still yield approximate predictive outcomes. To further
valuate the model’s performance on extrapolation tasks, we designed
 new set of experiments specifically to test the model’s predictive
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Fig. 9. Comparison of the radial average absolute errors of autocorrelation representations 𝐸 𝑟𝑟𝑜𝑟𝐴̄(𝑟). Figures (a), (b), and (c) correspond to the radial average errors of
autocorrelation representations at time steps 𝑛 = 10, 𝑛 = 50, and 𝑛 = 100, respectively, for the three dimensionality reduction models (PCA, CAE, and VAE), indicated in
blue, orange, and red. The error is defined as 𝐸 𝑟𝑟𝑜𝑟𝐴̄(𝑟) = |𝐴̄𝑡𝑟𝑢𝑒(𝑟) − 𝐴̄𝑝𝑟𝑒𝑑 𝑖𝑐 𝑡(𝑟)|, where 𝐴𝑡𝑟𝑢𝑒(𝑟) and 𝐴𝑝𝑟𝑒𝑑 𝑖𝑐 𝑡(𝑟) represent the radial averages of the autocorrelation function of the true
and predicted phase field models, respectively.
Fig. 10. A comparison of prediction errors between different models (LSTM, GRU, and RNN) for the phase field evolution task. The absolute point-wise errors at time steps
𝑛 = 10(a) and 𝑛 = 50(b) are shown, with darker red regions indicating larger errors. The images highlight each model’s accuracy in capturing the dynamic evolution of the phase
field by comparing their predictions with the ground truth values.
Fig. 11. The loss function values for each epoch of different prediction models (LSTM, RNN, GRU) in the test sets.
capability on unseen data ranges. In this experiment, we generated 80
data samples, all of which have parameter ranges of 𝜌 < 0.5 and 𝜏 < 0.5,
and these samples were used for model training. Subsequently, we
tested the model’s performance outside the training range by making
10 
predictions in the region where 𝜌 > 0.5 and 𝜏 > 0.5. The experimental
results, shown in Fig. 12(b), illustrate the MSE on the test data. As 𝜌
and 𝜏 values increase, the MSE exhibits a clear upward trend, indicating
that the model’s prediction error increases in the extrapolated range.
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Fig. 12. Comparison of the Mean Squared Error (MSE) between interpolation and extrapolation segments. (a) Interpolation corresponds to 𝜌 > 0.0 and 𝜏 < 1.0, while extrapolation
corresponds to 𝜌 < 0.0 and 𝜏 > 1.0. (b) Interpolation corresponds to 𝜌 < 0.5 and 𝜏 < 0.5, while extrapolation corresponds to 𝜌 > 0.5 and 𝜏 > 0.5.
In addition, we calculated the normalized mass during the evolution
of the phase field under both interpolation and extrapolation scenarios.
The formula is given as:

𝑀norm =

∑𝑁𝑥
𝑖=1

∑𝑁𝑦
𝑗=1 |𝑢𝑖𝑗 |

∑𝑁𝑥
𝑖=1

∑𝑁𝑦
𝑗=1 |𝑢

0
𝑖𝑗 |

,

where |𝑢𝑖𝑗 | represents the mass at the current position, and |𝑢0𝑖𝑗 | denotes
the initial mass distribution. This normalized mass indicates the rela-
tive conservation of mass during the evolution. As shown in Fig. 14,
the normalized mass over time is plotted for the high-fidelity phase
field simulations method (FFT) and the proposed ROM method under
three parameter combinations. The results show that the high-fidelity
phase field simulation method effectively maintains a normalized mass
close to 1 under different parameters, while the ROM method exhibits
slight fluctuations in normalized mass, particularly under extrapo-
lated parameters. This indicates that the FFT method demonstrates
greater stability in preserving mass conservation. The reason for this
difference lies in the nature of the ROM method, which is a data-
driven modeling approach designed to extract dominant features or
dynamic patterns from high-dimensional full-order models. However,
this method may overlook certain critical physical constraints, such as
mass conservation. If these constraints are not explicitly incorporated
during the construction of the ROM, its predictions may not fully
adhere to conservation laws. Nevertheless, the fluctuations in the ROM
method’s mass remain relatively small, and the overall mass variation
is within an acceptable range. It should be remarked that the outcomes
demonstrate that our model’s predictions are confined to the parameter
range employed in constructing the training set, a frequent observation
in data-driven machine learning models.
11 
3.5. The computational efficiency of reduced order model

After selecting and calibrating the optimal network structure and
latent space dimensionality, we assessed the computational efficiency
of our reduced-order models. Computational efficiency comprises two
key factors: the one-time cost associated with training the network and
the capacity to predict the evolution of microstructures in future field
simulations once the model has been trained. In the case of dimen-
sionality reduction using PCA, a fixed one-time cost is incurred for
reconstructing the field model. The computational cost for the identical
modules in the reduced-order models remains unchanged. For instance,
the VAE+LSTM and CAE+LSTM architectures (shown in Fig. 2(b) and
(c), respectively) share the same modules, resulting in identical time
usage. Table 3 presents a comparison of the computational efficiency
and associated training costs for predicting 100 𝛥𝑡 of high-fidelity sim-
ulations using various dimensionality reduction and prediction models.
The computational gain of our ROM is evaluated by comparing its
prediction time (𝑡ROM = 𝑡Prediction + 𝑡Reduction + 𝑡Reconstruction) with the
simulation time of the high-fidelity model:

Computational gain =
𝑡High-fidelity simulation

𝑡Prediction + 𝑡Reduction + 𝑡Reconstruction
. (17)

Here, 𝑡High-fidelity simulation = 0.154 s is the time required by the FFT
method to simulate 100 𝛥𝑡, while 𝑡Prediction = 3.74 × 10−5 s is the
time taken by the LSTM prediction module in the ROM. The times
for 𝑡Reduction and 𝑡Reconstruction are listed in Table 3. From a training
time perspective, the VAE+LSTM model converges faster and requires
less training time, thereby reducing computational costs. High-fidelity
models generally require detailed microstructure modeling in both
spatial and temporal domains, with small time steps necessary to
accurately capture the system’s dynamic evolution. In contrast, the
ROM learns to evolve the system over larger time steps. As highlighted
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Fig. 13. The results of high-fidelity phase field simulations and model predictions at the 𝑛 = 100 time frame for interpolation (𝜌 = 0.5, 𝜏 = 0.5) and extrapolation (𝜌 = −0.1, 𝜏 = 1.1
and 𝜌 = −0.2, 𝜏 = 1.2).
Fig. 14. Normalized mass evolution for FFT and ROM methods under three parameter combinations.
Table 3
The efficiency of predicting the CH equation using different reduced-order models is compared. 𝑡𝑅𝑒𝑑 𝑢𝑐 𝑡𝑖𝑜𝑛 represents the average time
for dimensionality reduction, 𝑡𝑅𝑒𝑐 𝑜𝑛𝑠𝑡𝑟𝑢𝑐 𝑡𝑖𝑜𝑛 denotes the average time for model reconstruction, and 𝑡𝑇 𝑟𝑎𝑖𝑛𝑖𝑛𝑔 refers to the average training
time. The computational gain is defined as the ratio of the time required to predict 100𝛥𝑡 using the ROM to the time needed for
high-fidelity simulations.
Model MSE loss 𝑡𝑅𝑒𝑑 𝑢𝑐 𝑡𝑖𝑜𝑛 (s) 𝑡𝑅𝑒𝑐 𝑜𝑛𝑠𝑡𝑟𝑢𝑐 𝑡𝑖𝑜𝑛 (s) 𝑡𝑇 𝑟𝑎𝑖𝑛𝑖𝑛𝑔 (s) Computational gain

VAE+LSTM 𝟐.𝟐𝟐 × 𝟏𝟎−𝟐 1.87 × 10−3 1.91 × 10−3 𝟐.𝟗𝟎 × 𝟏𝟎𝟑 201.71
CAE+LSTM 3.05 × 10−2 1.56 × 10−3 1.91 × 10−3 1.44 × 104 219.54
PCA+LSTM 3.84 × 10−2 1.99 × 10−1 0.90 × 10−1 2.09 × 105 2.66
by Hu et al. [71], the primary bottleneck in the ROM framework
lies in the dimensionality reduction and subsequent reconstruction of
microstructures, rather than the prediction process itself.
12 
In our CH equation dataset, a single prediction by the reduced-
order model corresponds to the high-fidelity model’s computation over
100 𝛥𝑡 intervals. The temporal evolution profiles for both models over



Z. Lv et al.

r
e

m
t
d
v
d
e
u
f

i

Engineering Analysis with Boundary Elements 172 (2025) 106118 
Fig. 15. The time curves depicting the duration required by the high-fidelity model and the ROM to evolve the phase field equations over 10000𝛥𝑡.
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Table 4
The model’s MSE loss values at different training data percentages.

Data volume 20% 40% 60% 80% 100%

MSE loss 0.4134 0.246 0.119 0.052 0.022

10,000 𝛥𝑡 intervals are illustrated in Fig. 15. In conclusion, by balancing
both predictive efficiency and training time, the combined VAE+LSTM
educed-order model achieves an optimal trade-off in computational
fficiency for predicting the evolution of CH equations.

3.6. The effect of training data size on model accuracy

This subsection investigates the impact of training data volume
on the performance of our model. The effectiveness of deep learning

odels is closely tied to the size of the training dataset, as their ability
o learn complex patterns and relationships in high-dimensional spaces
epends critically on having sufficient data. Increasing the training data
olume allows the model to capture more nuanced details in the data
istribution, thereby improving generalization and reducing prediction
rrors. In this experiment, we varied the proportion of training data
sed, selecting 20%, 40%, 60%, 80%, and 100% of the training data
or training the model. As shown in Table 4, the MSE consistently

decreased as data volume increased, indicating significant performance
improvements. This trend highlights that larger datasets enable the
model to more effectively capture the complex mapping between in-
puts and outputs, leading to improved predictive accuracy. When the
training data volume was limited to 20%, the MSE loss was 0.4134,
indicating that the model struggled to capture underlying relationships
n the data, resulting in higher prediction errors. In contrast, when

using 100% of the training data, the MSE loss dropped to 0.022, demon-
strating a significant improvement in the model’s ability to extract
features and accurately map inputs to outputs. These results underscore
the pivotal role of larger datasets in improving model performance. The
sensitivity of deep learning models to data volume can be attributed to
their high degree of parameter flexibility and adaptability. Expanding
the training dataset increases the sample space, reduces the sparsity of
 b

13 
sample relationships, and enhances the model’s capacity to perform ac-
urate fitting. In conclusion, the experiment reveals a strong correlation

between data volume and model accuracy. As the amount of training
data increases, the model’s accuracy improves considerably.

4. Conclusions

In conclusion, this study has successfully developed an innovative
end-to-end deep learning framework that integrates VAE and LSTM
networks for reduced-order prediction modeling. The unified approach
simplifies the design and training processes by effectively combining
feature extraction and prediction within a single architecture. The
results demonstrate that the VAE effectively captures essential features
of the input data, mapping it to a low-dimensional latent space while

aintaining high representation quality through a progressive channel
eduction strategy. The LSTM component further enhances the model’s
apability by learning temporal dependencies, allowing for accurate
redictions based on historical data. Validation using the CH equa-
ion shows the model’s feasibility in real-world applications, and a
etailed analysis of hyperparameters identifies optimal configurations
hat maximize performance. Comparisons with other dimensionality
eduction and prediction methods highlight the advantages of the
roposed framework, particularly in terms of predictive accuracy and

computational efficiency. We focus on the two-dimensional case as
it effectively demonstrates the core principles of our deep learning
framework. We anticipate that the proposed method will offer even
greater advantages in three-dimensional problems, particularly in terms
of time efficiency. In the two-dimensional case, our model successfully
captures the key features of the CH equation, providing significant
computational savings and improved predictive accuracy compared
to traditional methods. For three-dimensional problems, the model
structure can be extended by simply adding an additional dimension,
while the underlying learning mechanism remains unchanged. The

H equation, which describes phase separation, follows similar phys-
cal principles in both two and three dimensions, with the primary
ifference being the increased spatial complexity and computational
emands in three dimensions. While training for three-dimensional
roblems may require more computational resources and time, the
asic training process remains the same. Although this study focuses
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on two-dimensional results, we expect the advantages demonstrated
to carry over to three-dimensional applications, where time savings
and accuracy improvements are likely to be even more pronounced.
Future work will extend this framework to three-dimensional prob-
lems and assess its performance compared to traditional methods in
higher-dimensional settings. Overall, this work contributes a valuable
methodology for nonlinear reduced-order prediction modeling.
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