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A B S T R A C T

In this article, we present an unconditional energy stable numerical method for the coupled Cahn–Hilliard
system for homopolymer and copolymer mixtures in two- and three-dimensional spaces. By combining a Crank–
Nicolson-type method with a nonlinearly stabilized splitting method, a second-order accurate numerical scheme
is constructed. To efficiently solve the discrete system, we use a fast iterative Fourier transform method. We
prove the unconditional energy stability of the proposed method. Therefore, a large time step can be adopted.
Various numerical experiments are performed to prove the performance of the proposed scheme.
1. Introduction

The intramolecular and intermolecular interactions within copoly-
mers and homopolymers induce self-assembly into various ordered
microstructures, including spheres, cylinders, bicontinuous structures,
and hierarchical structures [1–6]. The shape effect in blends plays an
important role in the improvement of physical properties, which have
obtained expensive attention in various fields, for example, enhancing
the chemical performance in chemical industry, biomedical research,
and electrical applications [7–10].

Many polymer patterns can undergo self-assembly into various mor-
phologies to minimize their free energy functional [11–14]. Phase-field
theory, obtained by a sequence of approximations from dynamical den-
sity functional theory [15], is an efficient modeling framework to study
the numerical simulation of phase evolution and the interface transi-
tion [16–21]. Instead of defining the regions of different components,
only an evolution equation needs to be solved under the phase field
framework [22]. Leibler [23] proposed a phase field functional with
a long-range term, which was crucial for the microphase separation.
However, their method only could be applied for weak separation. Ohta
and Kawasaki [24,25] put forward a free energy functional for the
diblock copolymers and took the long-range and short-range interaction
into account. Ohta and Ito [26] carried out the computer simulations of
phase separation for the first time and investigated the dynamics and
morphology of phase transition in diblock copolymer–homopolymer
mixtures. Uneyama and Doi [27,28] derived an expression for the
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diblock copolymers’ free energy. Their function was composed of the
density distribution of the monomer of each block, which is a powerful
generalization of Ohta–Kawasaki theory.

Up to now, various numerical methods have been proposed for
phase field functional in copolymer mixtures [29–35]. Wu and Dze-
nis [36] adopted a semi-implicit Fourier-spectral algorithm to form
lamellar nano-structures with potential applications in nanotechnology.
Compared with the phase separation modeling for conventional coarse
grained, the time steps selected were much larger. Glasner [37,38]
studied the cross-sectional profile of a multilayered interface through
a three-component phase-field equation. They established the basic
structures and properties of copolymer multilayers. In [39], Cheng et al.
adopted the invariant energy quadruplication method to transform the
free energy into a quadratic form for the hydro-dynamically coupled
phase field diblock copolymer equation. Furthermore, Zhao et al. [40,
41] reviewed the invariant energy quadratization strategy on discretiz-
ing phase-field models and techniques for solving diblock copolymer
models. Gong et al. [42–44] introduced arbitrarily high order numerical
algorithms for solving general phase-field models, which can be easily
applied for the copolymer models.

Our goal of this paper is to propose a nonlinear numerical method
for the coupled Cahn–Hilliard system employed in copolymer/
homopolymer mixtures, which is unconditionally energy-stable and
second-order accurate. By combining a Crank–Nicolson-type method
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and a nonlinearly stabilized splitting method, a second-order time-
accurate numerical scheme is constructed. The proof of unconditional
energy stability will be given. To efficiently solve the discrete system,
we will use a fast Fourier transform with an iterative method. A discrete
energy-dissipation law for any large time step is proved to demonstrate
the proposed method is stable. Some computational experiments are
conducted to prove the proposed scheme’s capabilities.

This research is organized as follows. In Section 2, we review the
density functional model. In Section 3, we develop a second-order
unconditional energy stable schemes and prove numerical stabilities.
In Section 4, several numerical simulations are presented in two- and
three-dimensions. Finally, some conclusions are presented in Section 5.

2. Model formulation

The copolymer/homopolymer mixtures can be considered as a mix-
ture of two systems, which is driven by microphase separation and
macrophase separation. The free energy functional’s dissipation [25,26]
models the process of the diblock copolymer melts:

(𝜙, 𝜓) = 𝑠(𝜙, 𝜓) + 𝑙(𝜙, 𝜓). (1)

he short-range energy 𝑠(𝜙, 𝜓) is given by [45,46]

𝑠(𝜙, 𝜓) = ∫𝛺

(

𝑊 (𝜙, 𝜓) +
𝜖𝜙2

2
|∇𝜙|2 +

𝜖𝜓 2

2
|∇𝜓|2

)

𝑑𝐱. (2)

ere, 𝜙 describes the microphase separation between block 𝐴 and 𝐵,
describes the macrophase separation between homopolymers and

opolymers. The parameters 𝜖𝜙 and 𝜖𝜓 increase with the thickness of
omponents’ propagating fronts. The function 𝑊 has the form:

(𝜙, 𝜓) = 1
4
(𝜙2 − 1)2 + 1

4
(𝜓2 − 1)2 + 𝑎𝜙𝜓 + 𝑏𝜙2𝜓, (3)

which ensures the values of 𝜙 and 𝜓 fall within [−1, 1]. In addition,
= 1 represents the block 𝐴, 𝜙 = −1 represents the block 𝐵 [47],
= −1 corresponds to homopolymer rich domain, and 𝜓 = 1 can

e considered as a copolymer rich domain [48]. The function 𝑊 has
wo coupling parameters 𝑎 and 𝑏. The coupling parameter 𝑎 leads to
ymmetry breaking between the microphase-separated domains and the
oupling parameter 𝑏 affects the short-range free energy 𝑠 depending
n the value of 𝜓 [45]. The nonlocal energy is defined as

𝑙(𝜙, 𝜓) =
𝜎
2 ∫𝛺 ∫𝛺

𝐺(𝐱 − 𝐲)(𝜙(𝐱) − �̄�)(𝜙(𝐲) − �̄�)𝑑𝐲𝑑𝐱. (4)

Here, 𝜎 is a positive phenomenological parameter, �̄� = ∫𝛺 𝜙(𝐱)𝑑𝐱∕|𝛀|

is on behalf of the total mass. Specially, 𝛥𝐺(𝐱, 𝐲) is defined 𝛥𝐺(𝐱, 𝐲) =
−𝛿(𝐱, 𝐲) and 𝛿 is Dirac delta function. Now by assuming 𝜑 = (−𝛥)−1(𝜙−
�̄�), we can simplify Eq. (4) through the Green theorem [49,50]
𝜎
2 ∫𝛺 ∫𝛺

𝐺(𝐱 − 𝐲)(𝜙(𝐱) − �̄�)(𝜙(𝐲) − �̄�)𝑑𝐲𝑑𝐱

= 𝜎
2 ∫𝛺

𝛥𝜑(𝐱)
(

∫𝛺
𝛥𝐺(𝐱 − 𝐲)𝜑(𝐲)𝑑𝐲

)

𝑑𝐱 = 𝜎
2 ∫𝛺

|∇𝜑|2𝑑𝐱.

The energy functional (𝜙, 𝜓) in Eq. (1) can be rewritten as

(𝜙, 𝜓) = ∫𝛺

(

𝑊 (𝜙, 𝜓) +
𝜖𝜙2

2
|∇𝜙|2 +

𝜖𝜓 2

2
|∇𝜓|2 + 𝜎

2
|∇𝜑|2

)

𝑑𝐱. (5)

he dynamic governing equations based on the gradients of the gener-
lized chemical potentials, 𝜇 and 𝜈 can be defined as

𝜙𝑡 = 𝑀𝜙𝛥𝜇, (6)

𝜇 = 𝑊𝜙(𝜙, 𝜓) − 𝜖2𝜙𝛥𝜙 − 𝜎𝜑, (7)

𝑡 = 𝑀𝜓𝛥𝜈, (8)

𝜈 = 𝑊𝜓 (𝜙, 𝜓) − 𝜖2𝜓𝛥𝜓. (9)

ere, the mobility tensor 𝑀𝜙 and 𝑀𝜓 are diffusion rate and cross-
iffusion rate, respectively. 𝑊𝜙(𝜙, 𝜓) and 𝑊𝜙(𝜙, 𝜓) are the first deriva-
2

ive of the function 𝑊 (𝜙, 𝜓) in regard to 𝜙 and 𝜓 , respectively. We use
the periodic boundary conditions for 𝜙 and 𝜓 . This system satisfies the
nergy’s laws of dissipation:

𝑑
𝑑𝑡

= ∫𝛺
(𝜇𝜙𝑡 + 𝜈𝜓𝑡)𝑑𝐱 = ∫𝛺

(

𝑀𝜙𝜇𝛥𝜇 +𝑀𝜓𝜈𝛥𝜈
)

𝑑𝐱

= −∫𝛺

(

𝑀𝜙|∇𝜇|
2 +𝑀𝜓 |∇𝜈|

2
)

𝑑𝐱 ≤ 0, (10)

hich implies that the total energy functional (𝜙, 𝜓) decreases with
ime. Differentiating the total mass ∫𝛺 𝜙(𝐱)𝑑𝐱 in regard to time, we have

𝑑
𝑑𝑡 ∫𝛺

𝜙(𝐱, 𝐭)𝑑𝐱 = 𝟎 (11)

hich means that the total mass is conserved over time and �̄� =

𝛺 𝜙(𝐱, 0)𝑑𝐱∕|𝛀| is a constant.

. Numerical scheme

In this Section, we introduce an unconditional energy-stable and
econd-order time-accurate scheme for Eqs. (6)–(9). We set the com-
utational domain as 𝛺 = [0, 𝐿]× [0, 𝐿]. The spatial step size is uniform
s ℎ = 𝐿∕𝑁𝑥 = 𝐿∕𝑁𝑦, where 𝑁𝑥 and 𝑁𝑦 are even integers. The time
tep is 𝛥𝑡 = 𝑇 ∕𝑁𝑡, where 𝑇 is the finial time and 𝑁𝑡 is the number
f computational time steps. We denote 𝜙𝑛𝑖𝑗 = 𝜙(𝑥𝑖, 𝑦𝑗 , 𝑛𝛥𝑡) and 𝜓𝑛𝑖𝑗 =
(𝑥𝑖, 𝑦𝑗 , 𝑛𝛥𝑡), where (𝑥𝑖, 𝑦𝑗 ) = (𝑖ℎ, 𝑗ℎ) for 𝑖 = 0,… , 𝑁𝑥 and 𝑗 = 0,… , 𝑁𝑦.
he second-order accurate scheme is assumed as:
𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
=𝑀𝜙𝛥𝜇

𝑛+ 1
2 , (12)

𝑛+ 1
2 = 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1) +𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛)
)

− 𝜆𝜙�̂�
𝑛+ 1

2 + 𝜆𝜙𝜙
𝑛+ 1

2

−𝜖𝜙2𝛥𝜙
𝑛+ 1

2 + 𝜎𝜑𝑛+
1
2 , (13)

𝜓𝑛+1 − 𝜓𝑛

𝛥𝑡
=𝑀𝜓𝛥𝜈

𝑛+ 1
2 , (14)

𝑛+ 1
2 = 1

2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ) +𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 )
)

− 𝜆𝜓 �̂�
𝑛+ 1

2 + 𝜆𝜓𝜓
𝑛+ 1

2

−𝜖𝜓 2𝛥𝜓𝑛+
1
2 , (15)

where 𝜙𝑛+
1
2 and �̂�𝑛+

1
2 are defined as 𝜙𝑛+

1
2 = (𝜙𝑛+1 + 𝜙𝑛)∕2 and �̂�𝑛+

1
2 =

(3𝜙𝑛 − 𝜙𝑛−1)∕2, respectively; 𝜆𝜙 and 𝜆𝜓 are two constant parameters;
and �̄� =

∑𝑁𝑥
𝑖=1

∑𝑁𝑦
𝑗=1 𝜙

0
𝑖𝑗ℎ

2∕𝐿2. Because of −𝛥𝜑𝑛+
1
2 = 𝜙𝑛+

1
2 − �̄�, Eqs. (12)

nd (13) are equivalent to the following equations:

𝜙𝑛+1 − 𝜙𝑛

𝛥𝑡
= 𝑀𝜙𝛥𝜇

𝑛+ 1
2 − 𝜎𝑀𝜙

(𝜙𝑛+1 + 𝜙𝑛

2
− �̄�

)

, (16)

𝜇𝑛+
1
2 = 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1) +𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛)
)

− 𝜆𝜙�̂�
𝑛+ 1

2 + 𝜆𝜙𝜙
𝑛+ 1

2

−𝜖𝜙2𝛥𝜙
𝑛+ 1

2 (17)

Therefore, the stability of the system (12)–(13) and the system (16)–
(17) are identical. Hence, we will only need to demonstrate the stability
of the former, then solve the resulting scheme (16)–(17). Because of
periodic boundary condition, we use the discrete Fourier transform
operator  and inverse discrete Fourier transform operator −1 to the
coupled Cahn–Hilliard system:

 (𝜙𝑝𝑞) =
𝑁𝑥−1
∑

𝑖=0

𝑁𝑦−1
∑

𝑗=0
𝜙𝑖𝑗 exp

−
√

−1
(

𝑥𝑖𝛼𝑝+𝑦𝑗𝛽𝑞
)

and −1(𝜙𝑖𝑗 )

=
𝑁𝑥−1
∑

𝑝=0

𝑁𝑦−1
∑

𝑞=0
𝜙𝑝𝑞 exp

√

−1
(

𝑥𝑖𝛼𝑝+𝑦𝑗𝛽𝑝
)

.

The variables 𝛼𝑝 and 𝛽𝑞 are defined as 𝛼𝑝 = 2𝜋𝑝∕𝐿𝑥 and 𝛽𝑞 = 2𝜋𝑞∕𝐿𝑦
for 𝑝 = 0,… , 𝑁𝑥 − 1 and 𝑞 = 1,… , 𝑁𝑦 − 1, respectively. Thus, by
defining 𝐴𝑝𝑞 = −[(𝛼𝑝𝜋)2 + (𝛽𝑞𝜋)2], the discrete Fourier transform for the
Laplacian operator can be defined as  (𝛥𝜙 ) = 𝐴  (𝜙 ). Hence, we
𝑝𝑞 𝑝𝑞 𝑝𝑞
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can transform Eqs. (14)–(17) into the discrete Fourier space like this:

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2 + 𝛥𝑡𝜎𝑀𝜙 −2𝛥𝑡𝑀𝜙𝐴𝑝𝑞 0 0
−𝜆𝜙 + 𝜖2𝜙𝐴𝑝𝑞 2 0 0

0 0 2 −2𝛥𝑡𝑀𝜓𝐴𝑝𝑞
0 0 −𝜆𝜓 + 𝜖2𝜓𝐴𝑝𝑞 2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

 (𝜙𝑛+1,𝑚+1𝑝𝑞 )

 (𝜇𝑛+1,𝑚+1𝑝𝑞 )

 (𝜓𝑛+1,𝑚+1
𝑝𝑞 )

 (𝜈𝑛+1,𝑚+1𝑝𝑞 )

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝


(

2𝜙𝑛𝑝𝑞 − 𝛥𝑡𝜎𝑀𝜙(𝜙𝑛𝑝𝑞 − 2�̄�)
)


(

𝑊𝜙(�̂�
𝑛+ 1

2
𝑝𝑞 , 𝜓𝑛+1,𝑚

𝑝𝑞 ) +𝑊𝜙(�̂�
𝑛+ 1

2
𝑝𝑞 , 𝜓𝑛

𝑝𝑞 ) − 2𝜆𝜙�̂�
𝑛+ 1

2
𝑝𝑞 + 𝜆𝜙𝜙𝑛𝑝𝑞

)


(

2𝜙𝑛𝑝𝑞
)


(

𝑊𝜓 (𝜙𝑛+1,𝑚𝑝𝑞 , �̂�
𝑛+ 1

2
𝑝𝑞 ) +𝑊𝜓 (𝜙𝑛𝑝𝑞 , �̂�

𝑛+ 1
2

𝑝𝑞 ) − 2𝜆𝜓 �̂�
𝑛+ 1

2
𝑝𝑞 + 𝜆𝜓𝜓𝑛

𝑝𝑞

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(18)

Here, we have used the iterative method for 𝑚 = 0, 1,…. It is obvious
that 𝜙𝑛+1,𝑚 = −1( (𝜙𝑛+1,𝑚)) and 𝜓𝑛+1,𝑚 = −1( (𝜓𝑛+1,𝑚)). By setting
𝜙𝑛+1,0 = 2𝜙𝑛 − 𝜙𝑛−1 and 𝜓𝑛+1,0 = 2𝜓𝑛 − 𝜓𝑛−1, we solve Eq. (18)
nd set 𝜙𝑛+1 = 𝜙𝑛+1,𝑚+1 and 𝜓𝑛+1 = 𝜓𝑛+1,𝑚+1 until the consecutive
rror’s relative 𝐿2-norm ‖𝜙𝑛+1,𝑚+1 −𝜙𝑛+1,𝑚‖𝐿2

∕‖𝜙𝑛+1,𝑚‖𝐿2
+ ‖𝜓𝑛+1,𝑚+1 −

𝜓𝑛+1,𝑚‖𝐿2
∕‖𝜓𝑛+1,𝑚‖𝐿2

is less than a given tolerance. The residual er-
ror converges rather quickly to a tolerance 1𝑒-5 in several iterations.
Furthermore, GPU-accelerated discrete transform implementation can
apply to the proposed numerical scheme straightforwardly, and the
execution speed is many times faster than the alternative solution using
only the CPU.

Lemma 1. If 𝜙𝑛, 𝜙𝑛−1, 𝜓𝑛, 𝜓𝑛−1, 𝜙𝑛+1, and 𝜓𝑛+1 are the solutions of the
scheme (12)–(15), then there exists 𝜉𝑛+1, 𝜉𝑛+1, 𝜁𝑛+1, 𝜁𝑛+1 such that:
1
2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
+ 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

+ 1
2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
+ 1

2

(

𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2

=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
2

(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2

−
𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)

2

(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
. (19)

ere, 𝑊𝜙𝜙 and 𝑊𝜓𝜓 are the second derivatives of the function 𝑊 in regard
o 𝜙 and 𝜓 , respectively. sup(𝑤𝜙𝜙) and sup(𝑤𝜓𝜓 ) are the least upper bounds
f 𝑤𝜙𝜙 and 𝑤𝜓𝜓 , respectively.

roof. According to the Taylor expansion, there exist two constants
𝑛+1
1 and 𝜉𝑛1 which make the following expressions hold:

𝑊 (𝜙𝑛+1, 𝜓𝑛+1), 𝟏
)

𝐿2
=
(

𝑊 (�̂�𝑛+
1
2 , 𝜓𝑛+1), 𝟏

)

𝐿2

+
(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − �̂�𝑛+
1
2
)

𝐿2

+
𝑊𝜙𝜙(𝜉𝑛+11 , 𝜓𝑛+1)

2
‖𝜙𝑛+1 − �̂�𝑛+

1
2
‖

2
𝐿2 , (20)

(

𝑊 (𝜙𝑛, 𝜓𝑛+1), 𝟏
)

𝐿2
=
(

𝑊 (�̂�𝑛+
1
2 , 𝜓𝑛+1), 𝟏

)

𝐿2

+
(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛 − �̂�𝑛+
1
2
)

𝐿2

+
𝑊𝜙𝜙(𝜉𝑛1 , 𝜓

𝑛+1)
2

‖𝜙𝑛 − �̂�𝑛+
1
2
‖

2
𝐿2 . (21)

Combining Eqs. (20) and (21), there exists 𝜉𝑛+11 such that the first left
term in Eq. (19) can be expanded as:
(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛+1), 𝟏
)

𝐿2

−
𝑊𝜙𝜙(𝜉𝑛+11 , 𝜓𝑛+1)
3

2

×
(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2
.

(22)

imilarly, another three terms in the left of Eq. (19) can be obtained
s:

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

−
𝑊𝜙𝜙(𝜉𝑛+12 , 𝜓𝑛)

2
×
(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2
, (23)

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛+1, 𝜓𝑛), 𝟏
)

𝐿2

−
𝑊𝜓𝜓 (𝜙𝑛+1, 𝜁𝑛+11 )

2
×
(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
, (24)

(

𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
=
(

𝑊 (𝜙𝑛, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

−
𝑊𝜓𝜓 (𝜙𝑛, 𝜁𝑛+12 )

2
×
(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
. (25)

Because of the properties of continuous function, by combining
Eqs. (22)–(25), there exist constants 𝜉𝑛+1, 𝜉𝑛+1, 𝜁𝑛+1, 𝜁𝑛+1 satisfying the
following equation:
1
2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
+ 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

1
2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
+ 1

2

(

𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2

=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

−
𝑊𝜙𝜙(𝜉𝑛+11 , 𝜓𝑛) +𝑊𝜙𝜙(𝜉𝑛+12 , 𝜓𝑛+1)

4

(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2

𝑊𝜓𝜓 (𝜙𝑛+1, 𝜁𝑛+11 ) +𝑊𝜓𝜓 (𝜙𝑛, 𝜁𝑛+12 )
4

(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
4

(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2

−
𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)

4

(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
. □ (26)

Then, we discretize the total energy functional (12)–(15) as:

𝑑 (𝜙𝑛, 𝜓𝑛) =
(

𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

+
𝜖𝜙2

2
‖∇𝜙𝑛‖2

𝐿2

+
𝜖𝜓 2

2
‖∇𝜓𝑛‖2

𝐿2 +
𝜎
2
‖∇𝜑𝑛‖2

𝐿2 . (27)

ere, 𝟏 is a vector and all entries are equivalent to 1. Then the discrete
seudo energy is defined as

̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) = 𝑑 (𝜙𝑛+1, 𝜓𝑛+1)

+ 1
8

(

2𝜆𝜙 −𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜙𝑛+1 − 𝜙𝑛‖2
𝐿2

+ 1
8

(

2𝜆𝜓 −𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜓𝑛+1 − 𝜓𝑛‖2
𝐿2 .

(28)

Lemma 2. Under the conditions 𝜆𝜙 ≥ 1
2 sup(𝑤𝜙𝜙) and 𝜆𝜓 ≥ 1

2 sup(𝑤𝜓𝜓 ),
the solutions 𝜙𝑛+1 and 𝜓𝑛+1 of Eqs. (12)–(15) satisfy:

𝑑 (𝜙𝑛+1, 𝜓𝑛+1) ≤ ̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛). (29)

roof. According to Eq. (28), we can obtain

𝑑 (𝜙𝑛+1, 𝜓𝑛+1) − ̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) = −1(2𝜆 −𝑊 (𝜉𝑛+1, 𝜁𝑛+1)
)

8 𝜙 𝜙𝜙
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× ‖𝜙𝑛+1 − 𝜙𝑛‖2
𝐿2

− 1
8

(

2𝜆𝜓 −𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)
)

× ‖𝜓𝑛+1 − 𝜓𝑛‖2
𝐿2 ≤ 0. □ (30)

heorem 1. If 𝜆𝜙 ≥ 1
2 sup(𝑤𝜙𝜙) and 𝜆𝜓 ≥ 1

2 sup(𝑤𝜓𝜓 ), the scheme
(12)–(15) satisfies the following discrete pseudo energy dissipation law:

̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) ≤ ̄𝑑 (𝜙𝑛, 𝜙𝑛−1, 𝜓𝑛, 𝜓𝑛−1). (31)

Proof. By applying the 𝐿2 inner product of Eqs. (12) and (14) to 𝜇𝑛+
1
2

and 𝜈𝑛+
1
2 respectively, we obtain that

(

𝜙𝑛+1 − 𝜙𝑛, 𝜇𝑛+
1
2
)

𝐿2
= 𝛥𝑡𝑀𝜙

(

𝛥𝜇𝑛+
1
2 , 𝜇𝑛+

1
2
)

𝐿2

= −𝛥𝑡𝑀𝜙‖∇𝜇
𝑛+ 1

2
‖

2
𝐿2 , (32)

𝜓𝑛+1 − 𝜓𝑛, 𝜈𝑛+
1
2
)

𝐿2
= 𝛥𝑡𝑀𝜓

(

𝛥𝜈𝑛+
1
2 , 𝜈𝑛+

1
2
)

𝐿2

= −𝛥𝑡𝑀𝜓‖∇𝜈
𝑛+ 1

2
‖

2
𝐿2 . (33)

y employing the 𝐿2 inner product of Eq. (13) to 𝜙𝑛+1 − 𝜙𝑛 and
mploying the 𝐿2 inner product of Eq. (15) to 𝜓𝑛+1 −𝜓𝑛, we have that

𝜙𝑛+1 − 𝜙𝑛, 𝜇𝑛+
1
2
)

𝐿2
= 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1)

+𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

𝜆𝜙
(

𝜙𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
− 𝜖𝜙2

(

𝛥𝜙𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2

𝜎
(

𝜑𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
. (34)

𝜓𝑛+1 − 𝜓𝑛, 𝜈𝑛+
1
2
)

𝐿2
= 1

2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 )

+𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2

𝜆𝜓
(

𝜓𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2
− 𝜖𝜓 2

(

𝛥𝜓𝑛+
1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2
. (35)

y combing Eqs. (32)–(35), we have:
1
2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
+ 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

+ 1
2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
+ 1

2

(

𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2

+ 𝜆𝜙
(

𝜙𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
+ 𝜆𝜓

(

𝜓𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2

−𝜖𝜙2
(

𝛥𝜙𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2

− 𝜖𝜓 2
(

𝛥𝜓𝑛+
1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2
+ 𝜎

(

𝜑𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2

= −𝛥𝑡𝑀𝜙‖∇𝜇
𝑛+ 1

2
‖

2
𝐿2 − 𝛥𝑡𝑀𝜓‖∇𝜈

𝑛+ 1
2
‖

2
𝐿2 . (36)

For the first four terms of Eq. (36), we can use Lemma 1 and have:
1
2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛+1), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2
+ 1

2

(

𝑊𝜙(�̂�
𝑛+ 1

2 , 𝜓𝑛), 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

+ 1
2

(

𝑊𝜓 (𝜙𝑛+1, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2
+ 1

2

(

𝑊𝜓 (𝜙𝑛, �̂�
𝑛+ 1

2 ), 𝜓𝑛+1 − 𝜓𝑛
)

𝐿2

=
(

𝑊 (𝜙𝑛+1, 𝜓𝑛+1) −𝑊 (𝜙𝑛, 𝜓𝑛), 𝟏
)

𝐿2

𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
4

(

𝜙𝑛+1 − 𝜙𝑛, 𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1
)

𝐿2

−
𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)

4

(

𝜓𝑛+1 − 𝜓𝑛, 𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1
)

𝐿2
. (37)

For another terms of Eq. (36), we can obtain:

𝜙

(

𝜙𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
+ 𝜆𝜓

(

𝜓𝑛+
1
2 − �̂�𝑛+

1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2

𝜆𝜙
2

(

𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1, 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

𝜆𝜓 (

𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1, 𝜓𝑛+1 − 𝜓𝑛
)

4

2 𝐿2
t

𝜆𝜙
4

(

‖𝜙𝑛+1 − 𝜙𝑛‖2
𝐿2 − ‖𝜙𝑛 − 𝜙𝑛−1‖2

𝐿2 + ‖𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1‖2
𝐿2

)

𝐿2

+
𝜆𝜓
4

(

‖𝜓𝑛+1 − 𝜓𝑛‖2
𝐿2 − ‖𝜓𝑛 − 𝜓𝑛−1‖2

𝐿2

+‖𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1‖2
𝐿2

)

𝐿2 (38)

𝜙
2
(

𝛥𝜙𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
+ 𝜖𝜓 2

(

𝛥𝜓𝑛+
1
2 , 𝜓𝑛+1 − 𝜓𝑛

)

𝐿2

= −
𝜖𝜙2

2

(

∇𝜙𝑛+1 + ∇𝜙𝑛,∇𝜙𝑛+1 − ∇𝜙𝑛
)

𝐿2

−
𝜖𝜓 2

2

(

∇𝜓𝑛+1 + ∇𝜓𝑛,∇𝜓𝑛+1 − ∇𝜓𝑛
)

𝐿2

−
𝜖𝜙2

2

(

‖∇𝜙𝑛+1‖2
𝐿2 − ‖∇𝜙𝑛‖2

𝐿2

)

−
𝜖𝜓 2

2

(

‖∇𝜓𝑛+1‖2
𝐿2 − ‖∇𝜓𝑛‖2

𝐿2

)

(39)

(

𝜑𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛

)

𝐿2
= 𝜎

2

(

𝜑𝑛+1 + 𝜑𝑛, 𝜙𝑛+1 − 𝜙𝑛
)

𝐿2

= 𝜎
2

(

𝜑𝑛+1 + 𝜑𝑛, 𝜙𝑛+1 − �̄� − (𝜙𝑛 − �̄�)
)

𝐿2

= −𝜎
2

(

𝜑𝑛+1 + 𝜑𝑛, 𝛥𝜑𝑛+1 − 𝛥𝜑𝑛
)

𝐿2
= 𝜎

2

(

‖∇𝜑𝑛+1‖2
𝐿2 − ‖∇𝜑𝑛‖2

𝐿2

)

. (40)

Therefore, by Eqs. (28), (36)–(40), we obtain:

̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) − ̄𝑑 (𝜙𝑛, 𝜙𝑛−1, 𝜓𝑛, 𝜓𝑛−1)

= 𝑑 (𝜙𝑛+1, 𝜓𝑛+1) − 𝑑 (𝜙𝑛, 𝜓𝑛)
1
8

(

2𝜆𝜙 −𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜙𝑛+1 − 𝜙𝑛‖2
𝐿2

1
8

(

2𝜆𝜙 −𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜙𝑛 − 𝜙𝑛−1‖2
𝐿2

+ 1
8

(

2𝜆𝜓 −𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜓𝑛+1 − 𝜓𝑛‖2
𝐿2

−1
8

(

2𝜆𝜓 −𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)
)

‖𝜓𝑛 − 𝜓𝑛−1‖2
𝐿2

−𝛥𝑡𝑀𝜙‖∇𝜇
𝑛+ 1

2
‖

2
𝐿2 −

(

2𝜆𝜙 −𝑊𝜙𝜙(𝜉𝑛+1, 𝜁𝑛+1)
)

8
‖𝜙𝑛+1 − 2𝜙𝑛 + 𝜙𝑛−1‖2

𝐿2

− 𝛥𝑡𝑀𝜓‖∇𝜈
𝑛+ 1

2
‖

2
𝐿2 −

(

2𝜆𝜓 −𝑊𝜓𝜓 (𝜉𝑛+1, 𝜁𝑛+1)
)

8
× ‖𝜓𝑛+1 − 2𝜓𝑛 + 𝜓𝑛−1‖2

𝐿2 ≤ 0 □ (41)

heorem 2. Suppose that 𝜙0 = 𝜙−1, 𝜓0 = 𝜓−1, then the discrete total
nergy defined in (27) satisfies that
𝑑 (𝜙𝑛+1, 𝜓𝑛+1) ≤ ̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) ≤ 𝑑 (𝜙0, 𝜓0). (42)

roof. According to Lemma 1 and Theorem 1, we have a chain of
nequalities,
𝑑 (𝜙𝑛+1, 𝜓𝑛+1) ≤ ̄𝑑 (𝜙𝑛+1, 𝜙𝑛, 𝜓𝑛+1, 𝜓𝑛) ≤ ̄𝑑 (𝜙𝑛, 𝜙𝑛−1, 𝜓𝑛, 𝜓𝑛−1) ≤ ...

≤ ̄𝑑 (𝜙0, 𝜙−1, 𝜓0, 𝜓−1)

= 𝑑 (𝜙0, 𝜓0). □ (43)

In our proof, the stabilizing parameter 𝜆𝜙 and 𝜆𝜓 are chosen to be
𝜙 ≥ 1

2 sup(𝑤𝜙𝜙) and 𝜆𝜓 ≥ 1
2 sup(𝑤𝜓𝜓 ) to make the energy strictly non-

increasing. Because 𝑤𝜙𝜙 = 𝜙3 − 𝜙 + 2𝑏𝜓 and 𝑤𝜓𝜓 = 𝜓3 − 𝜓 are two
quadratic functions, sup(𝑤𝜙𝜙) = 3𝜙2 − 1 + 2𝑏�̃� and sup(𝑤𝜙𝜙) = 3�̃�2 − 1
re satisfied. Here, 𝜙 and �̃� are the maximum values of 𝜙 and 𝜓 ,
espectively. For simplicity, we choose 𝜆𝜙 = 𝜆𝜓 = 1 + 𝑏 for the initial
onditions 𝜙0 ∈ [−1, 1] and 𝜓0 ∈ [−1, 1].

. Numerical experiments

In this Section, we perform several numerical experiments to
emonstrate the accuracy and stability of the scheme we proposed. To
nsure the second-order accuracy of every time step, the good initial
teps 𝜙−1 and 𝜓−1 are required. For the sake of simplicity, we suppose
hat 𝜙0 = 𝜙−1 and 𝜓0 = 𝜓−1. Though it leads to a loss of accuracy in the
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Fig. 1. Evolutions of 𝜙 (top) and 𝜓 (bottom). The computational times are listed below each figure.
Fig. 2. The number of iterations with different time steps.
initial time step, the proposed scheme satisfies second order accuracy in
later calculations. Therefore, we can observe a second-order accuracy
in regard to time and space for a long simulation.

4.1. Evolution of phase separation

In this test, we begin with a computational simulation to explain the
microphase and macrophase separations’ evolution in two-dimensional
space. The initial conditions are set as 𝑀𝜙 = 0.05, 𝑀𝜓 = 1, 𝑎 = 0.01,
𝑏 = −0.3, 𝜙(𝑥, 𝑦, 0) = cos(10(𝑥− 𝑦))𝑥(𝑥− 1)𝑦(𝑦− 1), 𝜓(𝑥, 𝑦, 0) = sin(2𝑥(𝑥−
1)𝑦(𝑦 − 1)) on the domain (0, 1) × (0, 1) with a mesh grid 128 × 128.
Here, 𝜖𝜙 = 𝜖𝜓 = 0.03, and 𝜎 = 0 are adopted. The calculation runs until
𝑇 = 20 with 𝛥𝑡 = 0.001. The evolution of 𝜙 and 𝜓 in two-dimensional
5

space are shown in Fig. 1. The blue domain in the snapshots of 𝜓 corre-
sponds the homopolymer rich domain, the red domain of 𝜓 corresponds
the copolymer rich domain. By observing 𝜙, we can see that in the
copolymer rich domain, 𝐴−𝐵 diblock copolymers evolve into a layered
structure. In Fig. 3, the evolution of the discrete energies (𝜙, 𝜓) are
shown with several time steps 𝛥𝑡 = 0.0005, 0.001, 0.005, and 0.01. We
discover that the evolution of energy decreases faster when there is a
smaller time step. As mentioned in the above, the iterative method is
introduced to solve numerical solutions in Eqs. (12)–(15). By setting
𝜙𝑛+1,0 = 2𝜙𝑛 − 𝜙𝑛−1 and 𝜓𝑛+1,0 = 2𝜓𝑛 − 𝜓𝑛−1, we solve Eqs. (12)–(15)
and set 𝜙𝑛+1 = 𝜙𝑛+1,𝑚+1 and 𝜓𝑛+1 = 𝜓𝑛+1,𝑚+1 until a relative 𝐿2-norm
of the consecutive error ‖𝜙𝑛+1,𝑚+1 −𝜙𝑛+1,𝑚‖𝐿2

∕‖𝜙𝑛+1,𝑚‖𝐿2
+ ‖𝜓𝑛+1,𝑚+1 −
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Fig. 3. The evolution of the discrete energy  with different time steps.
Fig. 4. Evolution of 𝜙 (top) and 𝜓 (bottom). The parameters are 𝜖𝜙 = 𝜖𝜓 = 0.04, 𝑀𝜙 = 0.05, 𝑀𝜓 = 1, 𝑎 = 0.01, 𝑏 = −0.1, 𝜎 = 0, and 𝛥𝑡 = 100. The time is shown below each figure.
𝜓𝑛+1,𝑚‖𝐿2
∕‖𝜓𝑛+1,𝑚‖𝐿2

is less than a given tolerance 1𝑒-5. Fig. 2 shows
the number of iterations with different time steps. Observing these
results, we can see that the residual error converges rather quickly to
the given tolerance in few iterations.

4.2. Stability of the proposed scheme

In this test, the stability of the proposed scheme is investigated with
random initial conditions 𝜙(𝑥, 𝑦, 0) = 0.01rand(𝑥, 𝑦), 𝜓(𝑥, 𝑦, 0) = −0.4 +
0.01rand(𝑥, 𝑦) on the domain (0, 1) × (0, 1) with a mesh grid 128 × 128.
The rand(x,y) is a random number within the range of [−1, 1]. Here,
𝑀𝜙 = 0.05, 𝑀𝜓 = 1, 𝑎 = 0.01, 𝑏 = −0.1, 𝜖𝜙 = 𝜖𝜓 = 0.04, and 𝜎 = 0
are used. We run the calculation until 𝑇 = 2000 with a larger time
step 𝛥𝑡 = 100. The evolutions of 𝜙 and 𝜓 in two-dimensional space are
shown in Fig. 4. It should be noted that since our scheme is nonlinear,
it is difficult to prove the existence and uniqueness of our solution. In
6

Fig. 5, we plot the evolutions of the pseudo energy and total energy
with a larger time step 𝛥𝑡 = 100. It can be seen that the numerical
solution will not explode, which implies that the proposed scheme can
use larger steps. While a large time step makes the evolution be less
accurate due to the accuracy of our proposed method with respect
to time. Therefore, to balance the relationship between accuracy and
computational costs, an appropriate value for 𝛥𝑡 is 0.1ℎ.

4.3. Convergence test

In this test, we demonstrate the prediction of spatial and temporal
convergence by choosing the increasing finer grids ℎ = 1∕2𝑛 for 𝑛 =
5, 6, 7, 8 and 9 in the domain 𝛺 = (0, 1) × (0, 1). We use the same initial
condition as 𝜙(𝑥, 𝑦, 0) = 𝜓(𝑥, 𝑦, 0) = 0.05 + 0.01

(

sin(2𝜋𝑥) + cos(2𝜋𝑦)
)

. We
set 𝑀𝜙 = 𝑀𝜓 = 1, 𝑎 = 2, 𝑏 = 3, 𝜖2𝜙 = 𝜖2𝜓 = 0.0625, 𝜎 = 50. We run the
simulation up to the time 𝑇 = 0.1 with a time step 𝛥𝑡 = 0.1ℎ. Since there
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Fig. 5. Temporal evolutions of pseudo energy and total energy with a larger time step 𝛥𝑡 = 100.
Fig. 6. The phase diagram of 𝜙 at 𝑇 = 50 for different parameters 𝑎 and 𝜎.
is no closed-form exact solution for this initial condition, we define the
Cauchy error 𝑒𝜙(ℎ∕ ℎ2 )

and 𝑒𝜓(ℎ∕ ℎ2 )
between the computational solutions:

𝑒
𝜙(ℎ∕ ℎ2 )
𝑖𝑗 = 𝜙ℎ𝑖𝑗 −

(𝜙ℎ∕22𝑖−1,2𝑗−1 + 𝜙
ℎ∕2
2𝑖−1,2𝑗 + 𝜙

ℎ∕2
2𝑖,2𝑗−1 + 𝜙

ℎ∕2
2𝑖,2𝑗 )

4

𝑒
𝜓(ℎ∕ ℎ2 )
𝑖𝑗 = 𝜓ℎ𝑖𝑗 −

(𝜓ℎ∕22𝑖−1,2𝑗−1 + 𝜓
ℎ∕2
2𝑖−1,2𝑗 + 𝜓

ℎ∕2
2𝑖,2𝑗−1 + 𝜓

ℎ∕2
2𝑖,2𝑗 )

4
.

The convergence rate is defined as 𝑙𝑜𝑔2(‖𝑒ℎ‖2∕‖𝑒 ℎ
2
‖2), where ‖𝑒‖22 is

the discrete 𝑙2-norm defined as ‖𝑒‖22 = 𝛴𝑁𝑥
𝑖=1𝛴

𝑁𝑦
𝑗=1𝑒

2
𝑖𝑗∕(𝑁𝑥𝑁𝑦). Because

we refine the spatial and temporal grids by 2, the rate of successive
errors should increase by 2. The errors and rates of second-order
7

convergence are presented in Table 1. As illustrated in Table 1, second-
order accuracy with respect to the space is observed. Next, we fix the
space step size as ℎ = 1∕128 and choose a set of time-steps 𝛥𝑡 =
0.016ℎ, 0.008ℎ, 0.004ℎ, 0.002ℎ, and 0.001ℎ. Computational solutions
are calculated up to time 𝑇 = 0.01. We define the Cauchy error of a
grid to be

𝑒
𝜙(𝛥𝑡∕ 𝛥𝑡2 )
𝑖𝑗 = 𝜙𝛥𝑡𝑖𝑗 − 𝜙

𝛥𝑡∕2
𝑖𝑗 and 𝑒

𝜓(𝛥𝑡∕ 𝛥𝑡2 )
𝑖𝑗 = 𝜓𝛥𝑡𝑖𝑗 − 𝜓𝛥𝑡∕2𝑖𝑗 .

According to the definition above, we give the errors and convergence’s
rates in Table 2. Time-dependent second-order accuracy is observed, as
expected by discretization.
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Fig. 7. Evolutions of 𝜙 with different 𝜖𝜓 . From left to right, the computational times are 𝑡 = 2.5, 5, 7, and 50, respectively.
Fig. 8. Evolutions of 𝜙 and 𝜓 with different parameter 𝜖𝜙.
Table 1
Errors and convergence rates with various mesh grids. 𝛥𝑡 = 0.1ℎ is fixed.
ℎ𝑐 ℎ𝑓 ‖𝜙ℎ𝑐 − 𝜙ℎ𝑓 ‖𝐿2 𝑅𝑎𝑡𝑒 ‖𝜓ℎ𝑐 − 𝜓ℎ𝑓 ‖𝐿2 𝑅𝑎𝑡𝑒

32 × 32 64 × 64 2.9235𝑒−04 3.9307𝑒−04
64 × 64 128 × 128 7.2794𝑒−05 2.006 9.7851𝑒−05 2.006
128 × 128 256 × 256 1.8180𝑒−05 2.001 2.4437𝑒−05 2.002
256 × 256 512 × 512 4.5440𝑒−06 2.000 6.1075𝑒−06 2.000

4.4. Effect of parameter 𝑎 and 𝜎

In this test, we will investigate the effect of parameters 𝑎 and 𝜎.
Because the frustration effects are more noticeable in small system, we
perform the numerical experiments on the domain (0, 1) × (0, 1) × (0, 1)
with a mesh grid 128 × 128 × 128. The initial condition is set as
𝜙(𝑥, 𝑦, 0) = 0.01𝑟𝑎𝑛𝑑(𝑥, 𝑦, 𝑧), 𝜓(𝑥, 𝑦, 0) = −0.5 + 0.01𝑟𝑎𝑛𝑑(𝑥, 𝑦, 𝑧). Here,
8

Table 2
Errors and convergence rates with various time steps. ℎ = 1∕128 is fixed.
𝛥𝑡𝑐 𝛥𝑡𝑓 ‖𝜙𝛥𝑡𝑐 − 𝜙𝛥𝑡𝑓 ‖𝐿2 𝑅𝑎𝑡𝑒 ‖𝜓ℎ𝑐 − 𝜓ℎ𝑓 ‖𝐿2 𝑅𝑎𝑡𝑒

0.016ℎ 0.008ℎ 6.9986𝑒−04 2.6182𝑒−04
0.008ℎ 0.004ℎ 1.9449𝑒−04 1.847 7.2823𝑒−05 1.846
0.004ℎ 0.002ℎ 4.8570𝑒−05 2.002 1.8147𝑒−05 2.005
0.002ℎ 0.001ℎ 1.2136𝑒−05 2.001 4.5312𝑒−06 2.002

𝑀𝜙 = 0.05, 𝑀𝜓 = 1, 𝜖𝜙 = 𝜖𝜓 = 0.04, and 𝑏 = −0.5. The numerical
simulation runs until 𝑇 = 50 with 𝛥𝑡 = 0.005. In the evolution of
microphase separation, the yellow and blue surfaces in the snapshots
of 𝜙 represent the iso-surface of 𝜙 = 1 and 𝜙 = −1, respectively. From
bottom to top, we can see that the interface area in the copolymer
domain enlarges as the value of 𝜎 increases. Lamellar multilayer,
micelle, vesicle, and multiples are common minimizers in the phase
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Fig. 9. Evolutions of 𝜙 (top) and 𝜓 (bottom) for copolymer solvent mixtures in two dimensional space.
Fig. 10. Evolutions of 𝜙 (top) and 𝜓 (bottom) for copolymer solvent mixtures in three dimensional space.
diagram. Smaller 𝜎 and larger 𝑎 lead to a smaller value of free energy.
Commonly, the free energy of onion-like morphology is smaller than
the multipod structure. The onion-like morphology in the lower right
corner of Fig. 6 is consistent with the findings above. For a larger 𝜎,
the microstructures evolve from lamellar multilayer to multipods, tend
towards a more stable structure.

4.5. Effect of parameter 𝜖𝜙 and 𝜖𝜓

𝜖𝜙 and 𝜖𝜓 increase with the thickness of components’ propagating
fronts. In this test, we study the effect of 𝜖 and 𝜖 . The initial condition
9

𝜙 𝜓
is set as 𝜙(𝑥, 𝑦, 0) = 0.01𝑟𝑎𝑛𝑑(𝑥, 𝑦, 𝑧), 𝜓(𝑥, 𝑦, 0) = −0.5 + 0.01𝑟𝑎𝑛𝑑(𝑥, 𝑦, 𝑧)
on the domain (0, 1) × (0, 1) × (0, 1) with a mesh grid 128 × 128 × 128.
Here, 𝑀𝜙 = 0.05, 𝑀𝜓 = 1, 𝑎 = 0.25, 𝑏 = −0.5, and 𝜎 = 120. We run the
numerical simulation until 𝑇 = 50 with a time step 𝛥𝑡 = 0.005. Here,
𝜖𝜙 = 0.02 is fixed and 𝜖𝜓 is set as 0.03, 0.04, and 0.05, respectively. In
order to test 𝜖𝜙, we set 𝜖𝜙 = 0.01, 0.02, 0.03, and 0.04 with the fixed
parameter 𝜖𝜓 = 0.04. In the evolution of microphase separation, the
yellow and blue surfaces in the snapshots of 𝜙 represent the iso-surface
of 𝜙 = 1 and 𝜙 = −1. In the evolution of macrophase separation, the
yellow and blue surfaces in the snapshots of 𝜓 represent the iso-surface
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of 𝜓 = 1 and 𝜓 = −1. Fig. 7 shows the evolution of 𝜙 with different 𝜖𝜓 .
bserving these results, we can see that in the copolymer domain of
acrophase separation, the microstructure of 𝜙 evolutes from lamellar
ultilayer to onion-like morphology, the interface between copolymer

nd homopolymer is thicker with the increment of 𝜖𝜓 . Fig. 8(a)–(d)
how the morphology of 𝜙 and 𝜓 in 𝑇 = 50 with different 𝜖𝜙. Through
he comparison of different 𝜖𝜙, we can see that in the copolymer
omain of macrophase separation, the microstructure of 𝜙 evolves from
amellar multilayer to multipod morphology, the interface between
lock 𝐴 and 𝐵 is a thinker with the increment of 𝜖𝜓 .

.6. Copolymer solvent mixtures

In this test, we consider the copolymer solvent mixture by using
= 𝑎𝜙𝐴2(1 −𝜙𝐴)2 + 𝑏𝜙𝐵2(1 −𝜙𝐵)2 + 𝑐𝜙𝑆 2(1 −𝜙𝑆 )2 [38]. Here, 𝜙𝐴, 𝜙𝐵

nd 𝜙𝑆 denote the volume fractions of 𝐴-, 𝐵-, and 𝑆-diblock copolymer,
espectively. The blocking ratio 𝑓 defined by 𝑓 = 𝑁𝐴∕(𝑁𝐴 + 𝑁𝐵),
s the ratio of A-monomer compared with the total polymer volume,
here 𝑁𝐴, 𝑁𝐵 are the numbers of the corresponding monomers per
olecule. For 𝜙 = (1 − 𝑓 )𝜙𝐴 − 𝑓𝜙𝐵 , 𝜓 = 𝑓𝜙𝐴 + (1 − 𝑓 )𝜙𝐵 , and the

ncompressibility 𝜙𝐴 + 𝜙𝐵 + 𝜙𝑆 = 1, we can convert this equation into
he form of 𝜙 and 𝜓 . When 𝜙 = 0 and 𝜓 = 0, the potential 𝑊 (𝜙, 𝜓) has
inima, which is concomitant with pure solvent [51]. When 𝜙+𝜓 = 1

nd one of them equals 𝑓 , it corresponds to pure 𝐴 or 𝐵 monomer,
espectively. Here, 𝑓 is set as 𝑓 = 0.5, therefore, 𝜓 = 0.5, 𝜙 = 0.5
nd 𝜓 = 0.5, 𝜙 = −0.5 correspond to the block 𝐴 and 𝐵 respectively.
= 0, 𝜓 = 0.5 and 𝜙 = 0, 𝜓 = 0 correspond to the copolymer rich

omain and homopolymer rich domain respectively. We begin with a
umerical simulation to show the evolution of microphase separation
nd macrophase separation in two-dimensional space. We set randomly
our circular regions of radius 1/8 on the domain (0, 1) × (0, 1) with a
esh grid 128 × 128. The initial conditions are set as 𝑀𝜙 = 𝑀𝜓 = 1,
= 𝑏 = 𝑐 = 0.1. We set 𝜙(𝑥, 𝑦, 0) = 0.02(𝑟𝑎𝑛𝑑(𝑥, 𝑦) − 0.5), 𝜓(𝑥, 𝑦, 0) = 0.5
ithin the region and 𝜙(𝑥, 𝑦, 0) = 0, 𝜓(𝑥, 𝑦, 0) = 0 outside the region.
ere, 𝜖𝜙 = 𝜖𝜓 = 0.01, 𝜆𝜙 = 0.5(10.5𝑏 − 𝑎), 𝜆𝜓 = 𝑎 + 13𝑏 + 52𝑐, and
= 0 are used. The evolution of 𝜙 and 𝜓 in two-dimensional space

s shown in Fig. 9. The calculation is run until 𝑇 = 10 with a time
tep 𝛥𝑡 = 0.001. In Fig. 9, the green domain of 𝜓 corresponds to the
omopolymer rich domain, the red domain of 𝜓 corresponds to the
opolymer rich domain. We can see that in the copolymer rich domain,
− 𝐵 diblock copolymers evolve into a layered structure.
In the numerical simulation in three-dimensional space, to control

he proportion of solvent in the entire space as a constant, we set
andomly eight spherical area of radius 1∕4 on the domain (0, 1)×(0, 1)×
0, 1) with a mesh grid 128 × 128 × 128. In the evolution of microphase
eparation, the yellow and blue surfaces in the snapshots of 𝜙 corre-
ponds to the iso-surface of 𝜙 = 0.5 and 𝜙 = −0.5. In the evolution
f macrophase separation, the yellow surfaces in the snapshots of 𝜓
orresponds to the iso-surface of 𝜓 = 0.5. The experimental results are
hown in Fig. 10. We can see that our method has a good performance
n the simulation of numerical solution in three-dimensional space.

. Conclusions

In this study, we developed a numerical method with second-order
ccuracy and unconditional energy stability for the coupled Cahn–
illiard system for homopolymer and copolymer mixtures in two- and

hree-dimensional spaces. We proved the non-increasing of discrete
nergy by introducing pseudo energy. To efficiently solve the discrete
ystem, we used a fast iterative Fourier transform method. We proved
hat our scheme is unconditional stable, therefore our scheme can use
arge time steps. We numerically investigated the stability and con-
ergence of the proposed scheme. Several numerical experiments were
erformed to show a set of morphologies of pattern formations in the
opolymer and homopolymer mixtures. The computational experiments
10

onfirmed the efficiency of the proposed scheme.
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