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Abstract

Based on the fact that dissipative dynamical systems possess finite degrees of freedom,
anew continuous data assimilation algorithm for the two dimensional Cahn—Hilliard—
Navier—Stokes system is introduced. In this paper, we provide some suitable conditions
on the nudging parameters and the size of the spatial coarse mesh observables, which
are sufficient to show that the solution of the proposed algorithm converges at an expo-
nential rate, asymptotically in time, to the unique exact unknown reference solution
of the original system under the assumption that the observed data are free of error.
Thus, we can make the future predictions of the exact solution by the approximation
solution of the continuous data assimilation algorithm if the initial data is missing,
which usually appears in the fields of geophysical and biological sciences.

Keywords Cahn-Hilliard—Navier—Stokes system - Continuous data assimilation -
Signal synchronization - Nudging - Downscaling

Mathematics Subject Classification 35Q30 - 93C20 - 37C50 - 76B75 - 34D06

1 Introduction

Accurate numerical simulations of nonlinear systems require high precision in the
initial data. In general, initial data is ideally defined on the whole physical domain for
most applications, but it can be measured only discretely with inadequate resolution.
The goal of continuous data assimilation is to use low spatial resolution observational
data, obtained continuously in time, along with dynamical principles pertaining to
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the underlying mathematical model, to recover the corresponding exact solution from
which future predictions can be made. It was first proposed in [1] for atmospheric
predictions, such as weather forecasting. In general, as a result of the low spatial
and/or temporal resolution of the given observational measurements, it is very difficult
to produce accurate information of the true state of the atmosphere or a fluid at a given
time. More precisely, we assume that the discrete spatial measurements, continuously
in time, of an exact solution to a given model is available, while the exact solution
itself is unknown. For instance, the datas for weather prediction is collected at weather
stations spread over a discrete spatial grid, nearly continuously in time.

Inspired by the ideas from control theory [2, 3], a new continuous data assimilations
algorithm was developed in [4] for the two-dimensional Navier—Stokes equations,
which is different from the classical method of continuous data assimilation in [1],
but it is actually applicable to a large class of dissipative evolution equations, which
possess a finite number of determining parameters, such as determining modes, nodes
and local volume averages (see [5—15]). In this algorithm, a feedback control term
is introduced into the original evolution equation of the system, which forces the
coarse spatial scales of the solution of the new model, i.e., the approximating solution,
toward the coarse spatial scales of the solution of the original system, i.e., the reference
solution (see [16, 17]).The motivation of this approach is the fact that instabilities in
dissipative evolution equations occur at the large spatial scales, hence these coarse
scales in downscaling algorithms need to be controlled, stabilized, or nudged. This
type of technique was previously called Newtonian nudging or dynamic relaxation
method (see [18]) and usually considered in much simpler scenarios. The advantage
of this new algorithm is that no derivatives of the observational measurements are
required, but it is required in [1]. Thus, the method in [4] works for a general class of
interpolant operators without modification.

The main idea of such algorithm for a general evolution equation can be formally
described as follows: suppose that u(¢) is a solution of some dissipative dynamical
system generated by the following abstract evolution equation:

du_ 11

pri (u), (1.1)
where the initial data u(0) = ug is missing. Let I, (u#(¢)) be an interpolant operator
based on the observational measurements of this system at a coarse spatial resolution
of size h for ¢ € [0, T']. The algorithm proposed in [4] is to construct an approximate
solution v(¢) that satisfies the following equations

& = FQ) = u(p () — ),

1.2)

v(0) = vo,

where © > 0is arelaxation (nudging) parameter and vy is arbitrarily given initial data.
If problem (1.2) is globally well-posed and I, (v) converges to I, («) in time, then one
can recover the reference solution u(¢) from the approximate solution v(#). The goal is
to provide some conditions on ;> 0 and 2 > 0 in terms of physical parameters of the
evolution Eq. (1.1), such that the approximate solution v(¢) approaches the reference
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solution u(¢) with increasing accuracy as more continuous data in time is supplied.
After some large enough time 7 > 0, the solution v(7') can be used as an initial con-
dition of problem (1.1) to make future predictions of the reference solution u(¢) for
t > T, or one can continue to use the solution of problem (1.2) itself as long as more
observable measurements are provided. Recently, the approach of [4] is extended to
the case that the observations are contaminated with random errors in [19]. Moreover,
the ideas from [2] have also been applied to many dissipative dynamical systems, such
as the 3D Bénard convection in porous medium (see [20]), 2D Bénard convection sys-
tem (see [21, 22]), 2D Navier—Stokes equations (see [17, 23-29]), simplified Bardina
model (see [30]) as well as to the 3D Brinkman—Forchheimer-extended Darcy model
of porous media (see [31]), 3D Navier—Stokes-a model (see [32]), quasi-geostrophic
equation (see [33]). Moreover, there are some works concerning the numerical algo-
rithm (see [34-37]). In particular, the authors in [36] have proposed a numerical
approximation method for the Cahn—Hilliard equations that incorporates continuous
data assimilation to achieve long time accuracy by using of a C° interior penalty spa-
tial discretization of the fourth order Cahn—Hilliard equations and a backward Euler
temporal discretization. They proved the method was long time stable and long time
accurate for arbitrarily inaccurate initial conditions under the condition that enough
data measurements are incorporated into the simulation. Additionally, there is another
method of data assimilation named variational data assimilation used in many applica-
tions (see [38—41]), which is based on the minimization of a cost function to estimate
parameters of a partial differential equation from the observation of one (or possibly
several) solution of this equation. This cost function measures the difference between
the predicted and actual observations. Comparing to the variational data assimilation,
the continuous data assimilation do not need to solving the corresponding optimal-
ization problem and the convergence rate is faster than the one of variational data
assimilation. Therefore, we will consider the continuous data assimilation of the two
dimensional Cahn—Hilliard—Navier—Stokes system in this paper.

We mainly investigate the two dimensional Cahn—Hilliard—Navier—Stokes system
given by:

W vAu+ - Vu+Vp+rpVu =g), (x,1) € QxR*,
V-u=0, (x,t) e 2 xRT,

1.3
aa_q:-i-bt'Vd)—VAH:O, (x,1) € Q x RT, (13
M:_A¢+f(¢)7 (x’t) € Q XRJ’_'
Equation (1.3) is subject to the following homogeneous Neumann conditions
0 0
u=0 2% _o (c.ner xR (1.4)
on  on
and initial conditions
u(x,0) =uplx), x € Q, (1.5)
¢ (x,0) =po(x), x €,
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where Q C R? is a bounded domain with smooth boundary I and R* = [0, +00),
v > 0 is the viscosity, A > 0 is a surface tension parameter, y > 0 is the elastic
relaxation time (see [42]), g(x) = (g1(x), g2(x)) is the external force, u(x,t) =
(u1(x, 1), uz(x,t)) denotes the average velocity and ¢ is the difference of the two
fluid concentrations, p is the fluid pressure, n is the unit external normal vector on I'.

Diffuse-interface methods in fluid mechanics are widely used by many researchers
to describe the behavior of complex fluids (see [43]). A diffuse interface variant of
Cahn-Hilliard—Navier—Stokes system has been proposed to model the motion of an
isothermal mixture of two immiscible and incompressible fluids subject to phase sep-
aration (see [44, 45]). The coupled system consists of a convective Cahn—Hilliard
equation for the order parameter, i.e., the difference of the relative concentrations
of the two phases, coupled with the Navier—Stokes equations for the average fluid
velocity. The Cahn—Hilliard—Navier—Stokes system has been investigated from the
numerical (see [46—48]) and analytical (see, e.g., [49—52]) viewpoint in several papers.
The long-time behavior of solutions and well-posedness for the two dimensional
Cahn-Hilliard-Navier-Stokes system were proved in [50]. In [51], the authors have
considered the instability of two-phase flows and provided a lower bound on the
dimension of the global attractor of the Cahn—Hilliard—Navier—Stokes system.

In this paper, we propose a new continuous data assimilation algorithm for the con-
struction of v(¢) and v (¢) that approximates the velocity u(¢) and the order parameter
¢ (1), respectively, from the observational measurement I, (u(¢)) of the velocity along
with I;,(¢(t)) of the order parameter of ¢+ € [0, T'], which satisfies the following
problem:

B vAV+ (v VI + Vg + Ay V= g(x) — BIh(v) — h(w)), (x,1) € Q x RY,
V-v=0, (x,1) e QxRT,
Wy VY —yAn = —x W) — Ii($), (x,1) € 2 x RY,

n=—-AY+ f(¥), (x,1)e QxR (1.6)
v=0, ¥ =3-0 (x,nel xR,

v(x,0) =vo(x), x € Q,
Y(x,0) = Yo(x), x €Q,

where B and y are two positive relaxation (nudging) parameters, which relaxes the coarse
spatial scales of (v, ) toward the observed data, ¢ is the approximate pressure, and the initial
data (vg, ¥o) is arbitrarily chosen.
To study problem (1.3)—(1.5) and problem (1.6), we assume the following conditions:
(H)) the function f € C'(R, R) satisfies that there exists a positive constant C; such that

LF/ ) = f1®)] < Cilr = sl(rP72 + 151777 + 1) (1.7)
forany r, s € R and
alrl? —ky < f()r < el + k. (1.8)
wherec; >0 =1,2), p >3, k1 > 0.
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(H3) the function g € C(R, R) satisfies that there exists a positive constant C; such that
80r) = g()| < Calr = s|(Ir172 + 151972 + 1) (1.9)
forany r, r € R and
aalr|? —ky < g(r)r < calr|? + ks, (1.10)

where ¢c; > 0( =3,4),qg > 2,k > 0.
The observational measurement operator /, is given by a linear interpolant operator [, :
HY(Q) — L*(Q) or I} : V — H satisfying the approximation property

o = 1@ 12@) < vohllell e (1.11)

for every ¢ € H'(Q) or ¢ € V, where y > 0 is a dimensionless constant. One example of
an interpolant observable that satisfies (1.11) is the orthogonal projection onto the low Fourier
modes with wave numbers k such that |k| < hl

In this paper, we will establish some convergence results about the data assimilation
algorithm to the two dimensional Cahn—Hilliard—Navier—Stokes system in the absence of mea-
surement errors. The paper is organized as follows: first, we recall the functional setting of
the two dimensional Cahn—Hilliard—Navier—Stokes system and give a lemma needed to study
our continuous data assimilation. Subsequently, in Sect. 3, we establish some regularity results
about problem (1.3). Finally, in Sect. 4, we give some suitable conditions on 3, x and & under
which the approximate solutions obtained by this algorithm will converge to the reference
solution of the two dimensional Cahn—Hilliard—Navier—Stokes system.

2 Preliminaries

For the sake of completeness, this section presents some preliminary material and notations
commonly used in the mathematical study of fluids, in particular in the study of the Navier—
Stokes equations and the Euler equations. Define

V={ue Q) :V-u=0).

Denote by H and V the closure of V with respect to the norms in L2() and H(} (2), respec-
tively. Denote by X* the dual space of X and let P be the Leray orthogonal projector from
LZ(Q) onto H, and define the Stokes operator A : V — V* by Aju = — P Au with domain
D(A1) = VNH?(K). The linear operator A is self-adjoint and positive definite with compact
inverse Al_] : H — H.Thus, there exists acomplete orthonormal set of eigenfunctions w; in H
such that Ajw; = A;jw; foranyi € N, where 0 < Aj <Xy <.+ <A; <Ajg] <--- — +00.
Let A, be the Laplacian operator with homogeneous Neumann boundary conditions.

In order to define the variational setting for the two dimensional Cahn—Hilliard—Navier—
Stokes system, we also need to introduce the bilinear operators By, B; (and their related
trilinear forms by and b,) as well as the coupling mapping R which are defined, from V x V
into V*, V x H(Q) into (H' (Q))* and L2(2) x H2(£2) into V*, respectively. More precisely,
we set
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(B1(u,v), w) = / [(u(x) - VIv(x)] - wx)dx =bi(u,v,w), Y u, v, wev,
Q

(Ba(u, 9), ¥) =/Q(u(x)‘V¢(X)W(X)dx
=by(u, ¢, %), YueV, ¢, ¥ € H(Q),
(R, @), u) =/Q(M(X)‘V¢(x))ﬂ(x)dx
=by(u, ¢, ), YueV, ¢ € H(Q), ue L*(Q).

Based on the above notations, we can reformulate problem (1.3)—(1.5) and problem (1.6)
into the functional form

B 4 vAju+ By (u,u) + AR (i, §) = k(x),
% 4 By(u, ¢) + y Aoy =0,

w=Ap+ f(9), 2.1
u(0) = up,
#(0) = ¢o

and

B4 vAW + Bi(v,v) + AR, YY) = k(x) — BP (I (v) — I (),
W4 By(v, ) + yAan = —x (V) — In(@)),

n= A+ f(¥), (2.2)
v(0) = v,
¥ (0) = Yo,

where k = Pg. Without loss of generality, we assume that g € H such that k = Pg = g.
Furthermore, inequalities (1.11) implies that

lw— I (w)llp2) < cohllwllgi g (2.3)

for every w € Hl(Q) orw € V, where co = yp.

Remark 2.1 We will use the same notation indiscriminately for both scalar and vector Lebesgue
and Sobolev spaces, which should not be a source of confusion.

In what follows, we recall a lemma used in the sequel.

Lemma 2.2 [31] Assume that A, B, D and B are positive constants. Let a(t) be a measurable
nonnegative function satisfying

'
f a(s)ds < At + B
0

for all t > 0. Suppose that Y (t) is a nonnegative and absolutely continuous function that
satisfies the following inequality

PO < (D - BY () + ()Y (1),
Y (0) = Yo.
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Let B be such that
8 B
B > max 14A, gDe .

Then, we have

(1) Y(r) <2eBYy forallt > 0.
(2) Y(t) — 0 at an exponential rate as t — +00.

In what follows, we give the definition of solutions to problem (2.1).

Definition 2.3 Assume that g € H and (H;)-(H>) hold. For any (uq, ¢o) € H X H'(Q) and
any fixed T > 0, a function (u, ¢) is called a weak solution of problem (2.1) on (0, T'), if

ne L2(0, T;H' (£2)) is given by the third equation of problem (2.1)
and

¢ € C(0, TT; H' () N L*0, T; HX(R)),
ueC(0,T); HYNL*0,T; V),
(ur, dr) € L*(0, T; V* x (H'(2))"),

which satisfies the following equalities

/(u,-v—|—vVu-Vv)dx—|—b1(u,u,v)+Ab2(v,u,¢):/g-vdx,
$2 Q
/¢twdx+bz(u,¢,1//)+y/Vu-vwdx:o,

Q Q

/(V¢-V9+f(¢>)9)dx:/ ub dx
Q Q

for all test functions v € V and ¢, 6 € W = {w € H(Q) : %—z = 0}.

We recall the following well-posedness and the existence of a finite dimensional global
attractor for problem (2.1) in [50].

Theorem 2.4 (Well-posedness) Assume that g € H and (Hy)-(Hy) hold. Then for any ug € H
and o € H' (Q), there exists a unique weak solution (u(t), ¢ (t)) for problem (2.1) such that

me(t) = meo, which depends continuously on the initial data (ug, ¢o) with respect to the
normin H x HY ().

Theorem 2.5 (Existence of global attractor) Assume that g € H and (Hy)-(Hy) are in force.
Then problem (2.1) possesses a finite dimensional global attractor Ain H x Vy, where
Vi={pecH(Q):¢= ﬁfgqﬁ(x)dx = I} for every fixed I € R.

Remark 2.6 In this work, we will assume that the reference solution of problem (2.1), that we

are trying to approximate, has evolved enough in time to satisfy the estimate provided in the
following Theorem. That is, we will assume that the solution satisfies this estimate at t = 0.
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3 Regularity Results

Theorem 3.1 Assume that g € H and (H1)—(H3) hold. Then foranyuy € H and ¢o € HY(Q),
the solution of problem (2.1) satisfies

e @172q) + 16 D131 g, < K*
foranyt > 0, where K is given in (3.7).
Proof Multiplying the first equation, the second equation and the third equation of Eq. (2.1)

by u, A and ¢, respectively, and integrating by parts and adding the resulting equalities, we
obtain

d 1 2 A 2

0y IV 72y + VIVUD 172 g
+ %1 g + fg F@)p () dx
=/ pL(x,t)d)(x,t)dx—i—/ g(x)-ulx,t)ydx
Q Q

< @) = 2O 2@l Ol L2y + Aol + llgll 2 @)l 20
< CIVuO 2@ ¢ @)l 120 + 1110l 1R + gl 20 4Ol 22 (0 3.1

where F(s) = f§ f(r)dr is the primitive function of f.
Taking the L~ (£2) inner product of the third equation of Eq. (2.1) with the constant 1, we
find

< Nf@EL - (3.2)

’/ w(x,t)dx
Q

Combining assumptions (1.7)—(1.10) and inequalities (3.1)—(3.2) with Hoélder’s inequality and
Young’s inequality, we find that there exist two positive constants § and o such that

d
TIW®) 6 0) + Y IVHOI 20 +VIVHOI 20 + 8T D). $(0) <. (B.3)

where
I 9) = Vg + M0l 0, + 2 [ F@)
From the classical Gronwall inequality, we infer

J@u(®), ¢ (1)) <e™® J((0), $(0)) + %

eI (o, o) + 5. (3.4)
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From assumptions (1.7)—(1.10), we deduce that there exist four positive constants 81, 82, [/
and /5 such that

o1 (Il gy + 2161210 + 19150 ) = 11 =< 1, #)

= 8 (132q) + *121 g + 191750) ) + . (3.5)
By virtue of inequalities (3.4)—(3.5), we obtain

)72y + HSDI1 ) + 16D q)

I _g 0 I
< — J — 4 —. 3.6
=3¢ (uo, ¢o) + 55 + 5 (3.6)

Thus, inequality (3.6) shows that
lu @122, + MO0, + 16ONF g < K

for any r > 0 with
K2 = —J(uo, ¢o) + — + —. 3.7

Integrating inequality (3.3) from O to 7, we obtain

t t
Ay /0 IVI()172 gy ds + v /0 V()17 2 ds

< (o +Ldit + J(uo, o) + 1. (3.8)

We infer from inequalities (1.7)—(1.10), (3.2), (3.6), Sobolev embedding Theorem and the
regularity theory of second order elliptic equation that

@2 + 1o 2@
< C(ln@) = fF @) + D20 + LD 12())
<Cl¢Wllr2 + 1 @ENL2@) + 11O L20)
< CUlp D2 + 1 F @) 120 + IV 2(0)
< CU+ 6O, + IVEOl 2)- (3.9)

It follows from inequalities (3.8)—(3.9) that

t
/0 U172 + 16O 2 dr

< C(l—l—Kz(”_l)+Q+118)I+C(J(uo,¢0)+ll). (3.10)
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Inequality (3.8) and inequality (3.10) show that there exists a dimensional positive constant
K1, such that for any ¢ > 0,

Ay f 1) 121 ds + v f IVu(s)122q, ds + / ()22 dr

<K (1 F KD 4 +115) t+ K1 (J (o, o) +11). (3.11)

4 Convergence Result

In this section, we will derive some conditions on 8, x and & under which the approximate
solution (v, 1) of the data assimilation system (2.2) converges to the reference solution (u, ¢)
of problem (2.1) as ¢t — 400 when the observables operator satisfy (2.3).

Theorem 4.1 Assume that g € H and (Hy)—(Hy) hold. If I}, satisfies the approximation prop-
erty (2.3) and (u(x, 1), ¢ (x, 1)) is a weak solution in the global attractor A of problem (2.1),
B > 0and x > 0 are arbitrary and let h < 1 be chosen such that ﬂcoh2 < v and
4h4 < min { 513 16 } Then for any (vo, Yo) € H X H'(Q), problem (2.2) has a unique
weak solution (v, V) in the sense of Definition 2.3, which depends continuously on the initial
data in the H x H'()-norm.
Let o > 0 be arbitrary, but fixed, such that « > K, where the positive constant K is given
in Theorem 3.1. If (ug, ¢o), (vo, Vo) € H x HY(Q) such that

||M0||i2(9) +A||¢o||§,l(m <a?,

2

and we choose B, x > 0 large enough such that
8
min{ﬁ, X} > max {4K2A, ng(l + K4 + K4([7—2) + e4KZB +e4(P—2)KZB)eKZB} .

Then

at an exponential rate ast — +00.

Proof The existence of the weak solution (v, ¥) of problem (2.2) is obtained by using the
Galerkin method and the Aubin compactness theorem (see [53]). Here, we omit its proof.
Definew =u — v, 0 = u —n and ¢ = ¢ — . From assumption, we know that (u, ¢) is a
weak solution in the global attractor A of problem (2.1), which satisfies the global estimates
in Theorem 3.1, then showing the global existence, in time, of the solution (w(?), ¢()) is
equivalent to showing the global existence, in time, of the solution (v(z), ¥ (¢)) of system
(2.2). To be concise here, we will show the global existence of the solution (w(¢), ¢(t))
and that ||w()|? 12(9) + ||(p(t)|| (@ decays exponentially, in time, which will imply that
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the convergence of the approximate solution (v(#), ¥ (¢)) to the exact solution (u(z), ¢ (1)),
exponentially in time.
It is clear that (w, @) satisfies the following problem

9+ vAjw + Bi(w, u) + Bi(v, w) = —AR(0, ¢) — AR(n, ¢) — BP Iy (w),
% 4 Ba(w. ¢) + Ba(v, 9) + y A28 = —BIi(p), “.1)
0=pn—n=A0+ f(@ — fQ¥).

Equation (4.1) is subject to the following initial conditions

w(0) = up — vo,

4.2
#(0) = ¢o — V0. “2

Next, we will prove some formal a priori estimates that are essential in proving the global
existence of solutions for problem (4.1)—(4.2). These estimates can be justified rigorously by
using the Galerkin method and the Aubin compactness theorem.

Multiplying the first equation of Eq. (4.1) by w and integrating by parts, we find

1d 2 2
Eanw(t)”[‘z(g) + UHVW(Z)”LZ(Q)

= —bi(w,u, w) — Aby(w, ¢, 0) — Aby(w, ¢, n) — ,B/ Ip(w(x,t)) - w(x,t)dx
Q

< —bi(w, u, w) + Abr(w, 0, ¢) — Ab2(w, 0, ) + Abr(w, u, @)
+ Blw@) — (w2 lwOl L2 — /3||w(l)||2L2(Q)- (4.3)

Taking the L2(2) inner product of the second equation of Eq. (4.1) with —AA¢ + Ag, we
obtain

d
Ao ) + AV IVAG@ 72 + 227 180 O)II72 gy + 2V VD72 g,
=)y /Q V(f(@) = fF() - (VO + VAp) dx — 22by(w, ¢, 9) + 2Aba(w, ¢, Ap)
+24ba (1, ¢, Ap) — 20ba(w, @, Ap) + 21y /Q (f@) — fF(¥)Apdx

—2x /Q In(@(x, ))(—2Ag + Lg) dx. 4.4

In what follows, we will estimate each term of the right hand side of inequalities (4.3)—(4.4)
by Holder’s inequality.

b1 (w, u, w)| <Nwll7a g I Vel 120
=Cllwll 2@ IVullp2@) IVwlz2(q)- 4.5)
[Ab2(w, 0, )| <llwll L4y IVOIl L2191l L4

1 1

[AD2(w, 0, )| <[lwll L4 VOl L2 @l L4 )
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<C||w||Lz(Q) ||Vw||L2(Q) VOl el m s 4.7)
[Aba(w, w, @) <lwll @ IVl 2@ lleliLa@

1 1
=Cllwll;2 o IVl 720 IVl 2 0]l 11 () - (4.8)
2@ 2@

With the help of Hoélder’s inequality and the Sobolev embedding inequality |ullzr@) <
Cllull g1 (g forany 1 < p < 400 and any u € H'(R2) as well as the following Gagliardo—
Nirenberg inequality:

190140 < CIAPI ) IV011 22 g, + CI VPl 2(0):

we obtain

Ay ’/;2 V([ (@)= f¥) - (V8 + VAgp)dx

=iy '/Q(f/(tﬁ) = ')V - (VO + VAp) dx

+ Ay ‘/ ' @W)Ve - (VO + VAp) dx

= C||V¢||L4(Q)(1 + ||¢||Lx(,, Q) + ”w”L*(P 3)(9))||‘P||L8(Q)(||V9||L2(Q) + ||VA(P||L2(Q))
+C(1+ ||1/f||L4(,, 2@ 1IVelLa@ (VO 2@) + VAR L2()

= ClIVll a1+ ||¢||H1(Q) + ”1//”Hl(Q))”(/)”Hl(Q)(”V@||L2(Q) + VAl 2)
+C(1+ ||1//||H1(Q))||V§0||L4(Q)(||V9||L2(Q) + IVAl2@)

= ClIVll L@l + ||¢||H1(Q) + il (Q))”‘P”Hl(Q)(”VQHLZ(Q) +IVAll2@)
+C(+ ||¢||H](Q)><||V¢||Lz<m + ||W||L2(Q) ||VA¢||L2(Q))<||V9||Lz(g> +IVAQl 20

< CIVPlay (L + 1815, + 112 oD el a1 @) (VO 12@) + IV ARl 2(0)
(€2) H (sz) H (sz)

+CA+ NIyl (Q))(H(PIIHl(Q) + ||</J||H1(Q) ”VA(p”Zz(Q))(”VG||L2(Q) +IVAll2@).

4.9)

2y ‘/Q(f(qﬁ) - FW)Apdx

<20 f (@) — fFW 2 ||A§0||L2(Q)

<Cl+ ||¢||L4<p 2)(Q) + ||W||L4 (p— z>(Q))||(/’||L4(Q) ”A(p”LZ(Q)

=C(1+ ||¢||H1(Q) + ||1/f||H1(Q))||§0||H1(Q) ANz @), (4.10)
20ba(w, ¢, Ap)| < 2A[[wll L4 IVARI L2 1Bl 140

1 1

= Clwll 2 VW 72 o) IV A@ N 20 1]l 111 0 (4.11)
20 ba(u, o, Ap)| < 2A|lullpay IVA@l L2l ll 4

= ClVull 2@ IVA@I L2 @) 1@l (- (4.12)
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2M by (w, ¢, Ap)| < 2)‘||w”L4(Q)||VA(p”L2(Q) ||(/’||L4(Q)

C||w||Lz(Q)||Vw||Lz(Q)||VAfP||L2(Q) el g () (4.13)
2xby(w, ¢, @) < 2)‘”w”L4(Q) ||V(P||L2(Q) ||¢||L4(Q)

< ClWIEs g IV g 1AQ N2 10151 g 18110 (4.14)
~ 20 /Q Ii(@(x, D) (—Ag + g) dx

=20 /Q (@, 1) = (@0, D) (—Ap + ) dx = 2o (01121 )

= 20le ) = @) 2| = A + 0l 20y = 200101 g

< 2020k 1Yol 20y (VA1 23 g V91 0, + 0 12000) = 2X RO

3 2
*X)L”‘P(Z)”H](Q)

ry 5 3 4 _1 2
< TIIVAw(I)IILz(Q) + Z(lecoh)»‘(?»)/) 3 IVeOll72q) — 3

3 2
*X)&”(/’(Z)”H](Q)

AY 2 3 4 _1 2
= VA2 ) + Z(ZXXCoh)3 Ay E Vel 20 — 5

A
= ZIVARM 2y = xHI0 D11 (4.15)

We infer from inequalities (4.3)~(4.15) and Young’s inequality that there exists a positive
dimensionless constant K5, such that on the time interval [0, T'),

% (@ q + xnw(t)n,,l(g)) TV AGD) 2 + 2 VOO 2 0,
+ 118001720 + 5 LIVw) 22, + BIw®2 g, + XM e 01210,
< KaWlIVullza i) + 1811310y + 1V 151 q) + 27 1V @) w175
+ KA (L4 AV IVl 2 g + VIVul 2 g + W5 E ) + 1015 9131 )
+ KMl 10171 - (4.16)

Denote by

. 4(p-2 4(p-2
a() =min{B, x) — Ka(1+ 161131 g, + 1V 1510y + 1V IT0) + l0l5T o),

(t) —K2 ()»J/”VM”Lz(Q) + V”VMHLZ(Q) + ||¢”H2(Q))

it follows from inequality (4.16) that on the time interval [0, T),
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d Ay Ay
m (||w(t>||iz(m + Anw(r)nzl(m) + S IVAPOIIG2 g, + S IVODIT2
v
+ 718072y + 5 IVWOI72 g,

= ¢ ® = a@) (10O g) + Me®13 ) - (4.17)
Denote by

A=K, (1 F KD 4 +115) ,
B =K (J (1o, ¢o) +11),

it follows from inequality (3.11) and Theorem 3.1 that for any ¢ > 0,

()22 gy + M6 (D1 gy < @ (4.18)

and

Ayf 1) 12 g dr+v/ ||Vu<r>||L2(Q)dr+/ 16122y dr < At + B. (4.19)

Since ||vo||L2(Q) + A||1//0||H](Q) < &2, it follows from the continuity of ||v(t)||L2(Q) +
M) (@ that there exists a short time interval [0, T) such that
D172 + MY D1 o) < 1265280 (4.20)

for any ¢ € [0, 7).

To begin with, we assume that [0, T) is the maximal interval such that inequality (4.20)
holds, then we will show that 7 = +oo by contradiction. Thus, we assume that 7 < +o0,
then it is clear that

lim sup([v (D175 + MY (D171 q)) = 12¢*2P e,

t—T

Thus, if

8
min{‘B, X} > max {4K2A, §K2(1 + K4 + K4(P*2) +e4KZB +e4(P*2)KZB)eKZB} ,
(4.21)

we infer from Lemma 2.2 that
10O 200 + 0131y = 26528 (w0l g, + 20l o))
for any r € [0, T1]. Therefore, we obtain
W22y + MY O 121,
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=2 (w0120, + e g ) +2 (IO gy + HEDI1 o))
< 4ef 2% go])? + 207
< 8eK2By2 4+ 242

< 10eK2By?

forany ¢ € [0, T, which contradicts with the definition of 7'. Thus, we deduce that T = +00.
By virtue of Lemma 2.2, we obtain

() = v 72, + 16@) = YD 1F1q) = O

at an exponential rate as t — 400. O

5 Numerical Test

In this section, we consider the shape relaxation with the binary phases flow as shown in Fig.
1. The computational domain is set as Q2 = [—1, 1] x [—1, 1] with the 256 x 256 mesh grid.
We have used 16,384 points for the nudging. We choose the initial condition as

¢(x,y,0) = tanh (—max ((Jx| — 0.5, [y| = 0.5)) / (v27)) ,

(5.1)
ui (xvyvo)207'42(%)’70):0!17(%)’,0)=0

where /Yy = 4h/ (2+4/2atanh(0.9)) is the interfacial thickness. For the discretization system,
we use the projection method for the incompressible NS equation and use the operator splitting
method for the nonlinear CH equation [54]. Meanwhile, we have used the Crank—Nicolson
scheme to obtain the second-order temporal accuracy. It should be pointed that a standard
essentially non-oscillatory scheme has been used for the second-order spatial accuracy. In this
paper, we choose g(x) = 0 and f(¢) = ¢> — ¢ as the double-well potential. We choose the
two positive relaxation parameter for the nudging as § = 1 and x = 1. The other parameter
are At = 0.014 and A = 1. As can be seen from the results, the isolated irregular interface
relaxes to a circle due to the isotropy of the mobility and the influence of surface tension.

By using the results obtained by the original NSCH system, we recalculate based on the
CDA of NSCH system with the following initial conditions:

Y =rand(x, y,0), g(x, y,0) =rand(x, y, 0), (5.2)
v; = rand(x, y, 0), vo = rand(x, y, 0). '

The results have been demonstrated in Fig. 2a with the same parameters. It can be seen from
the results that although different initial values are used here, the chaotic phase field gradually
forms the same circle as Fig. 1 under the influence of the previous results. Figure 2b is the
results obtained by the original NSCH system with the same initial condition. By comparing
the results, we can find that the proposed system can indeed work well for capturing the original
phase separation. In Fig. 3, we perform the results by the two models in the same frame and plot
the O-contour line at the indicated times ¢t = 0, 1, 5 and 10, respectively. The blue lines and red
lines are the results obtained by the CDA of NSCH model and the observational measurement
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Fig.1 Snapshots of the relaxation of a square shape by the original NSCH system. From left to right, = 0,
1, 5, 10, respectively

t=10

t=0

Fig.2 Temporal evolution of the results obtained by the CDA of NSCH system (a) and the original NSCH
system (b). From left to right, the indicated times are t =0, 1, 5 and 10, respectively

(d)

Fig. 3 Comparison of the phase-field interface between the CDA of NSCH model and the original NSCH
model. The blue lines and red lines are the results obtained by the CDA of NSCH model and the observational
measurement of this system, respectively. From (a—d), the indicated times are = 0, 1, 5 and 10, respectively
(Color figure online)

of this system, respectively. As we expected, the blue line gradually coincides with the red line
under the influence of the penalty term.
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