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In this article, we present an unconditional energy stable numerical method for the coupled Cahn-Hilliard
system for homopolymer and copolymer mixtures in two- and three-dimensional spaces. By combining a Crank—
Nicolson-type method with a nonlinearly stabilized splitting method, a second-order accurate numerical scheme
is constructed. To efficiently solve the discrete system, we use a fast iterative Fourier transform method. We
prove the unconditional energy stability of the proposed method. Therefore, a large time step can be adopted.

Various numerical experiments are performed to prove the performance of the proposed scheme.

1. Introduction

The intramolecular and intermolecular interactions within copoly-
mers and homopolymers induce self-assembly into various ordered
microstructures, including spheres, cylinders, bicontinuous structures,
and hierarchical structures [1-6]. The shape effect in blends plays an
important role in the improvement of physical properties, which have
obtained expensive attention in various fields, for example, enhancing
the chemical performance in chemical industry, biomedical research,
and electrical applications [7-10].

Many polymer patterns can undergo self-assembly into various mor-
phologies to minimize their free energy functional [11-14]. Phase-field
theory, obtained by a sequence of approximations from dynamical den-
sity functional theory [15], is an efficient modeling framework to study
the numerical simulation of phase evolution and the interface transi-
tion [16-21]. Instead of defining the regions of different components,
only an evolution equation needs to be solved under the phase field
framework [22]. Leibler [23] proposed a phase field functional with
a long-range term, which was crucial for the microphase separation.
However, their method only could be applied for weak separation. Ohta
and Kawasaki [24,25] put forward a free energy functional for the
diblock copolymers and took the long-range and short-range interaction
into account. Ohta and Ito [26] carried out the computer simulations of
phase separation for the first time and investigated the dynamics and
morphology of phase transition in diblock copolymer-homopolymer
mixtures. Uneyama and Doi [27,28] derived an expression for the
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diblock copolymers’ free energy. Their function was composed of the
density distribution of the monomer of each block, which is a powerful
generalization of Ohta—Kawasaki theory.

Up to now, various numerical methods have been proposed for
phase field functional in copolymer mixtures [29-35]. Wu and Dze-
nis [36] adopted a semi-implicit Fourier-spectral algorithm to form
lamellar nano-structures with potential applications in nanotechnology.
Compared with the phase separation modeling for conventional coarse
grained, the time steps selected were much larger. Glasner [37,38]
studied the cross-sectional profile of a multilayered interface through
a three-component phase-field equation. They established the basic
structures and properties of copolymer multilayers. In [39], Cheng et al.
adopted the invariant energy quadruplication method to transform the
free energy into a quadratic form for the hydro-dynamically coupled
phase field diblock copolymer equation. Furthermore, Zhao et al. [40,
41] reviewed the invariant energy quadratization strategy on discretiz-
ing phase-field models and techniques for solving diblock copolymer
models. Gong et al. [42—-44] introduced arbitrarily high order numerical
algorithms for solving general phase-field models, which can be easily
applied for the copolymer models.

Our goal of this paper is to propose a nonlinear numerical method
for the coupled Cahn-Hilliard system employed in copolymer/
homopolymer mixtures, which is unconditionally energy-stable and
second-order accurate. By combining a Crank-Nicolson-type method
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and a nonlinearly stabilized splitting method, a second-order time-
accurate numerical scheme is constructed. The proof of unconditional
energy stability will be given. To efficiently solve the discrete system,
we will use a fast Fourier transform with an iterative method. A discrete
energy-dissipation law for any large time step is proved to demonstrate
the proposed method is stable. Some computational experiments are
conducted to prove the proposed scheme’s capabilities.

This research is organized as follows. In Section 2, we review the
density functional model. In Section 3, we develop a second-order
unconditional energy stable schemes and prove numerical stabilities.
In Section 4, several numerical simulations are presented in two- and
three-dimensions. Finally, some conclusions are presented in Section 5.

2. Model formulation

The copolymer/homopolymer mixtures can be considered as a mix-
ture of two systems, which is driven by microphase separation and
macrophase separation. The free energy functional’s dissipation [25,26]
models the process of the diblock copolymer melts:

E(@w) = E(, w) + E (b, w). (€))
The short-range energy &,(¢, y) is given by [45,46]

E(d.y) =/ <W<¢ w)+ —|V¢|2 |Vw|2) dx. @
Q

Here, ¢ describes the microphase separation between block A and B,

y describes the macrophase separation between homopolymers and

copolymers. The parameters €, and ¢, increase with the thickness of

components’ propagating fronts. The function W has the form:

Wb = (& — 17+ adhys + by, ®)

which ensures the values of ¢ and y fall within [-1, 1]. In addition,
¢ = 1 represents the block A, ¢ = —1 represents the block B [47],
w = —1 corresponds to homopolymer rich domain, and v = 1 can
be considered as a copolymer rich domain [48]. The function W has
two coupling parameters a and b. The coupling parameter a leads to
symmetry breaking between the microphase-separated domains and the
coupling parameter b affects the short-range free energy &, depending
on the value of y [45]. The nonlocal energy is defined as

1
12 a L
4

& y) = % / / G(x = Y)(PX) — ) ((y) — p)dydx. 4
QJQ

Here, o is a positive phenomenological parameter, ¢ = /[, p(x)dx/|Q|
is on behalf of the total mass. Specially, AG(x,y) is defined AG(x,y) =
—5(x,y) and 6 is Dirac delta function. Now by assuming ¢ = (—4)~! (¢ —
@), we can simplify Eq. (4) through the Green theorem [49,50]

% / / G(x — ) (X) — P)(P(y) — p)dydx
JQ

_o . =7 [ 1ver
=% | a0 [ a6x-yoway)ax=35 [ ivoPa.

The energy functional £(¢,y) in Eq. (1) can be rewritten as
£ ) = / (W(¢ v+ —|Vq>|2 |Vw|2 |V¢|2> ix ®
Q

The dynamic governing equations based on the gradients of the gener-
alized chemical potentials, 4 and v can be defined as

b, = MyAp, 6
u=Wydw) - ;Ad — oo, @
W = M, Av, ®
v =W, (by) —e, dy. ©)]

Here, the mobility tensor My and M,, are diffusion rate and cross-
diffusion rate, respectively. W, (¢, y) and W, (¢, y) are the first deriva-
tive of the function W (¢, y) in regard to ¢ and y, respectively. We use
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the periodic boundary conditions for ¢ and . This system satisfies the
energy’s laws of dissipation:

- /(,4¢, + vy )dx = / (Myndn+ M, vav)dx
Q Q
:—/Q(M¢|Vﬂ|2+MW|Vv|2)dx§0, (10)

which implies that the total energy functional £(¢,y) decreases with
time. Differentiating the total mass / o (x)dx in regard to time, we have

d p—
z/Q¢(x,t)arx_0 an

which means that the total mass is conserved over time and ¢ =
Jo #(x,0)dx/|Q| is a constant.

3. Numerical scheme

In this Section, we introduce an unconditional energy-stable and
second-order time-accurate scheme for Egs. (6)-(9). We set the com-
putational domain as Q = [0, L] X [0, L]. The spatial step size is uniform
ash=L/N,=L/N, where N, and N, are even integers. The time
step is At = T/N,, where T is the finial time and N, is the number
of computational time steps. We denote qb,’.; = ¢(x;,y;,ndr) and y/l."j =
w(x;, y;,ndt), where (x;,y;) = (ih, jh) for i=0,...,N, and j =0,..., N,.
The second-order accurate scheme is assumed as:
¢n+l ¢n

A&
”n+% _ %(Wd,((f;"%,wnﬂ) " W¢(q§n+%’wn)) _ /14)43'”'% i /1¢¢n+%

= M, Au" 1 a2)
PpAH s

—e¢2A¢"+% +a(p"+%, (13)
w -y s
— =M, A2, (14)
At v
1
v"+5=%(Ww(¢"+l An+q)+W(¢n An+2)) li/"+7+/1 v
1
e, Ay, as)

1 ~ 1 1 . 1
where ¢"*2 and ¢"*2 are defined as ¢"*2 = (¢"*' + ¢")/2 and ¢"*2 =
B¢" — ¢ /2, respectively, A4 and A, are two constant parameters;
and ¢ = Z, : v 2 ¢,/ L*. Because of A(p"+2 = ¢"+2 — ¢, Egs. (12)
and (13) are equlvalent to the following equations:

¢n+1 _ ¢n n+l (¢n+1 + ¢n _)
Y - M4 —oMy( —— - 1
i pAu "2 —oM, 5 @), 16)
1 ~ 1 ~ 1 1
W5 = (W@ W@ ) = g+ A
1
—ey A" 17)

Therefore, the stability of the system (12)—(13) and the system (16)—
(17) are identical. Hence, we will only need to demonstrate the stability
of the former, then solve the resulting scheme (16)-(17). Because of
periodic boundary condition, we use the discrete Fourier transform
operator F and inverse discrete Fourier transform operator F~! to the
coupled Cahn-Hilliard system:

N,—1 N -1
F(yy) = Z Z gy exp™V 1 m0) and 719, )
N—1N,-1
2 2 Bpq €XP xap+yjﬂp)‘
p=0 ¢=0

The variables a,, and f, are defined as a, = 2zp/L, and §, = 2zq/L,
forp = 0,....,N, — 1 and ¢ = 1,...,N, — 1, respectively. Thus, by
defining A, = —[(a,7)* + (8,7)*], the discrete Fourier transform for the
Laplacian operator can be defined as 7(4¢,,) = 4,,F(¢,,). Hence, we
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can transform Egs. (14)-(17) into the discrete Fourier space like this:

2+ 4AtoM, —24tM,A,, 0 0
—hy +EEA,, 2 0 0
0 0 2 —24tM,, A,
0 0 -4, +eXa, 2
F‘(qﬁ;;l'm*’l)
« 7:'(;4:;’1‘"”1)
F(W:‘Tl,mﬂ)
n+1,m+1
Fog)
P(zqs;q — Mo My, ~ 243))
an+ antd T
| v+ WG v =24+ ded,) 18)
r(2¢;4)
i AT Lot o+t "
F(Ww(quL W * )+ Wy (W *) = 22, Wpg * + /’l'l’wpq)
Here, we have used the iterative method for m = 0, 1, .... It is obvious
that ¢"t1" = F=I(P(¢"™) and yw"*'" = P-1(F(y"*!"™)). By setting

g0 = 29" — ¢! and w10 = 2y" — y"!, we solve Eq. (18)
and set ¢! = @+lm+l and ymt! = yrtbm+l yntil the consecutive
error’s relative L,-norm |[|¢"+!"+! — (15"“""||L2/||<75"H""||L2 + ||yt bml
lI/'H']""”Lz/ ||‘I/"*""“||L2 is less than a given tolerance. The residual er-
ror converges rather quickly to a tolerance le-5 in several iterations.
Furthermore, GPU-accelerated discrete transform implementation can
apply to the proposed numerical scheme straightforwardly, and the
execution speed is many times faster than the alternative solution using
only the CPU.

Lemma 1. If ¢",¢" 1, w", w1, ¢"*1, and y"*' are the solutions of the
scheme (12)—(15), then there exists &+, Entl Entl Zntl quch that:

l(W¢((]’5n+%,Wn+l)’¢n+l _¢n> i %<W¢(q§n+%’wn)’¢n+l _¢n>

2 L2 o
1 el 1 A
+3 (Wu,(rﬁ”“, P,y - u/")L2 +5 (Ww(¢”,u/"+2 Yyt — W">Lz
- (W(¢n+l’ llln+l) _ W((ﬁn, Wn)’ 1)L2
Wy (EmH1, &1y
e e CASET AN e Ve I
w (én+l,5n+l)
- (2 ) a9

Here, W, and W,,,, are the second derivatives of the function W in regard
to ¢ and v, respectively. sup(w,) and sup(w,,,, ) are the least upper bounds

of wy, and w,,,,, respectively.

Proof. According to the Taylor expansion, there exist two constants
5;’“ and & which make the following expressions hold:

(W(¢n+1,wn+1)71)L2 _ (W(d;n+%’wn+l)’ 1>L2

+ (Wy@™ 2y, @ - 3

12
* MWH Al 20)
(W(¢n’wn+l)’1)L2 _ (W(d;n%’Wn+1)’1)L2
(W@ sy - @)
+ ww AL 1)

Combining Egs. (20) and (21), there exists é;’“ such that the first left
term in Eq. (19) can be expanded as:
~ 1
(W¢(¢n+§’ wn+1)’ ¢n+l _ ¢n> — (W(¢n+l’ Wn+l) _ W(d)n’ wn+1)’ 1)
L2 L?
~ Wd)d)(éiﬁ—l , l//n+l)
2
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n+l _ gn gntl n n—1
x (97 =gt —2g" + )
(22)
Similarly, another three terms in the left of Eq. (19) can be obtained
as:

(W¢($n+%,wn)’ ¢n+1 _ ¢n> 2 - (W(¢'1+l’wn) _ W(¢n,v/n)’1) ,
L L
W&
2

% (¢n+l — @ =247 + ! )LZ’ (23)

(Ww(qsn-ﬁ-l,li/rﬁ%)’ l[ln+l _ lI/n)Lz — (W(¢n+l,|[/n+l) _ W(¢n+1,llln),l)
W, @8
2
x (Wn+l IR W )LZ’ (24)

L2

(Ww(qb”,li/'*%)» W l,,")L2 = (W(¢",y/"+‘) - W(¢",w"),1)
W @8
2
x (W"“ -yt -2y ! )Lz' 25

12

Because of the properties of continuous function, by combining
Egs. (22)-(25), there exist constants &+!, Zntl Zn+l Zrtl satisfying the
following equation:

1 ikt n+1 n 1 s n+1 n

S (W@ gt = g) |+ 3 (Wa@ 2w e - ¢t |

l n+1 oty n+l _ . n l( noants n+l _ n)
+2<Ww(¢ ST 2), l//)L2+2 W, (@" 9 2),y v,

_ (W(¢n+l7 Wt — W, "), 1)

W¢¢($I’+l v+ W¢¢(é;+] st

2
12

(¢n+l _¢n’¢n+1 _ 2¢n +¢n—l)

4 L2
n+1 pFn+l n pFn+l
— W‘VW(¢ i é,1 )4+ WWV’(¢ i é,2 ) llanrl _ ‘I/n’ WnJrl _ 21’/}1 + anl )L2

_ (W(¢n+l7 WD — W, "), 1)

~ W¢¢($n+l’ 5n+1)

2

(¢n+l — g — 2t +¢n—l)

4 L2
W (gn+l , §n+1)
_ Wf Wn+1 _Wn’wn-H —2y" +Wn—1)L2. 0 (26)

Then, we discretize the total energy functional (12)-(15) as:

2
d g n ny _ n n €¢ 12
¢y = (W@ y"1) + - IVe'l,
2
€,
+5- V"1, + 21Vl @7)

Here, 1 is a vector and all entries are equivalent to 1. Then the discrete
pseudo energy is defined as

S‘d(¢n+l ¢n Wn+l Wn) =£d(¢n+l Wn+l)
1 N .
+ g (214, - W¢¢(§n+l’ §n+l)) ”¢n+l - ¢n”2Lz
1 . R
+ 5 (20 = Wy LD Iyt =y,
(28)
Lemma 2. Under the conditions Ay 2 %sup(w(w) and Ay = %sup(ww),
the solutions ¢"*! and w"*' of Eqs. (12)-(15) satisfy:

NPy < ENPTL @y ™). 29
Proof. According to Eq. (28), we can obtain

_ 1 ~ ¥
gd(¢n+l’wn+l) _ Sd(¢"+1,¢",l[1n+l,l[/") — _§<21¢ _ W¢¢(§n+l,5n+l))
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xllg™" = "1I3,
_ %(Uw _ Www(§n+l,én+l))

xIly™" —y"lI7, <0. O (30)

Theorem 1. If 4, > % sup(wyy) and 4, > % sup(w,,,), the scheme
(12)—(15) satisfies the following discrete pseudo energy dissipation law:
ENP @y ) S ENP Ty . D

Proof. By applying the L? inner product of Eqs. (12) and (14) to x"*
and V'3 respectively, we obtain that

(¢n+1 — ¢, ”n+§)L2 _ A1M¢(A/4"+5, ”H%)]}

= MMV, (32)
(u/”“ —y", v"+%)L2 = Aer(Av“%, V"+%>L2

=AM, WV, 33)

By employing the L? inner product of Eq. (13) to ¢! — ¢" and
employing the L? inner product of Eq. (15) to y"*! — ", we have that

(- *4) =L (Wt
R AR PE

b (#7E g - g) e (g9

vo(" ) 4

n+l _ . n n+%) =1(W n+1 An+2
(vt =y ) =3 (W )
n AnJrl n+ n
+Wv,(¢,w " -y )
1 1
+ ( 2 —WnJrE,][/"'H _Wn) 2_€W2(Awn+§’wn+l _Wn) - (35)
L L
By combing Egs. (32)-(35), we have:

l ont n+1 n+l _ gn l pntd n n+l _ qn
S (Wy@ 2y g ¢)L2+2(W¢<¢ L - )

1 n+1 An+ n 1 n AnJrl n+1 n
F (W ) s (W@ D -yt
1 1
S UAEEY AN —¢")L2 + 4, (W -9y —w")Lz
1
2 n+ > +1
—ei? (49724 - 97)
_GWZ <Awn+%’wn+l _ Wn) + O'( ¢n+l ¢n)
L2
1
= MMV T2, — 4, 9V, (36)

For the first four terms of Eq. (36), we can use Lemma 1 and have:
1 ekl 1 1
S (We@ 2y, g - ¢")L2 +
1 N 1 ottt
+§<Ww(¢n+l n+2) W Wn>L2+§<WW(¢n»WW+2)aWn+l_Wn)
= (W@ -whwna)

w. (én+1’gn+])
_ [ n+l _ gn gn+l _ n n—1
(@ g -2 )
_ WIVV/(§W+1’¢”+1)
4
For another terms of Eq. (36), we can obtain:

S(Wa@ 2 - ) |

2

l/’n+1 _ l[/n,l[/n+l _ 2‘”” + lI/rt—l>Lz_ (37)

A¢<¢n+§ _¢n+%’¢n+l _¢n>L2 ny)

(¢n+l R R ¢n)L2

1

'\-’ls&mh

(Wn-H _ zwn + Wn— , l[/"+l _ wn>L2
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e

n+1 ny2 n n—12 n+1 n n—12
2 (™ = 912, = " = "2, + e =29 + 472, )

Ay
7 (I = I, = =2

™ =2+ R, ) 38)
2 gyt !
e, (A" 2y

4 n+1 n n
Lgm—gn) 4 -v")
L2 L2

_i<v¢n+l +V¢n’v¢n+l _V¢n>
2 L2

€W2 n+1 n n+
- (Vt// + Vy'", Vy

2 - V"’")

L2

€ 2 €, 2
¢ ntl)12 n)|2 v ntl )2 n|2
— - (Ve 2, = 198712, ) = = (19w 12, = 19w I,)  (39)

1
nts gn+l _ gn — z( n+1 nogn+l _ n)
o(e 2. =) =S + et - )
— %(¢n+l +(pn’¢n+1 _d‘)_(¢n _q;)) ,
L
=-Z(e + o0 —29") = S(IVE™IE, — IVOIIZ, ). (40)
Therefore, by Egs. (28), (36)-(40), we obtain:
E_d(¢"+l,¢”,y/”+l,v/") _ g_d((ﬁ"’qb”_l,y/",y/"_l)
=&y - ¢y
1 X .
+ g (2/1¢ _ Wd)d)(énﬂ , gn+l)> ||¢n+l _ ¢”||2Lz

12

1 sl ¥ntl —1)2
—5 (2 = W€ 2 i - 62,
1 Yol s
+ §(2/1 l,,l,,(f"J",C"Jrl))IIW"+1 -3,
1 _
5 (24 =W @8 )Iv =y I,
e+ 2 <21¢_W¢¢(£"+1’5n+1)> 1 no 12
=—AMylIVu"2 1, 3 lg"™" =2" + "I,
el (ZAW_WWW(énH’é«nH))
— MM, VvV 2, — 3
Xy = 29" +y" 7, <0 O (41)

Theorem 2. Suppose that ¢° = ¢~!, w® = y~!, then the discrete total

energy defined in (27) satisfies that

NPy < ENTL @y ™) < €180 ). (42)
Proof. According to Lemma 1 and Theorem 1, we have a chain of

inequalities,

< ENPM, " T ") < EgN "y T <

<& 97 w0y
=&’ y". O (43)

In our proof, the stabilizing parameter 4, and 4, are chosen to be
Ap 2 5 sup(w¢¢) and 4, > 5 sup(w ) to make the energy strictly non-
mcreasmg Because wy,, = qﬁ3 ¢ +2by and w,,, = = y3 — y are two
quadratic functions, qup(ww) =3¢% — 1+ 2bip and Sup(Wyy) = 3t -1
are satisfied. Here, ¢ and y are the maximum values of ¢ and v,
respectively. For simplicity, we choose Ay = 4, = 1 + b for the initial
conditions ¢° € [-1,1] and y° € [-1,1].

Sd(¢n+l,l[1

4. Numerical experiments

In this Section, we perform several numerical experiments to
demonstrate the accuracy and stability of the scheme we proposed. To
insure the second-order accuracy of every time step, the good initial
steps ¢~ and y~! are required. For the sake of simplicity, we suppose
that ¢° = ¢! and w° = w~!. Though it leads to a loss of accuracy in the
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Fig. 1. Evolutions of ¢ (top) and y (bottom). The computational times are listed below each figure.

3 ' ' | I
— At=0.0005
— — — At=0.001
.......... At=0.005
————— At=0.01
| TR _
7)) | il !
g | i !
O \ H 1
= ] i
oy ] :
o |r ] !
—_— 1 h F |
ot . : ' '
! p o 12 time 1¢ 20

Fig. 2. The number of iterations with different time steps.

initial time step, the proposed scheme satisfies second order accuracy in
later calculations. Therefore, we can observe a second-order accuracy
in regard to time and space for a long simulation.

4.1. Evolution of phase separation

In this test, we begin with a computational simulation to explain the
microphase and macrophase separations’ evolution in two-dimensional
space. The initial conditions are set as My = 0.05, M, =1, a =001,
b=-0.3, ¢(x,y,0) = cos(10(x — y)x(x — Dy(y — 1), w(x,y,0) = sin(2x(x —
1)y(y — 1)) on the domain (0, 1) x (0, 1) with a mesh grid 128 x 128.
Here, ¢, = ¢, = 0.03, and ¢ = 0 are adopted. The calculation runs until
T = 20 with 4t = 0.001. The evolution of ¢ and y in two-dimensional

v

space are shown in Fig. 1. The blue domain in the snapshots of y corre-
sponds the homopolymer rich domain, the red domain of y corresponds
the copolymer rich domain. By observing ¢, we can see that in the
copolymer rich domain, A— B diblock copolymers evolve into a layered
structure. In Fig. 3, the evolution of the discrete energies £(¢, ) are
shown with several time steps 4r = 0.0005, 0.001, 0.005, and 0.01. We
discover that the evolution of energy decreases faster when there is a
smaller time step. As mentioned in the above, the iterative method is
introduced to solve numerical solutions in Eqs. (12)-(15). By setting
@10 = 29" — "1 and w10 = 2" — y"!, we solve Egs. (12)-(15)
and set ¢"+! = ¢+l and yt! = w1+ until a relative L,-norm
of the consecutive error ||+l — grtbm|| /|| grthm| 4 [|yrttemtd —
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06 T T T T
At=0.0005
— = = At=0.001
.......... At=0005
L B U IR At=0.01
0.1
5 04
o 0.09
(0]
C
o 34 36 38 4 42 44
©
8
e
0.2 4
0 1 1 1 - 1
0 4 8 12 time 16 20

Fig. 3. The evolution of the discrete energy & with different time steps.

0398 -0.396 -0.394 -0.392 0405 -04 0395 -0.39

(b) ¢ = 1000

(c) t = 1500 (d) t = 2000

Fig. 4. Evolution of ¢ (top) and y (bottom). The parameters are ¢, = ¢, = 0.04, My =0.05, M,, = 1, a=0.01, b=—0.1, 0 =0, and 4r = 100. The time is shown below each figure.

W™ /llw™ 7|, s less than a given tolerance le-5. Fig. 2 shows
the number of iterations with different time steps. Observing these
results, we can see that the residual error converges rather quickly to
the given tolerance in few iterations.

4.2. Stability of the proposed scheme

In this test, the stability of the proposed scheme is investigated with
random initial conditions ¢(x, y,0) = 0.01rand(x, y), w(x, y,0) = —0.4 +
0.01rand(x, y) on the domain (0, 1) x (0, 1) with a mesh grid 128 x 128.
The rand(x,y) is a random number within the range of [—1, 1]. Here,
My =005 M, =1,a=001b=-01¢ =¢, =004 and o = 0
are used. We run the calculation until T = 2000 with a larger time
step At = 100. The evolutions of ¢ and y in two-dimensional space are
shown in Fig. 4. It should be noted that since our scheme is nonlinear,
it is difficult to prove the existence and uniqueness of our solution. In

Fig. 5, we plot the evolutions of the pseudo energy and total energy
with a larger time step A+ = 100. It can be seen that the numerical
solution will not explode, which implies that the proposed scheme can
use larger steps. While a large time step makes the evolution be less
accurate due to the accuracy of our proposed method with respect
to time. Therefore, to balance the relationship between accuracy and
computational costs, an appropriate value for At is 0.1h.

4.3. Convergence test

In this test, we demonstrate the prediction of spatial and temporal
convergence by choosing the increasing finer grids » = 1/2" for n =
5,6,7,8 and 9 in the domain Q = (0, 1) X (0, 1). We use the same initial
condition as ¢(x,y,0) = w(x,y,0) = 0.05 + 0.01 (sin(27cx) + cos(27ry)). We
set My =M, =1,a=2,b=3, ¢, =¢, = 000625 c = 50. We run the
simulation up to the time 7' = 0.1 with a time step 4r = 0.1A. Since there
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Fig. 5. Temporal evolutions of pseudo energy and total energy with a larger time step A7 = 100.
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Fig. 6. The phase diagram of ¢ at T" =50 for different parameters a and o.

is no closed-form exact solution for this initial condition, we define the

Cauchy error e ot/ and € /t between the computational solutions:
h/2 h/2 /2 h/2
/B, (D3 10jo1 T D10 T Painjog + Pain))
€ij =T 4
h/2 n/2 n/2 n/2
wh/ %) A W 1 2jo1 T Vait12; t Wainj1 T Vi)
e =W - n .

The convergence rate is defined as log,(|le,|l>/llex |l,), where ||e||§ is

2
the discrete /,-norm defined as ||e||§ Zg’l‘zjjiyle?j/(NxNy). Because
we refine the spatial and temporal grids by 2, the rate of successive

errors should increase by 2. The errors and rates of second-order

convergence are presented in Table 1. As illustrated in Table 1, second-
order accuracy with respect to the space is observed. Next, we fix the
space step size as h 1/128 and choose a set of time-steps At
0.016A, 0.008h, 0.004h, 0.002A, and 0.001A. Computational solutions
are calculated up to time 7' = 0.01. We define the Cauchy error of a
grid to be

s 0

w(dt/4)
i’ a2 e /7 _ wh a1/2

_ At
=~ ¢y ij ij ij

According to the definition above, we give the errors and convergence’s
rates in Table 2. Time-dependent second-order accuracy is observed, as
expected by discretization.
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® =0.03
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® =0.04
Fig. 7. Evolutions of ¢ with different ¢,. From left to right, the computational times are t = 2.5, 5, 7, and 50, respectively.
s
P
(b) €5 = 0.02 (c) €4 = 0.03
Fig. 8. Evolutions of ¢ and y with different parameter ¢,.
Table 1 Table 2
Errors and convergence rates with various mesh grids. 4r = 0.1A is fixed. Errors and convergence rates with various time steps. A =1/128 is fixed.
he hy lps, = &, Nl Rate v, = wi, Il Rate Ar, Aty lar, = e, N2 Rate 1wn, =, Iz Rate
32 x 32 64 x 64 2.9235¢—-04 3.9307e—04 0.016h 0.008h 6.9986e—04 2.6182¢—04
64 X 64 128 x 128 7.2794e-05 2.006 9.7851e-05 2.006 0.008h 0.004h 1.9449¢-04 1.847 7.2823¢-05 1.846
128 x 128 256 x 256 1.8180e—05 2.001 2.4437e—-05 2.002 0.004h 0.002h 4.8570e—05 2.002 1.8147e—-05 2.005
256 x 256 512 x 512 4.5440e—-06 2.000 6.1075¢—06 2.000 0.002h 0.001A 1.2136e—05 2.001 4.5312¢—06 2.002

4.4. Effect of parameter a and ¢

In this test, we will investigate the effect of parameters a and o.
Because the frustration effects are more noticeable in small system, we
perform the numerical experiments on the domain (0, 1) x (0, 1) x (0, 1)
with a mesh grid 128 x 128 x 128. The initial condition is set as
d(x,y,0) = 0.0lrand(x,y, z), y(x,y,0) = —=0.5 + 0.01rand(x, y, z). Here,

My =005 M, =1,¢, =¢, = 004, and b = —0.5. The numerical
simulation runs until 7 = 50 with 4z = 0.005. In the evolution of
microphase separation, the yellow and blue surfaces in the snapshots
of ¢ represent the iso-surface of ¢ = 1 and ¢ = —1, respectively. From
bottom to top, we can see that the interface area in the copolymer
domain enlarges as the value of ¢ increases. Lamellar multilayer,
micelle, vesicle, and multiples are common minimizers in the phase
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Fig. 10. Evolutions of ¢ (top) and y (bottom) for copolymer solvent mixtures in three dimensional space.

diagram. Smaller ¢ and larger a lead to a smaller value of free energy.
Commonly, the free energy of onion-like morphology is smaller than
the multipod structure. The onion-like morphology in the lower right
corner of Fig. 6 is consistent with the findings above. For a larger o,
the microstructures evolve from lamellar multilayer to multipods, tend
towards a more stable structure.

4.5. Effect of parameter €, and e,

€y and ¢, increase with the thickness of components’ propagating
fronts. In this test, we study the effect of ¢, and ¢,,. The initial condition

is set as ¢(x, y,0) = 0.01rand(x, y, z), w(x,y,0) = =0.5 + 0.01rand(x, y, z)
on the domain (0, 1) x (0, 1) x (0, 1) with a mesh grid 128 x 128 x 128.
Here, M, = 0.05, M,, = 1, a =025, b = —0.5, and ¢ = 120. We run the
numerical simulation until 7 = 50 with a time step 47 = 0.005. Here,
€y =0.02 is fixed and €, is set as 0.03, 0.04, and 0.05, respectively. In
order to test e;, we set e, = 0.01, 0.02, 0.03, and 0.04 with the fixed
parameter ¢, = 0.04. In the evolution of microphase separation, the
yellow and blue surfaces in the snapshots of ¢ represent the iso-surface
of = 1 and ¢ = —1. In the evolution of macrophase separation, the
yellow and blue surfaces in the snapshots of y represent the iso-surface
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of y =1 and y = —1. Fig. 7 shows the evolution of ¢ with different ¢,,.
Observing these results, we can see that in the copolymer domain of
macrophase separation, the microstructure of ¢ evolutes from lamellar
multilayer to onion-like morphology, the interface between copolymer
and homopolymer is thicker with the increment of e,,. Fig. 8(a)-(d)
show the morphology of ¢ and y in T = 50 with different ¢,. Through
the comparison of different €¢,, we can see that in the copolymer
domain of macrophase separation, the microstructure of ¢ evolves from
lamellar multilayer to multipod morphology, the interface between
block A and B is a thinker with the increment of ¢,,.

4.6. Copolymer solvent mixtures

In this test, we consider the copolymer solvent mixture by using
W = ad2(1— § )2 +bd>(1 — pp)* +cs>(1 — ) [38]. Here, ¢, b
and ¢ denote the volume fractions of A-, B-, and S-diblock copolymer,
respectively. The blocking ratio f defined by f = N,/(N, + Np),
is the ratio of A-monomer compared with the total polymer volume,
where N,, N are the numbers of the corresponding monomers per
molecule. For ¢ = (1 — /)4 — fdp, w = fds + (1 — )¢, and the
incompressibility ¢, + ¢ + ¢pg = 1, we can convert this equation into
the form of ¢ and y. When ¢ = 0 and y = 0, the potential W (¢, w) has
minima, which is concomitant with pure solvent [51]. When ¢ +y =1
and one of them equals f, it corresponds to pure A or B monomer,
respectively. Here, f is set as f = 0.5, therefore, y = 0.5, ¢ = 0.5
and y = 0.5, ¢ = —0.5 correspond to the block A and B respectively.
¢ =0, =05and ¢ = 0, y = 0 correspond to the copolymer rich
domain and homopolymer rich domain respectively. We begin with a
numerical simulation to show the evolution of microphase separation
and macrophase separation in two-dimensional space. We set randomly
four circular regions of radius 1/8 on the domain (0, 1) x (0, 1) with a
mesh grid 128 x 128. The initial conditions are set as My, = M,, = 1,
a=b=c=0.1. We set ¢(x,y,0) = 0.02(rand(x, y) — 0.5), w(x,y,0) = 0.5
within the region and ¢(x,y,0) = 0, w(x,y,0) = 0 outside the region.
Here, ¢, = ¢, = 0.01, 45 = 0.5(10.5b — a), 4, = a+ 13b + 52¢, and
o = 0 are used. The evolution of ¢ and y in two-dimensional space
is shown in Fig. 9. The calculation is run until 7 = 10 with a time
step At = 0.001. In Fig. 9, the green domain of y corresponds to the
homopolymer rich domain, the red domain of y corresponds to the
copolymer rich domain. We can see that in the copolymer rich domain,
A — B diblock copolymers evolve into a layered structure.

In the numerical simulation in three-dimensional space, to control
the proportion of solvent in the entire space as a constant, we set
randomly eight spherical area of radius 1/4 on the domain (0, 1)x(0, 1)x
(0, 1) with a mesh grid 128 x 128 x 128. In the evolution of microphase
separation, the yellow and blue surfaces in the snapshots of ¢ corre-
sponds to the iso-surface of ¢ = 0.5 and ¢ = —0.5. In the evolution
of macrophase separation, the yellow surfaces in the snapshots of y
corresponds to the iso-surface of y = 0.5. The experimental results are
shown in Fig. 10. We can see that our method has a good performance
in the simulation of numerical solution in three-dimensional space.

5. Conclusions

In this study, we developed a numerical method with second-order
accuracy and unconditional energy stability for the coupled Cahn-—
Hilliard system for homopolymer and copolymer mixtures in two- and
three-dimensional spaces. We proved the non-increasing of discrete
energy by introducing pseudo energy. To efficiently solve the discrete
system, we used a fast iterative Fourier transform method. We proved
that our scheme is unconditional stable, therefore our scheme can use
large time steps. We numerically investigated the stability and con-
vergence of the proposed scheme. Several numerical experiments were
performed to show a set of morphologies of pattern formations in the
copolymer and homopolymer mixtures. The computational experiments
confirmed the efficiency of the proposed scheme.
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